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In a series of two papers all finite-dimensional irreducible representations and some
indecomposible representations of the general linear Lie superalgebra gl(2/2) are constructed
in a basis suitable for the decomposition gl(2/2) Dgl(2) @ gl(2). In this paper each induced
g1(2/2) module W is represented as a direct sum of its irreducible gl (2) & gl(2) submodules
V., 1<i<16. The basis I" in W 'is chosen to consist of the union of all T';, where ', is an
appropriate basis in each V;. Expressions for the transformation of I" under the action of the
generators are written down for all induced and hence, also, for all typical g!(2/2) modules.

I. INTRODUCTION

In this paper and the one that follows' we study all fi-
nite-dimensional irreducible representations of the general
linear Lie superalgebra (LS) gl(2/2). The latter consists of
all squared four-dimensional matrices. As a basis in gl(2/2)
we choose all Weyl matrices ey, i, j=1,2,3,4, where ¢;
€gl(2/2) is a matrix with 1 on the ith row and the jth col-
umn and O elsewhere. Assign to each index i a degree (i),
whichisOfori = 1,2 and 1 for / = 3,4. The general ¢; is even
(resp. odd) if (i) + (J) is an even (resp. an odd) number.
The multiplication ( = the supercommutator) [, Jon gl(2/
2) is given with the linear extension of the relations

|[eij,ek1] = 5jke” — (= 1)[(i)+(j)][(k)+(l)15”ekj . (1.1)
The even subalgebra
gl(2/2), =lin. env.{e;|i,j=1,2 and i,j= 3,4} (1.2)

is isomorphic to gl (2) & gl(2). For definiteness we set

left gl(2)=gl(2), =lin.env.{e,)i,j=12}, (1.3)

right gl(2) =gl(2), =lin. env.{e;|i,j=3,4}. (1.4)
Thus we have

gl(2/2), = gl(2), ® gl(2), . (1.5)

The 16-dimensional algebra gl(2/2) is not simple. It
contains as an ideal the 15-dimensional special linear LS
s1(2/2),

s1(2/2) = [a|aegl(2/2), str(a) = 2": (—1DPa; =0] .

i=1
(1.6)

The center Z of s1(2/2) is spanned on the unit matrix. The
factor algebra

A(1/1) =s1(2/2)/Z (L.7)

is one of the basic Lie superalgebras (LS’s) in the terminol-
ogy and in the notation of Kac,? i.e., s1(2/2) is a central
extension of 4(1/1). Introduce a new basis in the Cartan
subalgebra H of gl(2/2), namely,

€1 =€ — €y, €;=E€33— €y,

(1.8)

e3=¢ t+epnte;tey, e=e ey —e;—ey.
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Then
s1(2/2) =lin. env.{e, e3¢, i = 1,2,3,4},  (1.9)
A(1/1) =lin. env.{e,e,e;li7j=1,2,3,4}.  (1.10)

Considering (1.10), one has to take into account that, when-
ever e, appears in the supercommutation relations, it has to
be replaced by zero.

Apart from the algebras B(0,n) (Ref. 3) all other basic
LS’s have indecomposible finite-dimensional modules. So
far it is not known how to construct all such modules. Con-
trary to this, the finite-dimensional irreducible modules (fi-
dirmods) over any basic LS are fully classified.*

The structure of the fidirmods and of other indecompo-
sible modules over the basic LS’s has been an object of inves-
tigation of several authors (see, for instance, Refs. 5-10). In
particular, a Young tableaux technique has been generalized
to certain LS’s’; some first steps towards a generalization of
the concept of the Gel'fand-Zetlin basis have also been
done.®? Irrespective of the progress, there is still much to be
done in order to complete the representation theory of the
basic LS’s. For physical applications, for instance, it is im-
portant to know the matrix elements of the generators within
at least one basis of each fidirmod. This problem has been
solved so far only for gl(n/1) (Ref. 8) and for some low rank
LS’s (see some of the papers in Ref. 6) or for certain repre-
sentations of other LS’s.

In the present paper and in Ref. 1 we study all fidirmods
of the Lie superalgebra gl(2/2). They lead also to all finite-
dimensional irreducible representations of its subalgebra
s1(2/2). In our case the generator e, [see (1.8) ], which does
not belong to s1(2/2), is diagonal within each gl(2/2) fidir-
mod. Therefore, the modules are simultaneously irreducible
or simultaneously indecomposable with respect to both
g1(2/2) and its subalgebra s1(2/2).

The results of the present investigation overlap to a cer-
tain extent with those obtained in Ref. 9 (case n = 2) and in
Ref. 10 (when n = m = 2). There are, however, two essen-
tial differences. First, from Refs. 9 and 10 one can derive
results only for a class of fidirmods of gl(2/2), whereas here
we study all fidirmods. Second, the basis here is different
from the one used in Refs. 9 and 10. In the present paper each
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induced gl(2/2) module W is represented as a direct sum of
its irreducible gl(2) ® gl(2) submodules ¥, i =1,2,...,6.
The basis I' in Wis such that each basis vector belongs to one
of the submodules V. In Refs. 9 and 10 the decomposition of
the gl(2/2) module W is carried along the chain gl(2/
2) Dgl(2/1). Each basis vector is a vector from one gl(2/1)
irreducible submodule of W.

. INDUCED REPRESENTATIONS OF gl(2/2)
A. Some abbreviations and notation

We list first some of the abbreviations and the notation
that will be used throughout the paper:

LS, LS’s—Lie superalgebra, Lie superalgebras,

fidirmod (s)—finite-dimensional irreducible mod-

ule(s),
GZ basis—Gel’fand—Zetlin basis,
lin. env.(X)—the linear envelope of X,

[, ]—product (supercommutator) in the LS,

[x, ¥] =xy — yx,
V, ® ¥V,—tensor product of the linear spaces ¥, and V,

or a tensor product between the gl(2), mod-
ule ¥, and the gl(2), module V,,

V,©OV,—tensor product between the gl(2), & gl(2),
modules V, and V,,

[m] = [my3,my3,my3,mys],

[m], = [m3,my],  [m], = [ma3,mys],

lyj=m; —ifori=12andl; =m; —i+2,for
i=3,4,

U—the universal enveloping algebra of gl(2/2),

W([m])—an induced gl(2/2) module,

C—the complex numbers,

Z—all integers,

Z_ —all non-negative integers.

B. Fidirmods of gi(2), ¢gl(2),

The fidirmods of gl (2/2) will be induced from the fidir-
mods of the even subalgebra. Therefore, the finite-dimen-
sional irreducible representations of gl(2), & gl(2), will be
essential for the exposition. Here we briefly recall some of
their main properties that will be used often. Each
gl(2), & gl(2), fidirmod shall be realized in a space, which is
a tensor product of a gl(2), fidirmod ¥, and a gl(2), fidir-
mod V,, namely, V, e V,. If g, ®g,€gl(2), ®gl(2), and
x,0x.€V,eV,,then ¥V, 9 ¥V, isturnedintoagl(2), @ gl(2),
module in a natural way,

(g/0g)(x,8x,)=gx,0x, + X, 98X, . (2.1)
Hence the transformation of the gl(2), ® gl(2), fidirmod
V,® V, is completely defined from the transformations of
the corresponding gl(2) fidirmods. Throughout the paper
we use the Gel’fand and Zetlin notation for the fidirmods
(and also for the corresponding representations'') of gl(2).
Every gl(2) fidirmod is labeled by two numbers m,, and m,,
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that are complex in general (Z, = all non-negative inte-
gers), which satisfy the lexical condition
2.2)

As abasis in the gl(2) fidirmod V( [m,,,m,,]), correspond-
ing to (2.2), we choose the Gel’fand-Zetlin basis'! (GZ ba-
sis)

m, —myel, .

mi, mzz] . (2.3)

my,

The number m,, labels the basis vectors in ¥ ([m,,,m,,])
and takes all possible values, consistent with the “between-
ness” or lexical condition
4

It is convenient to introduce modified notation for
gl(2), and gl(2),, namely,
for gl(2),,
[m], = [m3,my],
for gl(2),,

[m], = [m33,my;],

mp—my€Z,, m;, —mypeZl, .

myy—my€Ll, , my —myel, ;

M3y — My €L, , My —myel, .
(2.5)
Denote the corresponding to gl(2); and gi(2), fidirmods as
V(lm])=V(Im,3my])
and

V(Im),)=V([ms;3,my;]) (2.6)
with GZ basis vectors
[(m,, m,,] [[m],]
\‘ 13 23 = i E(m),
my 1 tmy, |
and
[ mg] [lml,]
s e | =(m),, 2.7
My ms;

respectively. As a basis in the gl(2), & gl(2), fidirmod

V(lm]) @ V(Im],)=Vo([m3,mys,my,my;l) , (2.8)
we take the tensor product basis
my; ""23]® ms; ""43]
my, ms,
E[[m]’]g[['"]’ =(m),®(m),=(m),  (2.9)
my, ms,

and refer to it as a canonical gl(2),®gl(2), basis in
Vo([m 3mys,my3,mas]). Every gl(2), ®gl(2), fidirmod
Vo([m,3,m,3,msq,my,]) can be represented as a tensor prod-
uct space V([m],)® V([m],) of a gl(2), fidirmod
V([m},) and a gl(2), fidirmod V([m],). We refer to
V(Im],) and V([m]},) as left and right gl(2) fidirmods [or
gl(2),and gl(2), fidirmods] of V([ m,3,m,3,m35,m43]), re-
spectively. The action of gl(2),egl(2), on
Vo([m3,m45,m53,my5 1) is determined from (2.1) and the
transformation of the basis within the left and the right gl(2)
modules of V([ ,3,m,3,m33,my;31). For ¥V({m],), for in-
stance, one has''
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ey |72 =(111+1)[m13 m”], (2.10)
| m,, m,,
e ] o
€22 | lin“ 23- =(113+123—l“+2)[ 13”1” 23]’
(2.11)
e o] o
iz | mmu 23_ = Ui = L) Uy = 1)|'? n;j,+ 123]
(2.12)
[my3  my]
€ m,,
m m
=l(ll3“1u+1)(123—l“+1)|1/2[ 13 23]’
my —1
(2.13)

where here and throughout the paper
lLj=my;—i, fori=12 I, =m; —i+2, for i=3,4
(2.14)

The transformations of ¥'([m],) under the action of gl(2),
are similar and can be easily derived from (2.10)~(2.13).

C. Induced representations

We now proceed to introduce, following Kac,* the gl (2/
2) modules, induced from the gl(2), ® gl(2), fidirmods
(2.8). To this end we first introduce a new notation

[m] = [m3,my3,ms3,mys] (2.15)
and write for the gl(2), ® gl(2), fidirmods (2.8) also
V([m]) e V([m],)

=Vy([my3,mys,mys,my])=Vo([m]) . (2.16)

Choose as an ordered basis in the Cartan subalgebra H
of gl(2/2) the generators e,,,€,,,€33,€44 and let

e e, ele;) =6, (2.17)
be its dual basis from the space H * of all linear functionals
over H. Then m,;,m,;,ms;,m,, are the coordinates of the
gl(2), ® gl(2), highest weight AeH * of ¥,([m] ) in the dual
basis,

(2.18)

Denote by P, the linear span of all odd positive root
vectors,

1 2 3 4
A=me + mye’ 4+ mye” + myze”.

P, =lin. env.{e,3,€,4,€3,€24} (2.19)

and let Pbe the subalgebra of gl (2/2), which is a direct space
of gl(2), @ gl(2), and P, . Extend the gl(2), & gl(2), mod-
ule V5([m]) to a P module, setting

P Vy([m])=0. (Z’ZOJ)

The gl(2/2) module W([m]), induced from the gl(2),
o gl(2), module ¥,([m]), is defined to be the factor space

W(lm]) =(Ue Vo([m]))/I([m]), (2.21)

which is the tensor product of the gl (2/2) universal envelop-
ing algebra U with V([ m]) and subsequently factorized by
the subspace

I([m]) = lin. env.{up® v — u ® pv|ucl,
pePC U, veV,([m])}. (2.22)

The linear space W([m]) acquires a structure of a gl(2/2)
module by virtue of

guev) =guev,
ueveW([m]),

From the Poincaré—Birkhoff-Witt theorem® one concludes
that U is a linear span of all elements

g= (e:“)9,(e32)92(e“)9,(e42)64p , 604,..,6,=01, (2.24)

where peUis an arbitrary polynomial of the generators of P.
Considering g ® v as an element of W([m]), from (2.22) we
have

gegl(2/2),

gueveW([ml) . (223)

gev=(e5)%(e3;)%(ey,)%(es;)%p v

= (e3)%(e3)%(e4)) " (es)* 0w, (2.25)
w = pveVo({m]) .
Therefore,
W([m]) = lin. env.{(e;5,)%(e;5,)%(e4,)*(e4)*
®v|veVy([m]), 6,,....6,=0,1}. (2.26)

Let T be the subalgebra spanned on all polynomials (in the
sense of U) of the odd negative root vectors, i.e.,

T =lin. env.{(e;,)% (e3,)%(e4;)%(e,4,)*
X |01y = 0,1} C U (2.27)

By virtue of (2.26) and (2.27) we see that the gl(2/2) mod-
ule W([m]), considered as a linear space, is a tensor product
of Tand V,([m]),

W(lm]) =Te Vy([m]). (2.28)
As afirst basis in W([m]) we choose the vectors [see (2.9) ]
10,,02,65,04;(m))

= (e31)%(e3)%(e4))"(es)* ® (m), ® (M),

= (e3,)%(e3,)%(e4)"(e2)* ® (m)

(m)=(m),® (m), . (2.29)

The basis (2.29) will be referred to as an induced basis. With
a straightforward computation, that is, making use only of

the supercommutation relations (1.1), one derives
(i,j= 1y2y3’4)

€161,6,,05,045(m) = {( —las (mw'+63+8'+0'1(931)6'(‘—’32)01(941)9"(942)9‘9,-,-

+ 68, (e3,)% (e, )6“(942)9'[ ~8,6,0,4+6,6,6,+ (— 1ote+ 9'+6‘]6j33n

_ ( _ l)(j) +[(hH+ 11[6:+6‘+6,]5“e3j]

+ 92(931)9'(941)9'(342)6'[ —6,0,6, — (—1)%5,6,6,

D)+ 116, + (D[, + 6, 116, + 6, j \+ 6,
+(_1)((:)+] + ([0, + ]5j3e,2—(—l)(”['+ L] + [() + 1](6. +915,2e3j]
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+ 05(e3)%(e32)*(e) [ — (— 1O *0+05,8,0,+ (—1)%5,5,6,

+ (- l)l(i)+ ‘](6'+0’]+(i)9‘5j4e,-1 — (- 1)(j)[9.+63+0.1+[(j)+ ”9‘8,-,e4,-]

+ 04(e3)% (€)% (e )2 — (= 1) +9+98,5.0, — (—1)%+95,5,0,

+ (- l)l(f)+‘][9|+93+9,l]6j4ei2 —(— 1)(/’)[9.+8:+0_x+9ﬂane4j]

- 5'251_’glga(en)‘ez(e“)&+1 + (— 1%, 5]49194(‘—’32)9’+ '(eg)®

~ (= 1)%5,,8,0,05(e5))% (e)®* ' + ( — 1)6,6,46,05(e3)% + ' (e4,)*} & (m), ® (m), .

From (2.30) it is easy to obtain the transformation of
the induced basis under the action of any particular gl(2/2)
generator e, i, j = 1,2,3,4. For later use we write here only
the expressions for e,, and e,;

€32101,605,63,05(m)) = ( — 1)%(1 — 8,)16,,1,68,,8;(m)) ,
(2.31)
€2361,0,,05,6,4;(m))
= — 6,6,]1,0,6,,6,;(m)) — 6,6,0,6,,6, + 1,0;(m))
+ 6,]0,6,,65,04;e5,(m)) + ( — 1)%6,|6,,0,6,6,;
(ey + 833)(m)> —(—- 1)3'0204|01,0,93,64;(m))

- (= 1)8.+83+ 93+8‘94{91’92,93,0;343(,")) .
(2.32)

D. Typical representations

Proposition 1: Each vector |6,,8,,0,,0,;(m)) from the
induced basis (2.29) is a weight vector. The correspondence
weight vector — weight reads

[61,6,,03,0,5(m))
—-(my, — 0, —60)e' + (m; + my,
—m;; — 6, —8,)é
+ (M3, + 6, + 6,)€’ + (my; + myy
—my + 6; + 6,)é*. (2.33)

Proof: From (2.30) one derives that, for any k = 1,2,3,4
and heH,

h l61»92,83:64§(m)) = /1(h)|0,,02,03,94;(m)) s (2.34)

where AcH *. Hence |6,,6,,0,,0,;(m)) is a weight vector
with a weight A. In the basis e',¢%,¢%,¢*, A reads

A=Ae)e' + A(e)e® + Aley)e + Alegy)et . (2.35)
The coordinates A (e, ) of A are the eigenvalues [see (2.34) ]
of e, on |6,,0,,8,,0,;[m]). Using (2.30), with an explicit
computation we obtain
€11]0,,02,05,0,;(m))

= (my, — 6, — 6,)|6,,6,,65,0,;,(m)) ,
€1210,,6,,05,04(m))

= (m3+ my — my; — 0, — 6,)|6,,6,,6,,6,,(m)) ,

(2.37)

(2.36)

€33)6,,6,,65,6,;(m))

= (m3, 4+ 0, + 6,)|6,,0,,65,6,;(m)) , (2.38)
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(2.30)

)
e44|01,92,63,94;(m))
= (m33 + my; — my, + 65+ 6,)6,,0,,6,,0,,(m)) .

(2.39)
Hence [see (2.34)]
Aley) =(m,;, —6,-65),
A(ep) = (my+my; —my, —6,—06,), (2.40)

Ales;) = (my, + 6,4+ 6,),
Aley) = (M3 + myz —my, + 6,4 6,) .

The last result together with (2.35) gives (2.33).

From (2.33) we conclude that the highest weight vector
x, with a weight A corresponds to the case 6, =6,
=6, = 6,=0,m,, = m;, m;, = m,,. Similarly, the lowest
weight vector x, with a weight V corresponds to
6,=0,=0,=0,=1,m,, = my;, my; = m,;. Uptoamul-
tiplicative constant both vectors x, and x, are uniquely de-
fined from their weights A and V. For x, and x, (2.33)
reads

m m m m
xA = |0’0’0’0; [ 13 23] ® 33 43])
m; ms;

m m m m
=1e [ 13 23] o7 43]
my; ms;

1
A =mpe' + mye® + mye’ + mye’,

my; m23]®[m33 m43]>
mys My

m; "123]® ms; m43]>
My

(2.41)

Xy, = '1,1,1,1;

=€31€3€41€42® [
Moy

= V= (my—2)e' + (m;—2)e + (my; + 2)€
+ (m;; +2)e*. (2.42)

In (2.41) 1 denotes the unity of the gl(2/2) universal enve-
loping algebra U. Comparing (2.18) with (2.41) we con-
clude that the gl(2), ®gl(2), module V,([m]) and the
g1(2/2) module W([m]) have one and the same highest
weight.

Proposition 2: The induced module W([m]) is a gl(2/
2) fidirmod if and only if

Iy +1; +350, ¥i=12 and j=34. (2.43)

Proof: To start with, we recall that the correspondence
root vector <> root in gl(2/2) reads

e, ei—el, i£j=1234 (2.44)
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Consider the vector

X = €3)€3,€4184, ® VEW([m]) ,

(2.45)
p= my; mzs] ® ms; m43] .
m; ms;
The subspace of W([m]), defined as
W, = Ux={ux|ucU} (2.46)

is transformed into itself under the action of gl(2/2) and is,
therefore, a gl(2/2) submodule in W([m]). If W([m]) is
irreducible then W, = W([m]). In this case there should
exist an element ueU shifting x onto the highest weight vec-
tor x, [see (2.41)], ie, x, =1® v = ux and, in particular,
it should be possible to find a monomial of the generators
(ceC)

ug = c(e3;)"(e43)"(e12) ™ (€34) ™ (€24)%' (€14) % (€23)%

X (e13)%(e31) % (€3,) " (e4,) *(e42)*,

¢i’6i = 091’ ni€Z+’ i= 1,293,4 ) (2~47)
such that
uo xEu0e3le3ze4|e42®v= 1®UEXA . (2-48)

Considering (2.48) as an equation, we now proceed to
find an explicit expression for ug, i.e., to determine the values
of n;, @;,and 6,,i = 1,2,3,4. First of all, sincein U (¢;)>* =0
for j = 1,2andi = 3,4, ugx = 0, if at least one 6, = 1. Hence
the candidate for u,, which fulfills (2.48), has to be of the
form

Ug = c(ey) " (e43)"(e2) " (€34)™(€24)%
X (e14)%(e33)% (e43)% . (2.49)

The next restriction on the possible values of #n,,...,p, in
(2.49) comes from the observation that [see (2.48)]
1(€5,€3,€4,24, ® U and 1@ v should have one and the same
weight. This will be the case if the weight A of uge;,e;,¢,4,€45,
i.e., of

(€31) " (e43) " (e13) " (€34) ™ (€24) ' (€14) %
X (€33)%(ey3)%e3,03,4,€4, (2.50)

is zero. Taking into account that the weight of a product of
weight vectors is given with the sum of the weights of the
corresponding multiples and using (2.44), we obtain
A= (ny—n + @, + @, —2)e'
+(ny—ns+ @+ @3 —2)€
+ (ny—ny — @3 — @4+ 2)€°
t+(—n,—@—@+2). (2.51)
The requirement A = 0 gives
pi=@2=@3=@=1, ny=m=n, ny=n=m.
(2.52)

Inserting (2.52) in (2.49) and substituting it in (2.48) we

end up with the expression (n,meZ_ )

c(€y1)"(e43) " (€12)"(€34) "€,4€14€23€13€31€37€41€4, ® U
=1lev, (2.53)

which has to be considered as an equation for the unknowns
m and n.
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By a straightforward computation one obtains that
[€:€24€14€23€13€3,€32€41242] =0,
Vi#£j=12 or i#£j=3,4. (2.54)

Therefore, using also (2.22), we can write the left-hand side
of (2.53) in the form

€€54€14€33€13€31€32€41€4, ® (€;1)"(43) 7 (€15)"(e34) ™0 .
(2.55)
Since v is the highest weight vector of the gl(2), ® gl(2),
irreducible module V,([m]), it is annihilated by ¢, and e,
[seealso (2.12)]. Therefore, (2.55) is anonzero vector from
W([m]) only if m = n =0. Thus the monomial u, [see
(2.47)] has to be of the form

(2.56)

where ¢ is an arbitrary constant. We underline that the
expression (2.56) for u, gives only a necessary condition for
a solution of Eq. (2.48). In order to see when it is also suffi-
cient, insert (2.56) in (2.48),

C€24€14€23€13€31€32€41€42®V =18V

Uy = C€24€14€23€,3 5

(2.57)

Using the supercommutation relations (1.1), the definition
of W([m]), and the relations (2.10)-(2.14) and (2.20),
one obtains for the left-hand side of (2.57)

€€74€14€23€13€3(€32€4)€42 OV
=c(ls+L+3)Us+ 1445+ 3)
Xy + 53+ 3)s+ 1+ 3) o0 (2.58)

Inserting (2.58) in (2.57) we conclude that u,, defined with
(2.56), gives a solution only if the conditions (2.43) are
fulfilled and

Cc = 1/(113+133+ 3)(113+l43+ 3)

X s+ Ly +3) (s + 13+ 3).
In other words, if
Ji=12and j=34suchthat/; +/;, +3=0, (2.59)

then [see (2.41), (2.45), and (2.46)] x, =1 veW,=Ux.
Hence W, W([m]),i.e., W([m]) contains a proper gl (2/
2) invariant subspace W,. Therefore, if (2.59) holds, then
W([m]) is not an irreducible gl(2/2) module. Moreover,
since [see (2.45)]

X = €31€32€41€42 ® U = €3,€3,€4,65,(1 @ V)
(2.60)

there exists no complement to the W, subspace, which is
invariant under gl(2/2). Hence, if (2.59) holds, W([m]) is
an indecomposable gi(2/2) module.

In order to complete the proof, assume that the condi-
tions (2.43) hold and take any two elements y,ze W([m]).
From the very construction of W([m]) and the irreducibi-
lity of the gl(2), ® gl(2), module ¥V,([m]) it is clear that

= €31€32€41€47X 4

Ju,el, such that y=ux, . (2.61)
It is not difficult to show that [see (2.45)]

Ju,eU, such that x = u,z. (2.62)
Combining (2.48), (2.56), (2.61), and (2.62), we obtain

Y = CU1€54€,4€,3€13UsZ . (2.63)
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Hence, if the conditions (2.34) are fulfilled, W([m]) is a
gl(2/2) fidirmod. |

Proposition 2 could have been derived also from the re-
sults of Kac* on the typical representations of the subalgebra
s1(2/2). We have given the above proof because it deals di-
rectly with entities that are more appropriate for gl(2/2)
and is, moreover, self-contained. Adopting the terminology
of Ref. 4 for the representations of the basic Lie superalge-
bras, we give the following definition.

Definition: The representation of gl(2/2) is typical if it
can be realized in an irreducible induced module W([m]).
The corresponding typical representation modules will also
be called typical.

This definition is consistent with the terminology for the
basic LS’s, because each typical (in the above definition)
gl(2/2) module is also typical (in the sense of Ref. 4) with
respect to the subalgebra sl(2/2). From Proposition 2 we
now have that the induced gi(2/2) module is typical and
hence irreducible if and only if the conditions (2.43) hold.

lil. REPRESENTATIONS OF gi(2/2) IN A gl(2)¢gl(2)
BASIS

A. Structure of V([m]) with respect to gl(2)2gi(2)
Consider the gl (2/2) module W([m]) = T Vy([m])
as a representation space of the even subalgebra gl(2),
@ gl(2), and let e;egl(2), ® gl(2),. By virtue of the fact
that
fe;r(e3) % (e32) % (e41) % (e42)*]
— ( _ 1)934- 8, + 9,,01(e32)02(e4l)9‘(e42)l9‘
X [5,3 e, — &,y eSj}
+ (= 1)%F%0,(e5,)% (e41) % (e4,)*
X [5,39.2 - 61‘2e3j]
+ (= 1)6'93(931)6'(932)82(‘-’42)9‘[5,'4951 —bae4]
+ 04(931)6'(932)62(e41)9’[6,‘49,2 —0ney], (3.1)

the subspace 7T of U is invariant in relation to the adjoint

representation of U, restricted to the even subalgebra,
[gl(2),®gl(2),,T]C T. (3.2)

J

in 7,([0,0,0,0]),

We, therefore, can consider T as a gl(2), ® gl(2), module.
Since, on the other hand, for every gegl(2), @ gl(2), and
teveVy([m])

(3.3)

the representation of the even subalgebra is realized in the
tensor product T(®OV,([m]) of the gl(2), & gl(2), modules
T and V,([m]), i.e., this representation is a tensor product
of two gl(2), ® gl (2), representations. We have introduced
the notation () instead of ® in order to underline that the
tensor product is between two modules of one and the same
algebra, namely, gl(2),; ® gl(2),. The symbol ® will be re-
served for a tensor product of modules over different alge-
bras (which is a representation space of the direct sum of
these algebras). For instance, if ¥, isa gl(2), module and V,
is a gl(2), module, then we write ¥, ® V, for the module
over gl(2), @ gl(2),. In the sense of linear spaces () and ®
coincide with the usual tensor product.

The gl(2), ® gl(2), module T is reducible. It is a direct
sum of six irreducible submodules,

T="T,(10,0,0,0}) @ T([O, — 1,1,0])
® T3([ - 1) - 1’2’0]) & T4( [Oy - 2,1,1])
T ([ -1, -22%1DeT(l -2 -222]). (34)

In the brackets of each T; we have written the coordinates of
the corresponding to T highest weight A, in the dual basis
e'.e’,e’e* [see (2.17)]. For instance, A, = — €* + ¢°. The
structure of every 7, as a subset of U'is

g(tev) =(adg)tev +togV,

T, =lin. env.{(e;5,)%(e3,)%(e4,)%(e,,)°=1}=C,  (3.5)
T, = lin. env.{e;,,e50,€41,€42} » (3.6)
T, = lin. env.{e;,€3,,€3,84; — €32€4,,€4,€42} (3.7)
T, = lin. env.{e;,€,,,€3,€4, + €32€4,,¢5,€4.} (3.8)
Ts = lin. env.{e;,650€41:63,€32€42:€31€41€42,€32€41€02} , (3.9)
T, = lin. env.{e;,e5,€4,€,,} - (3.10)

The vectors in the brackets { - -+ } of (3.5)~(3.10) are
linearly independent and define a basis in each T,. For
further use it is convenient to relate this basis with the ca-
nonical basis (2.9). The relation, which is consistent with
the action of the even subalgebra, reads

0, O]e 0 O]=(e;,)"(en)"(e“)“(eu)“=1; G.11)
L O 0
in 7,([0, — 1,1,0]),
0, —1] [1, 0 0, —11 [1, O
L ®[ 1 ]ze“’ [ 0 ]8[ 1 ]=_e32,
0, —11 [1, © 0o, —1] [1, 0 (3.12)
| 1 .8[ 0 ]ze‘“’ [ 0 ]g[ o |7 T
in T5([ — 1, — 1,2,0]),
—1, —1] [2 © —1, —1]1 [2 O
[ —1 ]8[ 2 ]=e3,e32, [ —1 ]8[ 0 ]ze‘“e“z’
(3.13)

-1, -1 2, O
[ -1 ]8[ 1 ] =2|"%_, e_=}(eseq — €500a1) ;
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in T,({0, — 2,,,1])

[0, —21 (1, 1 0, -—2 I, 1
iy ® 1 = €314 5 0 ® 1 1= €32€42 5
) ) (3.14)
0, -2 1, 1
1 ] ® 1 ] = —[2]'"%e,, e, =}(ese0 + x4 ;
inTs([ — 1, —2,2,1])
[ —1, -2} [2, 1] -1, =2 2, 1
{ 1 ® { 2 |~ €31€32€47 ) ® 1 = €31€41€42 5
. (3.15)
—1, =21 [2, 1] -1, -2 2, 1
2 ] ® | 2 |7~ €31€32€4; » _1 ® 1 1T~ €32€41€42
in TG([ - 2, - 2’2,2])
-2, =27 [2, 2
_2 ® 2 |5 €31€32€41€42 - (3.16)
|
Inserting (3.4) in (2.28), we have In general, every gl(2), module T;([pis P2sl)
W([m])=D,eD,eD;eD,oDso D, (3.17) ® Vol ['m,3,m2.3] ) is reducible. Its decqmposit.ion as alcziirect
h 0 sum of irreducible modules can be easily carried out.'* The
where eac result is
D, =T OV ([m]), i=1,.,6, (3.18)

is an invariant subspace of the even subalgebra. The sub-
spaces D, and D, are gl(2), ® gl(2), irreducible. We set

Dl = Tl([0,0,0,0]) @ Vo([m])

= Vl([m139m23,m33)m43]) s (3.19)
Dy=Te([ —2,—222]) ® Vo([m])
= Ve([m 3 —2,my; — 2,m33 + 2,my5 + 2]) . (3.20)

The other four subspaces are reducible. In order to decom-
pose them into gl(2), & gl(2), fidirmods we proceed as fol-
lows.

(1) Each gl(2),egl(2), fidirmod V,([m,;,my;,
my3,my,]) transforms as a tensor @ product of a gl(2), fi-

dirmod  Vy([m3,m,3]) and a gl(2), fidirmod
Vo(lms3,mys]),
Vo([my3,ma3,ms3,my;])

= Vo([my3,my3]1) ® Vi ([m33,mys3]) . (3.21)
This, in particular, holds for 7; (i = 1,...,6),
T;([ P13 P23 P33 Pa3])

= T;([ P13, P23]) ® T ([ P33, Pa3]1) - (3.22)

(2) Thetensor (9 product of the gl(2), # gl(2), mod-
ules (3.21) and (3.22) transforms as a tensor ® product ofa
gl(2), module

T, ([ p13s P23]) © Vo([m3,my3])
and a gl(2), module

T,([ p33 Pa3]) @ Vollmysmys]), i=1,..6,
ie.,
(T ([ P13 P23]) @ T ([ P33, Pas])) © (Vo([my3,mp3])

® Vo(lms3,my;]))

= (T: (1 P13, P231) © Vo([m3,my3]))

& (T ([ p33s P43]) © Voll,my3mas])) . (3.23)
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T, ([ 13 P2a]) © Vo([my3,mas])

=Y oV (lms+ps—kmy+ps+k]).

k=0
(3.24)
Similarly, replacing in (3.23) 1333 and 23 -43, we have
T ([ p33s Pa3]) © Vo(lmszmy;])

"P‘

=Y oVillmy+ps—kmu+pa+k]),

k=0
(3.25)
where
ny=min( py3 — Py3,m3 — My3)
and
n, = min{ p;; — Pa3Myz — My3) . (3.26)

Inserting (3.24) and (3.25) in (2.23) for every
i=1,...,6, and setting
mpap=myz+ps—k, myuy=my+p;t+k,
My =My + Pz + k,
Vi(lmmy,]) @ Vi([mspmy,])

= Vi ([mymp,my,my,]) ,

my, =msy;+py;—k,

(3.27)

we obtain the decomposition of T; & Vy([m]) into irredu-
cible gl(2), ® gl(2), modules V;([m;,my,,m3,,my,]),

D, =T,({0, — 1,1,0]) ® Vo([m ,my3,m33,my3])
1

= Y ‘o V,([myz—imy +i—1my
=0

—J+ Lmg+j1), (3.28)
Dy =T,([ — 1, — 1,2,0]) © Vo([m 3,my3,m33,my3])

2

= ZI e Vi([mys — Lmy — Lmyy —j+ 2,mys + 1),
=
’ (3.29)
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D, =T, ([0, — 2,1,1]) ® Vo([m3,my3,m33,my3])

= Z @ V,([m; —iymy; +i—2,my3 + 1Lmyz + 11),
i=0
(3.30)

DS = TS([ - 1’ - 292’1]) @ V()( [m13ym237m33,m43])
1
= Y 'eVs(Imys—i—Lmy+i—2,my
Lj=0

—Jj+2myu+j+1]). (3.31)

W(m]) =V [ml3,m23,m33,m43] )

Va(lmys —iimays + i — 1,my,

<]

_ @
- i M -
®

[=]

@ Vi(lm;; — Limy; — 1,my,

.

Vy(lmy;

®

® 2 ® Vi(lm;—i—1my+i—
ij=0
Ve(lm 3 — 2,my; — 2,ms3 + 2,my3 + 2]).
B. A gl(2)egl(2) basis

So far we have introduced one possible basis, the in-
duced basis (2.29), within every induced gl(2/2) module
W([m]). We have written down also explicit expressions
[see (2.30)] for the transformation of this basis under the
action of the generators. The induced basis is inconvenient,
however, for the description of all irreducible representa-
tions of gl(2/2). In certain cases, namely if some of the con-
ditions (2.43) are not fulfilled, the induced module W([m])
contains a maximal invariant subspace /([m]). In order to
obtain the fidirmod, corresponding to the signature [m],
one has to go to the factor module W([m])/I([m]). A
convenient way to do this is to introduce a basis e ,...,¢;,...,ex
in W([m]) such that each e, is either from /([m]) or from a
complement subspace to I([m]). In such a case to go to the
factor space means simply to replace all basis vectors
e,el([m]) by zero. As it will become clear, the vectors from
the induced basis do not have the properties of a basis
e,,....ey. Therefore, the very determination of I([m]) in
terms of the induced basis is very difficult. This is one reason
to go to a new basis. We choose it in such a way that every
basis vector belongs to one and only one of the 16
gl(2), ® gl(2), irreducible submodules ¥V, ( -+ ), written in
the right-hand side of (3.32). As we shall see in Ref. 1, the
new basis will help us considerably in the study of the non-
typical modules. This new basis makes evident the decompo-
sition of the gl(2/2) modules along the chain
gl(2/2) D gl(2), ® gl(2),, which can be of interest in sever-
al physical applications.

Let V, (m 5,m,,m4,,my,) be one of the gl(2), @ gl(2),
modules in (3.42). As a basis [, (m5,m,;,m3,,my,) in it we
choose the canonical basis (2.9), which in this case is de-
noted as
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The prime on the sum in (3.21)—(3.31) is to recall that all
nonlexical terms, i.e., those for which the condition (2.2) is
not fulfilled for the left or for the right gl (2) fidirmods, have
to be deleted from the sum.

From (3.17), (3.19), (3.20), and (3.28)-(3.31) we
conclude that the induced gl(2/2) module W([m]) decom-
poses into a direct sum of (no more than) 16 irreducible
modules of the even subalgebra gl(2), @ gl(2), (we skip the
prime over the sum),

—Jj+ Lmyu+iD

_.] + 2,”143 +.I])

— My + 11— 2,myy + Lmyy + 1])

2,my; —j+2,my+j+1])

(3.32)

—

my, mzz ms, m42] [mlz mzz] [maz m42]
my, mi, m3,

[m] [m],
=(m),;.
mj, m3,
(3.33)
Then
[, = UL, (m,,my,,ms,,my,) , (3.34)

where the union is over all signatures 7,,,M,,M3,,M,, in D;
[see the decompositions (3.19), (3.20), (3.28)-(3.31)],
constitutes a new basis in D;. As a basis I'([/]) in the in-
duced module W([m]) we set

6
L([m])= Bl T, (myymyymay,my,) . (3.35)

We call this basis a gl(2), ® gl(2), reduced basis or simply
reduced basis.

Our next and final task in this paper will be to write the
transformation of the induced modules in terms of the re-
duced basis I'({m]). To this end we first proceed to express
each vector

|9,,92,93,04;(m) )

= (e3,)%(e35)%(e4))%(€,)* ® (m), ® (m), (3.36)

from the induced basis (2.29) in terms of the reduced basis
(3.43). Every induced basis vector |8,,6,,6,,0,;(m) ) except
(1,0,0,1;(m)) and |0,1,1,0;(m)) belongs to some
D, CW([m]) [see (3.17)]. If we wish to underline that
18,,05,05,84(m))eD, we add a subscript { to it, writing
|6h02963’04§(m))i’
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|9,,02,03,94;(m)),-eDi . (3.37)

Every vector |0,,6,,65,6,;(m)), can be decomposed in the
basis T';,

161,602,65,04;(m)),;
= Z ((m),-|6|’62,63’64;(m))l'(m)i ’
(m)el;

where ((m);|6,,6,,05,0,;(m));, (m);el’;, are the coordi-
nates of 6,,6,,6,,6,;(m)), in the basis I'; of D,. In order to
compute these coordinates, take any vector
16,,0,,05,04,(m)),. According to (2.9) and (3.11)-(3.16)
and taking into account also (3.23), we can write each vec-
tor (3.37) in the form

16,,6,,65,05(m)),

— ([Pn Pza] e [P33 P43] )
Pn i P31 i
m; m23] mss m43])
®
© ([ m,, my,

_ y 2% st] [’"13, mzs])
( Pu i® my,

P33z Pas Mmiy My,
o, ] o[™,.]).
D3y i © ms,

where we have inserted a subscript / in order to underline
that

[Pls st] ®[Pss P43] eT, .
P i P3 i

The relations between 8,,...,6, and all p; in the right-hand
side of (3.39) can be easily written down [see (3.11)-
(3.16)]. From (2.33) we derive

—Pi3— P =Pz +Pi3=60,+60,+0,+0,,
pu=—0,—05, p;,=6,+0,.
For {1,0,0,1;(m)) and |0,1,1,0;(m)) we obtain

el

—1 3 my,

(", o[™,.])
(el )
(', 'L o[,
[1,0,0,1;(m)) = |2I‘”2([ - 1_ 1_ 1]3 © :mumumzs])
(L o[,
e 5ol )
my;]

8([1 1 l]4®[m33m3,
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(3.38)

(3.39)

(3.40)

(3.41)

10,1,1,0;(m)) = — |2|~*/2 ([ -1

(3.42)

SN’

(3.43)

N

According to (3.24)

D st] m; mzs]
[ D '® my,

€y Villmy+pis—kmy+py+kl). (3.44)
k=0

Therefore, denoting by

[mIZ my;

= —k,
mi, ]a my, =m;+ Py3

(3.45)
My, =My +pys + k

the GZ basis in V,([m;3+ps — kmys +prs+ k1), we
can write

Pz st] m; mzs]
Pn 'G) my,

_ [ml2 my,
- ,
(m my,

P13 P23 My mzs] [mlz mzz]
b ’ b
Pu my, my,

(3.46)
where the sum in (3.46) is over all GZ basis vectors (m),
from the subspace, defined by the right-hand side of (3.44).
By definition
[mIZ my,
my,

3
Pu my,

are the gl(2) Clebsch-Gordan coefficients. In a similar way
we have for the right gl(2),
Pss P43] ms; m43]
Pn i © msy,y

Piz P23 My mzs]

[msz my,
’
(m) msy,

ms; My,
x[™
ms,

and the sum is over all possible GZ basis vectors (m),.
Inserting (3.46) and (3.47) in (3.39) and taking into

account (3.33) we finally obtain

|01,02,93,04;(m) )i

[mlz my;
’
{m, my,

P33z Paz, M3 m43]
b
P ms,

(3.47)

Pn my,

P33z DPaz, Mas m43]
m3, Pa msy,y
[m12 my  Ms ’"42]

m;l i '

b ’
ms,

Pz P23, Mp mzs]

msy, My,

(3.48)

In terms of the reduced basis the vectors |0,1,1,0;(m)) and
[1,0,0,1;(m)) [see (3.42) and (3.43)] read

|0,1,1,0;,(m))
- |2|—-l/2
Mp Myl —1 —1  my, mzs]
X , ;
(;)_, my, -1 m,
[msz mye|2 0 ms, m43]
m3, 1’ my,
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[’”12 Mmy, My, m42]
’ I ’
my, mj, 3

0 =2 my m23]
-1 my,

— |2|—|/2 Z [mlz M2
(3, mi,

[msz my;

11 my m43]
?
ms,

b
1 my,

[mIZ my My m42] (3.49)
mj, 4

b ’

my,

11,0,0,1;(m))

=l2|_,,2 Z 12 My —1 —1’ my, mzs]
(m, my, -1 my,
My Mypl2 0 may m43]
my, 1’ my,

[mIZ My, My m42]
b ’
my; ms, 3

_‘2|—|/2 z [mlz m;210 _2; 3 mza]
’
(). my -1 mi,
[m32 m42 1 1. m33 m43]
b
m3, 1 my,

[mlz My  Ma m42] (3.50)
mi, . '

b r
my,

The gl(2) Clebsch-Gordan coefficients (CG coefficients)
in the GZ basis are available from the literature. They are
related to the CG coefficients C 7", of the algebra so(3),
[”12 Ny |P12 P My mzz]

nyy P my,
= (3.51)

nepom,

where

J=3Un—J»2)s h=in— %(jlz +Jj2)
j=np,m. (3.52)

As is well known

Cpom =0, if n#Em+pm+p—1,..,|m—p|

orm#m,+p,. (3.53)
In the calculations we have used the expressions for the
s0(3) CG coefficient, given in Ref. 13. Having established
the relation between the induced basis (2.29) and the re-
duced basis (3.33), all we have to do is to write the transfor-
mations (2.30) in terms of the new basis. We skip the rather
long intermediate computations of this standard mathemat-
ical problem and write down directly the final results. Before
that we modify further the notation for the reduced basis
vectors (3.33), adding an extra row on it. We set
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mpg, m; M3 My
’

my, ms,; i

mys, My, Mz, My

=|my my,, my,, my,| =0m);. (3.54)

my,, 0, ms,, 0 J;

The first row m;,m,;,m53,m,; in (m), gives the coordinates
of the gl(2/2) highest weight A [see (2.18) ]. This row is one
and the same for all reduced patterns in the induced module
W ([m]) and characterize the module itself. The second row
indicates that (m), is a vector from the gl(2), & gl(2), fidir-
mod V;([m,,my,,m;;,m4,1) in the decomposition (3.32);
the numbers m,,,m,,,m;,,m,, are the coordinates of the
highest weight of V;. The numbers m,, and m;, label the
basis vectors in V;. We have added the zeros in (m), only to
fill in the empty space. In order to simplify the notation,
observe that among all direct summands in (3.33) only the
subspaces

Vi(lm, — L,myy — Lmsy + Lmy, + 1])
and

Villm, — 1my, — Lmgy, + 1Lmy, + 1)) (3.55)
have one and the same highest weight. Any other
gl(2), & gl(2), fidirmod V;([m,,,m,,,m5,,m,,]) is unique-
ly characterized by its highest weight m,e' + m,,e’
+ my,e® + my,e®. Therefore, in all these cases we skip the
subscript i in V; and also in the basis vectors (m),, writing
simply V([m,,m,,,m;,,m,,]) and (m). The subscript will
be kept only for the submodules (3.55) and their bases.

The transformation of the reduced basis under the ac-
tion of the even generators is relatively simple and follows
from (2.10)—(2.13). For completeness we write the expres-
sions here also. Let (m) ; be a pattern (3.54), obtained
from (m) by replacing m; —m; + 1. Then one has [see
(2.14) for a definition of /; ],

ey(m)=m;(m), en(m)=(my,+my—m,)im),

(3.56)
ey3(m) =m3,(m), ey(m) = (my; + my; —my,)(m),

(3.57)
ern(m) = [y — 1) Uy — 1) |2 (m) (3.58)
en(m) = |, — 1+ Db — L+ D' (m)_y,,

(3.59)
es(m) = |(5 — L)) (L — 131)'”2(”1)31 , (3.60)

ei(m) = (L — Ly + DUy — 5, + 1)||/2(m)—3| .
(3.61)

The transformations of W([m]) under the action of the
odd generators are rather long and, in addition, we did not
succeed in presenting them in a compact form. Therefore, we
only give here the results for e;, and e,;.

Transformations under the action of e,s,
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M3, May3 5, M3z, My

ey| M3, myy, myy, mys | =0, (3.62)
my,, 0 ,my, O
m; » My3 , Myy » Mys

enlmpp—1,my,my+1,m,
my, , 0 ,my, , 0

mi;,my;,m , m
S [l MU YRR Y [
- 13

myy, My3, Mjy; s My3 ], (3.63)
(Lis = by) (s — Ls) my, 0 ,my—1, 0
m; s Ma3 , M3z, Myy
ey |miy—1,my,msy,mys 41
my, , 0 ,my3, 0
My3 5 My3, My3 y My3
Lo — 1)Ly, — L, + 1) |12
= —(3+13+3) (1(31 -—“l ()3(31 :] )) M3, My3 , My3 s Mys |y (3.64)
13— 3) 33 — g3 my, 0 ,my—1, 0
mys, My » M3z » My3
€y |myz,my;—1,my;+1,my
my, 0 s M3y , 0
M3, Moz, My3 y My3
Ly—1)U;s—1 1)
= — Ut la+3) (2(31 _“l)()‘*(3l _3'+)) Miss oy s gy | (3.65)
13— i3) sz — iy my, 0 ,my—1,0
My, My s M3z, Myy
ey |myz,my;—1,my;, my;+ 1
my, 0 ,my, 0
my;, My3, Ms;3 y My3
Ly—1 L —1 1)}'2
= — (s +13+3) (2(31 _111)()3(31 _311+)) M3, My3 , Myy s Mys |, (3.66)
13— 3l 33 — g3 my, 0 ,my—1, 0
m; s My3 » Ma3 » My3
ey |mi—1,my;—1,my+2,my,
my, , O , My, , 0
mz, My » M3 » My
L= — L+ 1|2
= _(113+133+3)'2113__l|l;§;3_131+1; myy,my—1,my+1,my;
13— 3) 33 — g3 m,, 0 my—1, 0
mi; y Mp3 , M3 s My
Ly— 1)) — 1|2
+ (L + L+ 3) 2123_11132143_13111; myy—1,my;,my+1,my; |, (3.67)
13 — 23) U3z — g3 L , 0 ,my—1,0
my, s M3 s M3z, Myy
epnimyy—1,my;—1,my,my;+2
my, , O , My, O
my3, My; » M3 s My3
Ia—1,)(— L+ 1)]V2
= —Us+1ls+3) Ells— “)E;S_l}l_l; my, my;— 1, my » Mgz + 1
13 — 423) U3z — 43 my,, O ,my —1, 0
my; y M3, M3y y My3
Ly— 1)Uz — 1) |12
+ (s + 15+ 3) Eln— ”;E;s—-—;lili myy—1,my;, my, smg+ 1], (3.68)
13 — {23) 33 — lg3 m,, , 0 ,my—1,0
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my, y Ma3 » M3z s My3
en|msz—1,myu—1,my;;+1,my;;+ 1
my, , 0 , My, , 0 3

= —(p+1ls+2)
BT 2003 — by) (hy — ) (s — Iy + 1)

(123 _ lll)(133 - 131 + 2)(133 - 143 _ 1)

+ (s + 1L+ 2)
BT 200y — ba) (g — 1) (hs — Ly + 1)

Uy =l Us =5, +2)Uss — 1y + 1)

—(Ua+1h3+2)
12 3 2(113“ 23)(133‘— 43)(133_143_ 1)

s~ 1)U — L +2) (s — s+ 1)

+ (s 4+ L3+ 2)
B 215 — byy) (lyy — Ly) (lyy — iy — 1)

mp, y Ma3, My s My3
€3 m13_2’m23’m33+1,m43+1
m,, , 0 ,my , 0

m
172 13

(ll3 — Ill — 1)(133 - 131 + 2)
(s =Ly — Dl — 1yy)

= —(113+l43+3)‘

m,,

m
172 13

=l — DUy — 5, +2)
(L3 = by — 1) (3 — 13)

+ i3+ b3+ 3)

(113 _ 111)(133 — [31 + 2)(133 _ 143 _ 1) 2

172

My3, My, s M3y s Mys3
myy,my—1,my+1,my;

m;,, 0O ,my—1, 0

.

my, s My3 5 M3 y My3
mpyz—1,my,my+1,mg,

| my, , 0 ,my;—1, 0
my;, My; » M33 » My3
myy,my; —1,ms; y My + 1
| m;,;, O ,my;—1, 0
rmw s My3 , My3 » Mys
myz—1,myy, my, y Mgy + 1
| m, , 0 ,my;—1, 0
» Moz s M3 s My3

mpyz—1,my,my+1,my,

, 0 ,my—1, 0

y Moz s Mys

my—1,my, ms,

’m43
;m43+1 s

, 0 ,my;—1, 0

my,
my;, My, s M33 y My
€23 ml3,m23—2,m33+1’m43+1
myy, 0 » M3y , 0
my,,,m
Upy =1~ DUz — 4 +2) |12 135 M3
= —(p+l3+3)
(s =l + 1) (L3 — 1) m .
11

(Ly—1,, — DUy — 1 +2)
+(l +l +3)| 23 11 43 31
BT (s =Ly + 1) (I3 — L)

my,,

my, s My3 s My s My3
e ma—1,my—1,my;+1,m;;+1
my, , 0 s M3y , 0 4

la—0DUs =Ly — 1Dy — 5, +2)

(
=~ U+l + 4]
B 2003 — b3) (Uys — by 4+ 1) (h3 — 13)

Ly —1L)Us =L+ DUy —51+2)
23— L3) 3 — by — D (s — 1)

-4%+%+MV

ha—h)Ui3— b — DU —=15,+2)
2003 =LY Us — by + D — L)

-Hh+&+ﬂw
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12 | i3 s Mo
my,my—1,my

0

172

172

172

» M3

> Mys

myy,myy— 1, my+ 1, my;

,my —1, 0

» My3

s My3
ymegy+ 11,

ymy;—1, 0
my3, My y M33 » My3
my,my;— 1, my+1,my,
m,, 0 ,my—1, 0
m; s Ma3 5 My3 » Mys
myz—1,my,my+1,my,
| my, , 0 ,my—1, 0
my3 s My sy M33 » My3
my,my;—1,ms, y My + 1
-mll; 0 ,m3|—1, 0
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(3.70)

3.71)
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m; s My3 5 My3 s My3

(123 _ lll)(113 — 123 + 1)(143 - 131 + 2) 12

+ (l 3 + 133 +4) m|3 - 1 ’ m23 s m33 y m43 + 1 ) (3.72)
? 203 = by) Uy — by — 1) Uy — Lu3) me 0 my—1. 0
mys sy M3 s M33 s Mys3
en|my—2,my—1,my+2,my;+ 1
my, , 0 s My , 0
me s Moz s Mgy s My3
_ _ 172
= —(p+1l3+3) x“ 5“)_(1‘;3)(113'_+2; My —2, My, My + 1, my; + 1
13 7 f23 33 43 | m,, , 0 )m3l_1’ 0
mi; » Mo y M3 » My3
7 _ 172 3
Uyt I + 3y | Y= 1)(133, 2D 1 myy = 1y 42, mys
(s =03 =13+ 1) m,, , 0  my —1, 0
-m|3 » My3 y M33 y Mys ]
7 _ _ 172
+ U3+ 53 +2) (1132(/” 1))((1;3 _1;3 ‘tll))((l;s _3l ;_2) maz—1,my—1,my3+1,my;+1
13 7 23 13 23 33 43 | m |, , 0 ,m31_1’ 0 1s
—m13 s Ma3 s M33 s My3 1
La—1,— V(L —1s— D=1, +2) |V
+ U+l | SRy SR o M KRS al
13— h3) Uz — Iy 33 — la3 | m,, , 0 ,my —1, 0 13
(3.73)
ms s Ma3 s M3 sy My3
€3 ml3_2,m23"‘1,m33+1,m43+2
my, » 0 s M3,y , 0
—mn s My3 5 M33 s My3
L,—1 Li;—1 2|2
= —(In+1;+3) 2123 l“)—(sla)(l 3l_+ ; my—2,my,myy+1,my; 4+ 1
13 7 23 33 43 | m,, , 0 ’m31_1’ 0
m; s Ma3 sy M3z s Mys
7 _ 1/2
+ U+ 53+ 3) (1131 1“1 1;(1431 131—:_3) mpy—1,my;—1,msy s My +2
s — L)y — Lz — 1) m, , 0 ,my —1, 0
—m13 » My3 y M3 y Mys |
ls—1,—1D(,;— D=L, +2)|2
+Us+13+2) ( l32(lll—l ))((113 _;3_*__1))((;3 _31_;_ ) maz—1,my—1,my+1,m+1
13— b23) i3 — ip3 33— la3 | m,, , 0  my—1, 0 IR
-m,3 y M3 s M3 » My3 1
1 _ _ 12
—Up+ls+4) iy =t = DU — iy + DUy = 1y +2) maz—1,my—1,my+1,my+1(,
2003 — L) (s — Ly — 1) (Ls — 143) | m,, .0 ,my —1, 0 1
(3.74)
s s My3 s M33 s My3
ey |mp—1,my;—2,my;+2,my;+ 1
my, , 0 , My, , O
Fm,3 y My3 s M33 » My3

l.—1 _ 172
Uis 1)U — 1y +2) My, My3—2,my+1,my; 41

(s — by + D —13) ., 0 my—1, 0

= + (l|3+133+3)

m; » Mo3 s M3 s Mys

—1, — _ 12
by =l = Dl = by + 3) Mz —1,my—1,my+2,my,

-4@+m+wﬂ

(113— 23)(133_143+ 1) ml] s O ,m3‘_ 1’ 0
m; » My3 y M33 s Myy
_ . _ o - 172
Uty )| Y s = DU = by = DUy = b 217 0 1 my, 41
2(113_123)(1l3_ 23+1)(133_ 43) mll , 0 ’m31_ 1, 0 4
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m; » My3 s May y My

Ly — 1y — 1) (lys — Ly — _ 12
(23 11 )(133 143 1)(143 3l+2) m|3—l,m23—1,m33+1,M43+1 ,

+ s+l +4)
23753 20y = ) Uy — Ly + 1) (B3 — Ls)

my, , 0 ,my—1, 0 3
my, s Mas , My , My (3.75)
e |my—1,my;—2,my+1,my;+2
my, , 0 , M3y , 0
mys, My » My s My3
(L3 =1L (s — 1, +2) |2
=+ L, + 3) | Yo 1) 33 — 13, , -2, 1, 1
13T la3 oo — Ly + 1) Uy — I2) my3, My my; + 1, mus +
m,, 0 ,my; —1, 0
m , m s M s m
’ ’ 33 ] 43
(113_123)(133"143_1) m, , 0 ,m3,—l, 0
[m,; s Ma3 s M33 » My3 |
Ly—0,— DU~y — 1) —1 2) |2
= Gt )| SRum Sm =S R S i a1
13— b))z — i3 33 a3 | m,, .0 ,my—1, 0 N
Fm ,m ,m ym 1
(y— Iy = Dl — Ly + Dl — L+ 2y |27 2 3 »
— Ly + L, + 4) | 223 it 33 — la3 33 — 431 -1, -1, 1,
23 T a3 2 s — D) Uy — s — 1) (lys — 142) m; mys my+1,my+ 11,
| m, , 0 smy—1, 0 13
(3.76)
mi, s My3 y M33 s My3
€n|my—2,my;—2,my;+2,m3+2
my, , O , M3, , 0
m; s My3 » Ma3 y My3
Ly—1, -1, =1 3) |2
=+ 13+ 3) (23(1 ”_ ;EI”-IJI)_{_ ) miz—2,mMmy—1,my+2,my;+ 1
13 23 33 43 mll , 0 ’m:”__l, 0
~m|3 s My3 s My3 » My3 1
Ly—1,—1)(l,—1 3) |2
— U+ 153+ 3) (s a ”__1 ;i;s_ 31;— ) m|3—2,m23—1,m;3+1,m43+2
13— é23) 33 — g3 | m,, , 0 ,my —1, 0 ]
—mIB s My » M33 » My3 ]
lis—1,,— 1)l =1 3) |2
= Ui+ L+ 3) [ B =D [ s =2 iy 42, g+ 1
13 — ba3) i3z — g3 | m,, , 0 ,my—1, 0
—ml3 s My3 » M3 » My3 ]
la—1,— 1), —1 3) |12 :
— U+ b+ 3| (13“_12332;3 131)+ L iy — 1, myy— 2, may 4 1, mgy 42 3.77)
1 33 — 43
| my, , 0 ymy;—1, 0
Transformations under the action of e;,,
m;, Myy , Mgy M [m s Myy, ,
135 Moz M3z My s = 1) Uy — Iyy) 72 13 23 Mi33 M3
€3y | My3, My3, M35, My3 | = — YY) ) myy—1,my,my+1,my
my, 0 ,my, 0O 1 B T RLOT s 0 ,my+1, 0
-m|3 y Myy, M3 s My3
=1 Uy =1L 12
— (Ila—lll)il”“ 31) myy—1,my,, my, s+ 1
13 — b3} 33— ly3 | m,, , 0 ,my+1, 0
[m,5, my, s M33 s My3
Ly — 1) Uz — 1) |12
_ (123—~ 11)(143—131) My, My — 1, mas+ 1, mys
13— b23) 33 — g3  m,,, O ,my +1, 0
(5, m,, » M33 » My3
(s — 1)U = 1) |2
_ (123_;1;2133—-131) My, My — 1, My, ,my + 11, (3.78)
13 —{23) 33 — g3 | m,,, O ,my +1, 0

566 J. Math. Phys., Vol. 30, No. 3, March 1989 Kamupingense, Ky, and Palev 566



my;

e {Mmiz— 1, my;, my;+1,my,

my,

s Moz, My , m4ﬂ

, 0 ,my, , O

my; s Ma3 » M33 » My3
172
= 1(123_1“3(1437131)1 mpz—1,my—1,my+2,my,
Us—1p) iz =13+ 1) m,, ., 0 ,my+1, 0
m; » Ma3 , Mg s My3
172
_ (Jp—=lu =D —5+1) My —2, My, a4+ 1, Mgy + 1
(Lis— by — D (L — 1) m,, , 0 ,my+1,0
—m|3 y Mas sy M3; s Mys A
Ly—0L,) =L+ DLy — 15— 1) |2
+ (;(1 !l(;il il )()1(33_ 4:_1)) my—1,my—1,my+1,m+1
13 — 423) U335 — 143) (33 — Is3 | m,, .0 my +1, 0 15
[m ,m ,m ,m T
_ s —LDUs =L+ D)=L, + 1) |2 m”—l m23—1 m33+1 m43+1
2(113_23)(1|3_123"‘1)(133—43) " B P P
| m,, , 0 ,my +1, 0 4
my; y Moz, M3z, My3
€3, m,3—1,m23,m33,m43+1
my, » 0 ,my, O
ms » My » M33 y My3
Ly — 1)l =1 172
= (l(lil )18(311 :i)l) my;—1,my;—1,ms, sy + 2
13 — d23) U3y — i3 m,, .0 my 41, 0
m; s Ma3 , M3y » Myy
1. _ _ 172
* (11(31 1”1 1)1(;4(31 13l+)1) m|3—2,m23,m33+1’m43+1
BeEe BT 1 » 0 ,my+1, 0
[m ,m ,m ,m ]
+ U= h)Usp = b+ Dl =l + D | m:z—l mzz—l mZ+1 m:z+l
20l = 13) (s — 1) (s — 13 — 1) | m,, 0 my 41, 0 I
-mIS s My3 » M33 s My ]
+ (s = L) Uz — b+ 1)Uy — Ly + 1) |2 My — 1y — 1, myy+ 1, my + 1
2003 — L) U3 — by — 1) Uy — 1)  m,, .0 my +1, 0 1.
my3, My, s M33 s My
€3 | M3, my3—1,my3+1,my;
m,, O s M3y , O
m ,» M ym ,
[ Us= b=t |0 0"
(s —h3) (s — s+ 1) BT Ee s e e
11 , 0 ,my +1, 0
M3, My > M33 s My
172
_‘(123_1111_1)(1331‘—131+1) myy,myy—2,my+ 1, my+1
(I3 —bLs+ 1) (53 — 1) m,,, 0 ,my+1, 0
[ 'm ,m ,m ,m ]
B A A A L P D P R
2003 — ) (s — 1) (s — 13 + 1) | m,, , 0 ,my +1, 0 |
r”l ,m ,m ,m )
_ (113_[“)(1”_[23_1)(133_13|+1) 172 ml3_1 mz3_1 m33+1 m43+1
2003 =) Uy = Ly + 1) (L — 1) " T $ T4l
Y , 0 ymy +1, 0
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my;, My; » M3z, Myy

ey | My, mys—1,mas, my; + 1
my, 0 ymy, 0
—ml3 » Ma3 sy M33 s My3 1
_ 12
= 1(113‘111;(1331 131)1 my—1,my—1,my, e
(s —1)Us3— 15— 1) | m,, .0 my 41, 0
my3, My; y M33 » My 1
N - 172
+ (1231 1111 1)1(1431 L+ 1) My Mgy — 2, My + 1, gy + 1
(s =L+ Dl —13) m,, 0 my, +1, 0 ]
[ , m ,m ,m
s =h) U by + DU =l D 72202
2l — ) Uy — l) Uy — g — 1) S
LMy , 0 ,m3,+1, 0
-m ,y m ,m ,m
+ U= b — by = DU by + D | m:z——l mii-l m§§+1 mZ§+1
20l = L) (s — by + 1) (L3 — L) | m,, 0 my+1, 0
m; s Ma3 > M3 » My3
en|mpy—1,my;—1,my;+2,my;
mll ] 0 sm31 > 0
my; s M3 » M33 s Mys3
La—1,— (=L, +2) |2
=_'(2(31 —” )(;(il 3-ll-l) myy—1,my—2,my+2,mg+1
13— 423) i3z — a3 L 0 my 41, 0
12 |3 » M3 s M3 y My3

_ ‘ U=l — 1D —5,+2)
(I3 —0L3) (s =1+ 1)

11 ’

mi3 s Mos s M3z Myy
myz—1,my—1,my3,my;+2

mll » 0 ,m31; 0

m
172 13

_ ‘ (s =1 — DUz =15, +2)
U3 —=13) s — 13— 1)

m
172 13

+ ‘ U=l — DU =1, +2)
(s —Db3) (=1 — 1)

s My3

s My3
mpy—2,my—1,my+1,m;+21,

m, ’
m; s Ma3 s M33 s My
ep|mis—1,my;—1,my;+1, my;+ 1
mll » 0 ,m3l s 0 3
_ (s =1l = DU =L+ DUy — g =1 |"?
2003 — L) (s — L) (s — Ly + 1)
+ U=l = DU =L+ D=1 = 1)
20l — L) (s = 1) (s — L3+ 1)
= =D — b+ D=+ 1)
2003 — L) gy ~ 1) (s — I — 1)
568 J. Math. Phys., Vol. 30, No. 3, March 1989

m13_2,m23—19m33+2,'n43+1 ,

0 )m3|+1,0

s M3; ’ m43

ms—1,my—2,my;+1,m3+2
my, , 0

’m31+1, 0

s M33 » My3

0 »m3|+1,0

mys y My3 » Ma3 s My3

my, , O ,m3|+1, 0
172 ml3 ’m23 ’m33 ,m43
msz—2,Mmy—1,my+2,my;+ 1
my, , 0 ,m3|+l, 0
m; s My3 » M3 » My3

my—1,my—2,mys+1,my;+2

my, ’ 0 )m3|+1,0
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U=l = DU —by + DUy =L+ 2|2 T T o

my—2,my;—1,my+1,my;+2]|, (3.85)
203 — Ipy) sy — L) Uy — iy — 1) me 0 me4l 0
my; » Moy, My s Mys
epn|myy—2,my,my+1,my3 4+ 1
my, , O y M3 , 0
my; y M3 » M3 y My3
(s =li)Us =6, + D |2
- _ (123_111_‘;3)(1 31_1 ) My —2, My — 1, my;+2,my;+ 1
13 {3 33— la3 m, , 0 ,my;+1, 0
mis sy My3 s M33 » My3
Ly— L) (L —1 1)|v2
— 2123 l”)(?)(l ut ; Myz—2,Mmy—1,my+1,my+2], (3.86)
13— f3— 33— la3

my, , 0 ,my+1, 0

my3, My3 » M33 s My3
€Mz, My —2,my+1,my+1
m,, O , M3y , 0
w2 | s s Mo s M3y » My

— U =h)U—5L +1)

ma—1,my—2,myu; +2,my, + 1
(hy = by + 1) (U3 — L) N . ” .

my, , 0 sm3|+1,0

2 | M3 s Mo s M3 s My3
myy;—1,myy—2,my;+1,my;+2], (3.87)
my, , 0 ,ymy;;+1, 0

U=l =5+ 1)
(L3 — by + 1) (L3 — Li3)

my; y Mo3 » M33 y My3
e |mys—1,my—1,my+1,my;+1
my, , 0 , My, , O 4

12 | s » M3 s My s My3

mya—1,my;—2,my+2,my;+1
my, , 0 ,my+1, 0

(123 _ lll _ 1)(113 _123 _ 1)(143_ lSl + 1)
2(113 - 123)(113 - 123 + 1)(133 - 43)

m; s Mo » M3 » My
— — — — 172
+|(ll3 lll l)(113 123+1)(I43 31+l) m13_2’m23_1’m33+2,m43+1
2(113_123)(113_123_ 1)(133_ 43) _m” , 0 ,m:” _+_ 1 s 0 ]
[(m ,m ,m ,m ]
—_ ’ C AL CEEL LU Tha m”_ 1 m23—2 m33+ 1 m43+2
2013 — ) Uiy — by + 1) (s — L) B e Y
_mll )O am3|+110 .
mi; y M3 y M3 y Mys
(113_111—1)(113—123+1)(133—13l+1) 12
+ ms—2,my—1,my+1,m 21, 3.88
‘ 2(113_123)(113_123_ 1)(133_143) . 2 > 43+ ( )

my, , 0 ,my+1,0

m; » Moy3 » M33 » My
en|my—2,my;—1, my;+2,m;+ 1
my, , 0 s M3y , 0 |
-ml3 s My3 s M3 y My3
(=1, — D =15, +2) 12
= 23(1 “—1 )(133__131) ma—2,my—2,my;+2,my+2], (3.89)
13 — 423) i35 — ig3 | m,, .0 my+1, 0
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mys s My3 s M33 » My3
e |mpiz—2,my;— 1, my;+1,my34+2
my, ’ 0 s M3y ] 0
m; s M3 s M3z s My3
Ly—1,— 1), —1 2) |2
= = (23(1 “—l 32143_131;- ) mz—2,my—2,my+2,my+21, (3.90)
13— 423) a3 — lgs m,, .0 my 41, 0
mis s My3 s M33 » My
e imyz—1,my;—2,my;+2,my3+ 1
my, , 0 s M3y , 0
mys s My3 s M33 y My3
L,— 1, — 1), — 172
= - (‘3(11”_1 ;21“_13';2) My =2,y —2,my+2,my+2], (3.91)
13— {23) Uz — La3 m,, .0 my 41, 0
m; » My3 y M33 » Mys |
e mpz—1,my;—2,my+1,my3+2
my, , 0 » M3 , 0 |
-
my; » My3 s M3 » My
I,—1,—1D(l;— 2) 12
= (13(1 = ] ;E;s_;l;— ) my;—2,my—2,my3+2,my;+ 21, (3.92)
13— {3) k33 — lg3 | m,, ., 0 my 41, 0
_m,3 » My » M3z y My3
ey |mi3—2,my;—2,my3+2,my; +2|=0. (3.93)
RO , 0 s M3y , 0
|

The transformations (3.62)-(3.93) together with the
expressions (3.56)—(3.61) for the even generators and the
supercommutation relations (1.1) uniquely determine all
other odd generators. In this sense, the above written rela-
tions define the representation of the Lie superalgebra
gl(2/2).

If the signature [m;,my3,ms3,mys], Mz — myseZ
msy — my€L ., is such that [, + I + 3#0, ¥i=1,2 and
J = 3,4, then the induced gl(2/2) module W([m]) is irre-
ducible (Proposition 2) and hence typical. Letting the signa-
ture take all possible values, compatible with (2.43), one
obtains all typical representations. If the condition (2.43) is
not fulfilled, then the induced module is indecomposible.
The nontypical irreducible representation is realized in a
properly chosen factor space of W{[m]). This case will be
considered in Ref. 1.
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The canonical lift of the Weyl group in the automorphism group of a simple Lie algebra is
discussed. A constructive algorithm is given to compute the shift vector for every Weyl group
conjugacy class, and tables for the simply laced Lie algebras of rank <8 are provided.
Applications in physics, such as the equivalence of certain orbifold and twisted WZW string
models, as well as the implication for the moduli space of 2-D conformal field theories are

discussed.
I. INTRODUCTION

String theory has been a motivation for a lot of math-
ematical research. As a result, our understanding of (infi-
nite-dimensional ) algebras has rapidly increased. A nice ex-
ample is the Frenkel-Ka¢-Segal vertex-operator
construction, providing a realization of level-1 highest
weight modules for simply laced Kaé-Moody algebras.'*
This construction is based on the vertex operators used in
string theories some time ago (see, e.g., Ref. 3 and references
therein). After this construction it was realized that it im-
plies the equivalence of two a priori different closed string
models, namely a closed bosonic string propagating on the
maximal torus of some Lie algebra g and a closed bosonic
string moving on the group manifold of g. These are known
as the torus compactified string and the level-1 Wess—Zu-
mino-Witten (WZW) model,* respectively. Since then
there have been a lot of extensions of these results to fer-
mionic strings, higher level WZW models, etc. From many
points of view a very interesting extension of the torus and
WZW models are the orbifold and twisted WZW models,
respectively.

In an orbifold compactification, one considers the prop-
agation of a string on the space obtained by identifying, in
flat space, points in the orbit of a point group. In particular,
one can consider maximal tori of Lie algebras g, where one
divides out subgroups of the automorphism group Aut(Ap )
of the root lattice Az of g. If one divides out the finite Abe-
lian subgroup generated by a single element weAut(Ag ),
one obtains what is called an Abelian orbifold. It has been
shown that to every such orbifold there corresponds a
“twisted” realization of a level-1 Kaé-Moody highest
weight module, equivalent to the torus realization iff
we ¥ (g), the Weyl group of g, and corresponding to a twist-
ed affine Kac-Moody algebra realization if weAut(Az)/
#°(g) {Refs. 5 and 6, see also Refs. 7 and 8).

On the other hand, one can obtain “twisted” realiza-
tions of Ka¢-Moody algebras by twisting the boundary con-
ditions of a WZW model with an automorphism o of the
corresponding Lie algebra g. These twisted WZW models
are conveniently described by a so-called shift vector 7 in the
dual Cartan subalgebra /4 * of g.

Because the number of conjugacy classes in Aut(g) is
infinite and Aut(Ag ) is a finite group, there cannot be a 1-1
correspondence between the orbifold and twisted WZW
models. It has been shown, however, that every orbifold

571 J. Math. Phys. 30 (3), March 1989

0022-2488/89/030571-14%02.50

model based on a weAut(Ag) corresponds to a twisted
WZW model,” obtained by lifting w into Aut(g), though the
method employed did not immediately give the correspond-
ing shift vector explicitly.

There have been several papers dealing with the deter-
mination of the shift vectors.”'>!! The methods that were
used can be described as determination by exhaustion. All
automorphisms g€eAut(g) of a certain finite order were de-
termined, and some of their properties were compared. The
one matching the properties of the element weAut(A ) was
then singled out.

Though this “brute force” method works well it does
not give any insight in the underlying mathematical struc-
ture, and moreover, for high rank groups and high-order
automorphisms, it will simply take too much computer time.

In this paper we will discuss an algorithm that allows
one to compute the shift vectors directly, using properties of
the automorphisms in regular subalgebras. We provide ta-
bles for the shift vectors corresponding to all we %" (g) for all
simply laced simple Lie algebras of rank <8. These tables are
very interesting from a mathematical point of view because
they provide explicit forms of certain generalized theta func-
tion identities. From a physical point of view these identities
correspond to the two equivalent ways of computing the
string partition function—by means of the orbifold and the
twisted WZW model. Another physical application is that
the equivalence provides information on the moduli space of
two-dimensional conformal field theories (CFT’s), of in-
teger central charge ¢. One branch of this moduli space con-
sists of torus compactified scalar field theories,'? and an-
other branch consists of all possible orbifold versions of these
scalar field theories.'* The equivalence discussed above gives
the intersection points of these two branches (see Ref. 14 for
¢ =1, and Ref. 15 for ¢>2).

The paper is organized as follows. In Secs. II and III we
review the classification of conjugacy classes in the Weyl
group #(g) and the automorphism group Aut(g) and in-
troduce some notation and useful concepts. In Sec. IV we
discuss the lift of #7(g) to a subgroup W of Aut(g), and
explain the algorithm to obtain the shift vectors. Tables for
rank <8 simply laced Lie algebras are computed. Section V
deals with the applications. We briefly review the definition
of the orbifold and twisted WZW models and discuss the
partition functions as well as their modular invariance. We
point out some properties of the ceAut(g) corresponding to
a lifted Weyl group element and make some remarks on the
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string models and implications for the moduli space of
CFT’s of integer ¢. In the Appendix we point out an apparent
relation between conjugacy clases in #7(g) and equivalence
classes of 4, subalgebras of g, and speculate on its relevance
in the construction of extended conformal algebras.

Il. THE WEYL GROUP

In the following let g be a simple, finite-dimensional Lie
algebras over the complex numbers C, and let 4 be its Cartan
subalgebra (CSA). To every root SeA of g one can associate
a reflection rg: A*¥—h * by

rB(/{')=/1_ [Z(B’/i')/(ﬁyﬁ)]ﬂ9 Aeh*- (2-1)

The Weyl group #7(g) of g is the finite group generated by
all reflections 7, BeA. Of course, #”is already generated by
the reflections #; in the simple roots a;, { = 1,...,/, of g.

By dualizing, one can also consider the action of 7~ on
h. Explicitly,

rs(hy =h— (Bh)B"Y, heh. (2.2)

By definition, every Weyl group element we %~ can be de-
composed as

B.eA . (2.3)

The expression (2.3) is called reduced if & is the least possi-
ble value for this w. This value of k is called the length T(w)
of w. One can show that (2.3) is reduced iff B, -5, are
linearly independent. Moreover, I(w) is the number of
eigenvalues of w distinct from 1, so, in particular, /(w) </.
An element we¥?  is called nondegenerate if
det(1 — w) #0 [i.e, if 7(w) = /]. Among the nondegener-
ate elements there are a few which play an important role,
the so-called primitive elements, defined by the condition
det(1 — w) = det(a), where a is the Cartan matrix of g.
Every we ¥ is expressible in the form'®

w=ww,= (Hrﬂ‘)( rBj) ,
icd JeB

where the roots are divided into two disjoint subsets 4 and B
such that each of them contains only roots that are mutually
orthogonal. [ Notice that T(w) = 7(w1) + I(w,) and that w,
and w, are both involutions. ]

One associates a Dynkin-like graph I' to each decompo-
sition (2.4) as follows. A vertex 7 stands for a root 3; and the
number of links between two vertices is given by

4(B.B)/ (BB (BB;) -

An arrow points to the smallest of the two roots.

It is clear that two elements of 77 that are conjugated
give rise to the same graph I'. Conversely it is not true that '
uniquely determines the conjugacy class. The correspon-
dence is, however, so close that it is convenient to label the
conjugacy classes of % by the Dynkin-like diagrams I". The
exceptions as well as the determination of the admissible
graphs I for given %#7(g) can be found in Ref. 16. It turns
out that all the admissible graphs of 777(g) correspond to
conjugacy classes of primitive elements in regular subalge-
bras of g. Because the regular subalgebras of g are easily
found from the extended Dynkin diagram of g (Ref. 17) this
property is very useful in the application we are about to

w=rﬁlrﬁz"'rﬁk N

(2.4)

(2.5)
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discuss. The number of conjugacy classes of primitive ele-
ments for4,, B,,C,, D,, Gy, F, E,, E,, and E, are, respec-
tively, 1, 1, 1, [#/2], 1, 2, 3, 5, and 9. Remarkably, these
numbers also show up as the number of orbits of the ex-
tended Dynkin diagram of g under its isometry group,® and
also as the number of possible values of the defect ¢, to be
discussed in Sec. V.

The graphs corresponding to the primitive elements can
be found in Refs. 11 and 16. Table I lists some properties of
the corresponding Weyl group conjugacy classes. The char-
acteristic polynomial P, (¢) =det,. (1 — tw) for any Weyl
group element can be found from Table I.

Because the Weyl group elements satisfy

(WA, wa,) = (A,4,), VYA,A,eh*, (2.6)

i.e., they are unitary with respect to the Cartan-Killing form
on h* the eigenvalues are of the form €, where
€ = exp(2mi/N) and N is the order of the Weyl group ele-
ment. The set {m;} for the primitive elements is given in
Table 1. We have an orthogonal decomposition of 2 * (and /)

N—1
h*= o hE,
Jj=0

2.7)

in terms of eigenspaces 4 ¥, ={Aeh *|wl = €/A}, and we
denote by d; = dim A {;, the multiplicity of the eigenvalue
€.

There is a particular primitive conjugacy class that al-
ways plays a preferred role. This is the conjugacy class of the
so-called Coxeter element

i
wC= Hri’

i=1

(2.8)

which is a product over the Weyl reflections in the simple
roots of g. The Coxeter element is the element of highest
orderin #7(g), the order A is called the Coxeter number of g.
The graph T of wc is just the Dynkin diagram of g, and the
set {m, } corresponding to the eigenvalues of wc are in this
case called the exponents of g.

. AUTOMORPHISMS OF SIMPLE LIE ALGEBRAS

In this section we will review the classification of auto-
morphisms of finite order of simple, finite-dimensional Lie
algebras, as obtained by Ka¢.'® Suppose we are given a sim-
ple, finite-dimensional Lie algebra g over the complex
numbers C. An automorphism of g is an invertible linear
transformation o: g — g, satisfying

olxy] = lox,0y],
(ox,09) = (x,y), Vxyeg,

where (x,y) ~Tr(ad x ad y) is the Cartan—Killing form on
g. The set of automorphisms of finite order (i.e., 0¥ = 1 for
some NeN) from a group Aut(g). It is easy to give examples
of automorphisms. Let xeg and define o, €Aut(g) by

(3.1)

(3.2)

then (3.1) is a consequence of the Jacobi identity. The set of
automorphisms that can be written as o, for some xeg is
denoted by Aut,(g) and are called inner or invariant auto-
morphisms. In fact, the inner automorphisms almost ex-
haust the set of automorphisms in the sense that Auty(g) isa

o, =exp(ad x) = Ad(expx),
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TABLE L Properties of primitive Wey! group elements. The eigenvalues of w are given as €™, € = exp(27i/N), where N is the order of w.

r Ord w

det(1 — tw) m,
A, n+1 N A SR | 1,2,....n
B,C, 2n t"+1 1,3,5,..,2n — 1
D, 2n—1) (" P+ D+ 1) 1,3,5,..2n — 3,1 — 1
D, (ay) 2lem(2,n —2) " 24 DU+ :
D,(a,) 3lem(3,n —3) T EDE+ D
D, (ai,0-1) n "4y 1,1,3,3,...n—1,n—1
G, 6 t2—t41 1,5
F, 12 241 1,5,7,11
F.(a)) 6 (=14 1)° 1,1,5,5
E, 12 =2+ DU Ht+D 1,4,5,7,8,11
E.(a)) 9 (4 +1) 1,2,4,5,7,8
E (a,) 6 (= 122 +14+ 1) 1,1,2,4,5,5
E, 18 [CARSFLINI DYFRE b 1,5,7,9,11,13,17
E,(a)) 14 (= =t + D+ D) 1,3,5,7,9,11,13
E(a,) 12 =D —t+ D)+ 1,2,5,6,7,10,11
E,(ay) 30 W=+ =+ D=+ DU+ 3,5,9,15,21,25,27
E,(a,) 6 @—t+ D'+ 1 1,1,1,3,5,5,5
E, 30 P’ Pt =t 41 1,7,11,13,17,19,23,29
E.(ay) 24 Pty 1,5,7,11,13,17,19,23
E,(a,) 20 ottt -2 4 1 1,3,7,9,11,13,17,19
E {a;) 12 -4+ 1,1,5,5,7,7,11,11
E,.(a,) 18 U=+ DU —t4+1) 1,3,5,7,11,13,15,17
E,(as) 15 A N A A Ly N 1,2,4,7,8,11,13,14
E.(a,) 10 (=t 42—+ 1)? 1,1,3,3,7,7,9,9
E,(a,) 12 = Dt —r4+1)? 1,2,2,5,7,10,10,11
E,(ay) 6 (=14 1)° 1,1,1,1,5,5,5,5

normal subgroup of Aut(g) and Aut(g)/Aut,(g) is a finite
Abelian group, isomorphic to the symmetry group of the
Dynkin diagram of g. These will be called outer automor-
phisms.

The classification of conjugacy classes in Aut(g) is most
easily described in the context of affine Kac-Moody alge-
bras.'® Let g be an affine Ka-Moody algebra, g{¥) its
finite-dimensional horizontal Lie algebra. (For the untwist-
ed affine Kaé-Moody algebras g'", we have g{!> =g.) Let /
be the rank of gi*). To every g*> and [+ 1-tuple
§ = (8gs-.-,5; ) Of relatively prime non-negative integers (with
the convention that O is relatively prime to all other inte-
gers), one can associate an automorphism o, of g of order

!
N=kYa's;, (3.3)
i=0

where {a i = 0,...,[} is a left zero eigenvector of the Cartan
matrix of g'*’, normalized such that ¢y = 1. The automor-
phism is uniquely defined through

as,k(Hi) =Hi ]
o, (E,) =€E,, e=exp(2m/N), i=0,.,l,

where H; and E, are, respectively, a basis for the CSA and
dual simple root system (i.e., step operators) of g¥).

The classification theorem of Ka&'® can be formulated
as follows.

(i) Every oeAut(g) is conjugated to an automorphism
0, defined by (3.4), where s = (s,,...,5;) is an (/ + 1)-tu-
ple of relatively prime non-negative integers, k€{1,2,3} such
that g'®¥ is an affine Kaé-Moody algebra, and !

= rank (g{%).

hor

(3.4)
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(ii) o, and o, ;. are conjugated if and only if k = k'
and s and s’ are related by an automorphism of the Dynkin
diagram of ',

(iii) k£ is the least positive integer for which
(0, ) eAuty(g).

For simplicity we will henceforth restrict ourselves to
inner automorphisms o, =0, , _ , €Aut,{(g), though most of
the issues we will consider can straightforwardly be general-
ized. To every automorphism o,€Aut,(g) of order N we
associate a shift vector y.€h * defined by the inner products

(ysa;) =s5;/N, i=1,.,, (3.5)
or equivalently

1 I
s — — ——SiA'- s 3.6
4 Ni; i (363

in terms of the fundamental weights A; of g. The reason why
¥, is called a shift vector will become clear in Sec. V, where
we discuss the g'" level-1 character in a specialization given
by o,. By using the shift vector, the automorphism on every
step operator E,, a€A, can be given as

o.(E,) = exp[2nmi(y,,a) |E, . (3.7)

Every automorphism o€Aut,(g) of order N gives an orthog-
onal decomposition

N—-1

g€= ® &> (3.8)
j=0

into eigenspaces g ;, belonging to the eigenvalue €/, where

€ = exp(27i/N). Let d; = dim g ;, denote the multiplicity

of the eigenvalue, €. If o, is the Ka¢ automorphism conju-
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gated to o and ¥, is its corresponding shift vector then we
explicitly have
d;, = #{ael|(y,,@) = (j/N) mod 1} + 15,5 . (3.9)

In terms of the multiplicities d;, we can calculate, for in-
stance, the characteristic polynomial

N-1
P (n=det,(1 —t0) = [[ (1 —teH”, (3.10)
ji=0

but they also appear in the very strange formula'®*°

dim g 1 St .
—hVy|P=rf — (N —j)d, ,
2hvlp ¥sl >4 4sz§01( i,
(3.11)
where
!
hvzza,.v (3.12)
i=0

is the dual Coxeter number of g, and peh * the principal vec-
tor

Ll v, (3.13)
2 ael |
satisfying
2(p,2;)/(a;,a;) =1, V simpleroots o, . (3.14)

The well-known Freudenthal-de Vries strange formula®'
appears as the o = 1 case of (3.11). The advantage of de-
scribing an automorphism by means of an (/ + 1)-tuple s is
that a lot of properties of o, can immediately be read off from
s. We have for instance an explicit description of the invar-
iant subalgebra g ,, . It is the regular subalgebra of g given by
the Dynkin diagram obtained by deleting all the vertices
with s; 20 from the extended Dynkin diagram of g. To this,
one has to add (1) factors such that rank (g,,) =/ An
explicit description can also be given for the g, modules
g and gy _4,."°

So far we have been concerned with (/+ 1)-tuples
s = (8g,---,5; ) of relatively prime non-negative integers w.r.t.
some chosen simple root basis IT = {a,,..,a,}. Let us call
such an (! + 1)tuple special and the corresponding auto-
morphism by a Ka¢ automorphism. It is clear that very rela-
tively prime (/ + 1)-tuple of integers (i.e., not necessarily
non-negative) uniquely defines an automorphism by (3.4).
How do we determine the Kac¢ automorphism o, conjugated
to o? This is equivalent to the determination of a simple root
basis I1' with respect to which the (/ + 1)-tuple s’ is special.
There exists an algorithm to achieve this.?? Let s = (s,,...,5;)
bean (! + 1)-tuple w.r.t. a simple root system II containing
negative 5;. Pick an arbitrary s; <0 and consider the simple
root system I’ = 7, (I1) obtained by reflecting all simple
roots in the hyperplane orthogonal to the simple root o, .
Correspondingly, the (/ + 1)-tuple s changes to

(3.15)

where @, is the Cartan matrix of g’ . Now repeat the algo-
rithm for the (/ 4 1)-tuple §', etc.

One can prove that this algorithm terminates after a
finite number of steps.?? Let us give an example in g = 4.
Suppose we have the 4-tuple s = (4, — 1,2, — 1). We obtain
successively

. -
si=s—a;s,

574 J. Math. Phys., Vol. 30, No. 3, March 1989

(49_192:'—'1)_'(39131’—1)_’(2’1’0)1)) (316)

so the automorphism of order 4, determined by
s=(4,— 1,2, — 1), is conjugated to the automorphism
s = (2,1,0,1). In the next section we will make extensive use
of this algorithm when we consider the determination of the
Ka¢ automorphism conjugated to the lift of a Weyl group
element in Auty(g).

IV.LIFT OF 7" IN AUT(g)

There exists a natural lift of % to a finite subgroup Ve
of Aut,(g). The generators of % are defined by?'

75 = Ad(x), fBeA, (4.1)
with

x=exp[im2(BB)) " (Eg +E_p)]. (4.2)
The lift of a general we #7(g) is defined as

W="Fg g , (4.3)

ifw=rg - 'rg is areduced decomposition of w into reflec-
tion. It is not hard to show that with this definition

ib|h =w,
w(ga ) ng(a) N

If w™ = 1 then @*" = 1. In general, it is, however, not true
that @" = 1. In fact the group D generated by the # is a
normal Abelian subgroup of %", such that %" = #°/D.

Now we are ready to state the main problem of this
paper. Given a we %~ how do we determine the Kac auto-
morphism o, that is conjugated to @, the lift of w. In princi-
ple one can try to solve this problem by explicitly trying to
find a CSA %' invariant under i, determining the root space
decomposition under 4 'and the (/ + 1)-tuple (s...,s, ) with
respect to a simple root basis, and, if necessary, rotate back
the associated shift vector ¥, to the positive Weyl chamber
by the algorithm of Sec. III. In practice, however, it is diffi-
cult to find an invariant CSA explicitly. Fortunately, the
problem can be reduced to the determination of the shift
vector for the primitive elements we 7 in simple Lie alge-
bras only.

In Sec. II we have stated the result that all Weyl group
elements are conjugated to primitive elements in (not neces-
sarily simple) regular subalgebras. If the shift vector y, ek *
is known in this regular subalgebra it is straightforward to
determinean (/ -+ 1)-tuple (s,,...,s, ) associated to y,€h *, by
identifying the regular subalgebra in the extended Dynkin
diagram of g. This (/ + 1)-tuple will contain negative s;, but
can be rotated back into the positive Weyl chamber by the
algorithm outlined in Sec. III. Second, we observe that the
shift vectors of semisimple subalgebras are just sums of shift
vectors in the simple constituents. This follows straightfor-
wardly from the definition (3.4) and the fact that the shift
vectors in the simple constituents are orthogonal. So indeed,
we have reduced the problem to finding the shift vectors for
the primitive elements in simple Lie algebras.

For the Coxeter class [w ]| we can use an old result of
Kostant® that the lift iv of the Coxeter element (2.8) is
conjugated to the automorphism o, with

(4.4)
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s=(1,1,..,1).
VV./
[+1

For simply Lie algebras g, the associated shift vector is there-
fore

YVs=a1,..1y = (I/h)p (45)

For the other primitive conjugacy classes the general corre-
spondence is not known. Using, however, some properties of
¥, it is fairly easy to determine y, by exhaustion. We will
come back to this in the next section.

Let us now give some examples in E,. Consider first the
reflection in a root a. This corresponds to the Coxeter ele-
ment in 4,. Embed A, say, by identifying the root of A with
a, in Eg. This leads to

s=(4,— 1,2, -1,0,0,0,0,0), (4.6)
where s, is determined by requiring that @ has the right or-
der:

H
4= a¥s;=s,+2(— D +3Q) +4(— 1. (47

i=0
Notice that we have en-passant multiplied the order by 2,
which is required to have an integer labeling s. Rotating s
back to the positive Weyl chamber one obtains

s =(2,1,0,0,0,0,0,0,0) . (4.8)

From this example order-doubling is clearly seen to happen.
In fact, it is easy to convince oneself that the automorphism
corresponding to the conjugacy class [w] = A4, has order 4
in every Lie algebra g#A4,. (The example in A4, treated in
Sec. I1I also corresponds to the class [w] = 4,.) Also it is
easily seen that if ¥ = ord (w) is odd, no order-doubling will
occur. More explicit criteria for order-doubling can be found
in Refs. 10 and 11. (These criteria are also implicit in the
vertex operator construction of Refs. 5 and 6.)

The second example is the class [w] = 4, + 4,;. Embed
A, + A, asin Fig. 1. We have

54, = (3,2, - 1,0,0,0,0,0,0), N=4

(4.9)
54, = (3,0, — 11,1, — 1,0,0,0), N=3.
So adding the shift vectors leads to
54,44, = (9,6, —7,4,4,—4,00,0), N=12, (4.10)
and after rotation to
5S4, + 4, = (4,1,0,0,0,0,0,3,0) . 4.11)

Using the knowledge of the primitive shift vectors we have
explicitly computed the shift vectors for all simply laced sim-
ple Lie algebras of rank <8. [See Tables II-XVII. 4 * indi-
cates that the order of o~uw is twice the order of w. Other
interesting properties, such as the invariant subalgebra g o, ,
can immediately be read off from the shift vectors as ex-
plained in Sec. ITI. Throughout the text and tables we use the
numbering of the Dynkin diagram vertices of Ref. 17, the
extended root corresponding to the zeroth vertex. ]

OoO—e———70 L @

FIG. 1. The filled circles give the 4, + A, regular subalgebra of E; used in
the example of Sec. IV.
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TABLE II. The shift vectors for the Weyl group conjugacy classes of 4.

r Ord o s;
[0} 1 (1,0)
A, 2 Ly

TABLE I1I. The shift vectors for the Weyl group conjugacy classes of 4,.

r Ord o S;

%] 1 (1,0,0)
A, 4* (2,1,1)
A, 3 (L,L,D)

TABLE IV. The shift vectors for the Weyl group conjugacy classes of 4,.

r Ord o 5;

7 1 (1,0,0,0)
A4, 4* (2,1,0,1)
24, 2 (1,0,1,0)
A, 3 (1,1,0,1)
A, 4 (L1,1,1)

TABLE V. The shift vectors for the Weyl group conjugacy classes of 4,.

r Ord o s;
%) 1 (1,0,0,0,0)
A, 4* (2,1,0,0,1)
24, 4* (2,0,1,1,0)
4, 3 (1,1,0,0,1)
A, + A4, 12* (4,1,3,3,1)
4, 8* 2,2,1,1,2)
A, 5 (LL,L,LD

TABLE VI. The shift vectors for the Weyl group conjugacy classes of 4.

r Ordo S;
%] 1 (1,0,0,0,0,0)
A, 4* (2,1,0,0,0,1)
24, 4* (2,0,1,0,1,0)
4, 3 (1,1,00,0,1)
34, 2 (1,0,0,1,0,0)
A, + 4, i2* (4,1,3,0,3,1)
A4, 8* (2,2,1,0,1,2)
24, 3 (1,0,1,0,1,0)
A3+AI 8‘ (211:11271’1))
A, 5 (1,1,1,0,1,1)
As 6 (1,1,1,1,1,1)
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TABLE VII. The shift vectors for the Weyl group conjugacy classes of 4.

TABLE IX. The shift vectors for the Wey! group conjugacy classes of 4,.

r Ord o 5; r Ord o s;

2 1 (1,0,0,0,0,0,0) % 1 (1,0,0,0,0,0,0,0,0)
4, 4* (2,1,0,0,00,1) 4, 4% (2,1,0,0,0,0,0,0,1)
24, 4* (2,0,1,0,0,1,0) 24, 4* (2,0,1,0,0,0,0,1,0)
4, 3 (1,1,0,0,00,1) A, 3 (1,1,0,0,0,0,0,0,1)
34, 4= (2,0,0,1,1,0,0) 34, 4* (2,0,0,1,0,0,1,0,0)
A, + A4, 12* (4,1,3,0,0,3,1) 4, + 4, 12 (4,1,3,0,000,3,1)
4, 8* (2,2,1,0,0,1,2) A 8* (2,2,1,0,0,0,0,2,1)
A4, + 24, 12+ (4,1,0,3,3,0,1) 44, 4* (2,0,0,0,1,1,0,0,0)
24, 3 (1,0,1,0,0,1,0) A, + 24, 12¢ (4,1,0,3,00,3,0,1)
4+ 4, 8 2,L,LLLLD 24, 3 (1,0,1,0,0,0,0,1,0)
A, 5 (1,1,1,0,0,1,1) Ay + 4, g* (2,1,1,1,0,0,1,1,1)
Ay + 4, 24* (6,1,5,3,3,5,1) Ay 5 (1,1,1,0,0,0,0,1,1)
A, + A, 20* (4,3,1,4,4,1,3) A, + 34, 12# (4,1,0,0,3,3,0,0,1)
As 12 (2,2,2,1,1,2,2) 24, + 4, 12* (4,0,1,3,0,0,3,1,0)
4, 7 (1,1,1,1,1,1,1) A, +24, 8* (2,1,0,1,1,1,1,0,1)
A, + A4, 20 (6,1,5,3,0,0,3,5,1)
A, + 4, 20* (4,3,1,4,0,04,1,3)
As 12* (2,2,2,1,0,0,1,2,2)
Let us now explain an important property of the auto- ;ﬁ’ 83: 8’3’3'?{?’?’(‘)’2’8;

. . . ~ 3 sy by 1,Uy 4y
morphisms o€Aut,(g) conjugated to lifts & of we¥ (g). A+ A, + 4, 24+ (6,1,2,3,3,3.3,2.1)
The property can be defined in terms of the multiplicity d; of Ay +24, 20* (4,3,0,1,4,4,1,0,3)
the eigenvalues €’ of o (resp. w), as defined in Secs. II and ;4 Ijz 1125‘ 8;3;??;3;)
III. First extend d; to a function on N by defining 5A« ! 7 (1’1’1’1’0’0’1’1’1;
d;=d ;moa ny» if N is the order of o (resp. w). Now a func- A+ 4, 40* (8,1.7.3,5.53.7.1)
tion f: N—N of period N is called quasirational if 45+ 4, 12* (2,1,1,2,1,1,2,1,1)
ged(i,N) = ged(j,N) implies £ (i) =f (). We say that o 46 ;An fg g;;gm;;;
(resp. w) is quasirational if the corresponding function d; is A: 9 (LLL LLLLLL)

quasirational. It is evident that o (resp. w) is quasirational if
and only if its corresponding characteristic polynomial has
rational coefficients. We observe (e.g., from Table I) that
every Weyl group element is quasirational. This can be un-
derstood for instance by realizing that in a simple root basis
the matrix of w only has integer entries. This quasirationality
property of we % (g) carries over to its lift eAuty(g).”
Summarizing, an automorphism geAut,(g) can only be
conjugated to a lift & of we #7(g) if o is quasirational. [The

TABLE VIII. The shift vectors for the Weyl group conjugacy classes of A4,.

r Ord o S;
%} 1 (1,0,0,0,0,0,0,0)
4, 4* (2,1,0,0,0,0,0,1)
24, 4* (2,0,1,0,0,0,1,0)
A, 3 (1,1,0,0,0,0,0,1)
34, 4 (2,0,0,1,0,1,0,0)
Ay + A, 12% (4,1,3,0,0,0,3,1)
A, g* (2,2,1,0,0,0,2,1)
44, 2 (1,0,0,0,1,0,0,0)
Ay + 24, 12¢ (4,1,0,3,0,3,0,1)
24, 3 (1,0,1,0,0,0,1,0)
A, + 4, g* (2,1,1,1,0,1,1,1)
A, 5 (1,1,1,0,0,0,1,1)
24, + A, 12* (4,0,1,3,0,3,1,0)
A, + 24, 8+ (2,1,0,1,2,1,0,1)
Ay + A, 24% (6,1,5,3,0,3,5,1)
A+ A4, 20% (4,3,1,4,0,4,1,3)
A, 12% (2,2,2,1,0,1,2,2)
24, 4 (1,0,1,0,1,0,1,0)
A, + 4, 15 (3,1,2,3,0,3,2,1)
As+ A, 6 (1,1,0,1,1,1,0,1)
Ag 7 (1,1,1,1,0,1,1,1)
4, 8 (LLLLLLLYD)

converse is not true. The automorphism o, s = (2,1,1,..,,1),
is a counterexample in almost every Lie algebra.] This se-
verely restricts the possible lifts as there are only a finite
number of conjugacy classes of quasirational elements in
Aut(g).* If an automorphism 7 is quasirational all its pow-
ers 7/, jeZ, are also quasirational. If we have the property
that 7/ is conjugated to 7 for everyjsuch that gcd( j,N) = 1,
then 7 is called rational. This property clearly implies quasi-
rationality. It can be verified that all Weyl group elements w
are, in fact, rational. This property carries over to the lifts
as well.

TABLE X. The shift vectors for the Weyl group conjugacy classes of D,.

T Ord o s;
1%} 1 (1,0,0,0,0)
A, 4+ (2,0,1,0,0)
24,) 2 (1,1,0,0,0)
(24" 2 (1,0,0,1,0)
A, 3 (1,0,1,0,0)
D, 2 (1,1,0,0,0)
(4;)’ 4 (1,0,1,1,0)
(45)" 4 (1,0,1,0,1)
D,+ A, 4* (1,1,0,1,1)
D, 4 (1,1,1,0,0)
2D, 2 (0,0,1,0,0)
D, 6 (1,,1,1,1)
D,(a;) 4 (1,L,0,1,1)
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TABLE XI. The shift vectors for the Weyl group conjugacy classes of D;.

TABLE XIII. The shift vectors for the Weyl group conjugacy classes of D,.

r Ord o s; r Ord o s;

@ 1 {1,0,0,0,0,0) @ 1 (1,0,0,0,0,0,0,0)

4, 4+ (2,0,1,0,0,0) 4, 4¢ (2,0,1,0,0,0,0,0)

24, 4* (2,0,0,0,1,1) 24, 4+ (2,0,0,0,1,0,0,0)

A, 3 (1,0,1,0,0,0) 4, 3 (1,0,1,0,0,0,0,0)

D, 2 (1,1,0,0,0,0) D, 2 (1,1,0,0,0,0,0,0)

A+ A, 12+ (4,0,1,0,3.3) (34,) a* (2,0,00,00,1,1)
R ABA g* (2,0,2,0,1,1) A, + A, 12 (4,0,1,0,3,0,0,0)
, +4, 4* (1,1,0,1,0,0) A, 8* (2,0,2,0,1,0,0,0)

D, 4 (1,1,1,0,0,0) D,+ A4, 4* (1,1,0,1,0,0,0,0)

4, 5 (1,0,1,0,1,1) D, 4 (1,1,1,0,0,0,0,0)

D, + 4, 6 (1,1,0,2,0,0) A, + 24, 12* (4,0,1,0,0,0,3,3)
D+ A, 4 (1,0,0,1,1,0) 24, 3 {1,0,0,0,1,0,0,0)
2D, 2 (0,0,1,0,0,0) A+ A, g+ (2,0,1,0,1,0,1,1)

D, 6 (1,1,1,1,0,0) A, 5 (1,0,1,0,1,0,0,0)
Dy(a)) 4 (1,1,0,1,0,0) D, + 24, 4 (1,1,0,0,0,1,0,0)

D, + D, 4 (0,0,1,1,0,0) D, + A4, 6 (1,1,0,2,0,0,0,0)

D, 8 (1,L1L,1,L,1) D, + 4, 4 (1,1,0,0,1,0,0,0)
Ds(a)) 12 (2,2,1,1,2,2) 2D, 2 (0,0,1,0,0,0,0,0)

D, 6 (1,1,1,1,0,0,0,0)

Dy(a)) 4 (1,1,0,1,0,0,0,0)

A, + 4, 24* (6,0,1,0,5,0,3,3)

Ay + A, 20* (4,0,3,0,1,04,.4)

V. ORBIFOLDS VERSUS TWISTED WZW MODELS A, 120 (202020.1.1)
. . . *

In this section we will show how the results of the pre- b ; ‘:_2:; 4, 182, E%‘f’g';’g’i’g’g;

. . . . . 2 114U 4,U, 1,4,
vious sections can be used to establish an explicit correspon- 2D, + A3 , 4* (0,0,1,0,1,0,0,0)
dence between a class of orbifolds and twisted WZW models. D, + 24, 4 (1,1,0,0,0,0,1,1)
This correspondence gives rise to mathematically interesting 33 i ‘;2 1122‘ Ei’iy?’évi”g’g’gi

4 1 yoy Ry\dy Bydeyldy
Dy(a)) + A, 4 (1,1,0,0,0,1,0,0)
TABLE XII. The shift vectors for the Weyl group conjugacy classes of D, D,+ D, 4 (0,0,1,1,0,0,0,0)
D, 8 (1,1,1,1,1,0,0,0)
r Ordo s; Dy(ay) 12 (2,2,1,1,2,0,0,0)
A, 7 (1,0,1,0,1,0,1,1)
@ 1 ( 1,0‘0,0,0,0,0) D2 + A4 10 ( ],1,0,2,0,2,0,0)
A, 4* (2,0,1,0,0,0,0) 2D, + 4, 6 (0,0,1,0,2,0,0,0)
24, 4* (2,0,0,0,1,0,0) D;+ D, + 4, 4 (0,0,1,0,0,1,0,0)
A, 3 (1,0,1,0,0,0,0) D, + 4, 8* (1,1,0,1,1,0,1,1)
D, 2 (1,1,0,0,0,0,0) D, + 4, 6 (1,1,0,0,1,1,0,0)
(34,)’ 2 (1,0,0,00,1,0) Ds + 4, 8 (1,1,1,00,1,1,1y
(34,)" 2 (1,0,0,0,0,0,1) Ds(a,) + 4, 12 (2,2,1,0,0,1,2,2)
A, + 4, 12* (40,1,0,3,0,0) 3D, 2 (0,0,0,1,0,0,0,0)
4, g+ (20.2,0,1,0,0) 2D, 4 (0,0,1,0,1,0,0,0)
D, + 4, 4* (1,1,0,1,0,0,0) D, + D, 6 (0,0,1,1,1,0,0,0)
! o ddinio
24, 3 (1,0,0,0,1,0,0) (AUN »1,1,0,1,1,0,
A+ 4, g* (2,0,1,0,1,2,0) D,(a,) 6 (1,1,0,1,0,1,0,0)

A, 5 (1,0,1,0,1,0,0) D, + 2D, 4 (0,0,0,1,1,0,0,0)
D, +24, 4 (1.1.0.0,0.1.1) D, + D, 12 (0,0,2,1,1,2,0,0)
D, + 4, 6 (1,1,0,2,0,0,0) Dy(a,) + D, 4 (0,0,1,0,0,1,0,0)
D, + 4, 4 (1,1,0,0,1,0,0) D; + D, 8 (0,0,1,1,1,1,0,0)

2D, 2 (0,0,1,0,0,0,0) D, 12 (LLLL,LLLD)

D, 6 (1,1,1,1,0,0,0) Dy(a)) 20 (2,2,2,1,1,2,2,2)
Dy(a,) 4 (1,1,0,1,0,0,0) D,(ay) 24 (3,3,1,2,2,1,3,3)

A, 6 (1,0,1,0,1,1,0)

D, + 4, 8* (1,1,0,2,0,1,1)
2D, + 4, 4 (0,0,1,0,1,0,0)
D, +4, 12 (2,2,0,1,3,0,0) ] . . .
D, + A, 12% (2,2,1,0,1,2,2) relations, but also gives information on the moduli space of
D,(a;) + 4, 4 (1,1,000,1.1) 2-D conformal field theories. Let us first recall the definition
D 3;’ D, g 2?’?’}’}'?’8’83 of a twisted WZW model?® and determine its spectrum. In an
Dita,) 12 (221.1200) untwisted WZW model* the basic field takes its values in
ip, 2 (0,0,0,1,0,0,0) some group manifold G. The conserved currents J* (z) and
2D, 4 (0,0,1,0,1,0,0) J¥ (Z) satisfy periodic boundary conditions and both satisfy
D,+D 6 (0,0,1,1,1,0,0 Y pe ary
‘b 10 ( 1’1’1’1'1'1’1; the commutation relations of a Kaé—Moody algebra g'". The
(;} 28389 dydsdy . . . -
De(a,) 8 (1,1,1,0,1,1,1) spectrum consists of integrable highest weight modules
Dy(ay) 6 (1,1,0,1,0,1,1) (HWM’s) of g at level k, where k is related to the topologi-
POIOg
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TABLE XIV. The shift vectors for the Weyl group conjugacy classes of D,.

r Ord o s; r Ord o 5;
@ 1 (1,0,0,0,0,0,0,0,0) Dy + A, + 4, 12 (2,2,0,1,0,0,3,0,0)
A, 4* (2,0,1,0,0,0,0,0,0) D,+D,+ A4, 4 (0,0,1,0,0,1,0,0,0)
24, 4* (2,0,0,0,1,0,0,0,0) D, + A4, 8+ (1,1,0,1,1,0,1,0,0)
A, 3 (1,0,1,0,0,0,0,0,0) D, + 24, 12%* (2,2,1,0,0,0,1,2,2)
D, 2 (1,1,0,0,0,0,0,0,0) D, + 4, 6 (1,1,0,0,1,1,0,0,0)
34, 4* (2,0,0,0,0,0,1,0,0) D + 4, 8 (1,1,1,0,0,1,1,0,0)
A, + A, 12* (4,0,1,0,3,0,0,0,0) Ds(a,) + 4, 12 (2,2,1,0,0,1,2,0,0)
A, 8* (2,0,2,0,1,0,0,0,0) 3D, 2 (0,0,0,1,0,0,0,0,0)
D, + 4, 4% (1,1,0,1,0,0,0,0,0) 2D, 4 (0,0,1,0,1,0,0,0,0)
D, 4 (1,1,1,0,0,0,0,0,0) D, + D, 6 (0,0,1,1,1,0,0,0,0)
44, 2 (1,0,0,0,0,0,0,0,1) D, 10 (1,1,1,1,1,1,0,0,0)
(44))" 2 (1,0,0,0,0,0,0,1,0) D(a,) 8 (1,1,1,0,1,1,0,0,0)
A, + 24, 12* (4,0,1,0,0,0,3,0,0) Dg(a,) 6 (1,1,0,1,0,1,0,0,0)
24, 3 (1,0,0,0,1,0,0,0,0) (4,)’ 8 (1,0,1,0,1,0,1,1,0)
A, + A, 8* (2,0,1,0,1,0,1,0,0) (4" 8 (1,0,1,0,1,0,1,0,1)
A, 5 (1,0,1,0,1,0,0,0,0) D, + Ay i2#* (1,1,0,2,0,2,0,1,1)
D,+ 24, 4* (1,1,0,0,0,1,0,0,0) 2D, + A, 8* (0,0,1,0,2,0,1,0,0)
D, +4, 6 (1,1,0,2,0,0,0,0,0) 3D, + A4, 4% (0,0,0,1,0,1,0,0,0)
D, + 4, 4 (1,1,0,0,1,0,0,0,0) Dy + A, 20 (2,2,0,3,1,0,4,0,0)
2D, 2 (0,0,1,0,0,0,0,0,0) D, +D,+ 4, 12 (0,0,2,0,1,3,0,0,0)
D, 6 (1,1,1,1,0,0,0,0,0) 2D, + A4, 4 (0,0,1,0,0,0,1,0,0)
D,(a) 4 (1,1,0,1,0,0,0,0,0) D, + 4, 24 (3,3,0,1,4,1,0,3,3)
24, + A4, 12* (4,0,0,0,1,0,3,0,0) Dy(a,) + A4, 8+ (1,1,0,1,0,1,0,1,1)
(A;+24)) 8* (2,0,1,0,0,0,1,0,2) D,+ D, + A4, 12* (0,0,2,1,0,1,2,0,0)
(4,4 24)" 8* (2,0,1,0,0,0,1,2,0) D+ 4, 24 (3,3,1,0,2,3,3,0,0)
A, + A, 24+ (6,0,1,0,5,0,3,0,0) Ds(a)) + 4, 12 (2,2,0,0,1,1,2,0,0)
A+ A, 20* (4,0,3,0,1,0,4,0,0) Do+ A, 20* (2,2,2,1,0,1,2,2,2)
A . 12* (2,0,2,0,2,0,1,0,0) D(a)) + 4, 8 (1,1,1,0,0,0,1,1,1)
D, + 34, 4* (1,1,0,0,0,0,0,1,1) Dg(a,) + A, 12* (2,2,0,1,0,1,0,2,2)
D,+4,+4, 12* (2,2,0,1,0,3,0,0,0) D, +2D, 4 (0,0,0,1,1,0,0,0,0)
D, + 4, g+ (1,1,0,2,0,1,0,0,0) D,+D, 12 (0,0,2,1,1,2,0,0,0)
2D, + A4, 4* (0,0,1,0,1,0,0,0,0) D,(a,) + D, 4 (0,0,1,0,0,1,0,0,0)
D, + 24, 4 (1,1,0,0,0,0,1,0,0) Ds + D, 8 (0,0,1,1,1,1,0,0,0)
D, + 4, 12 (2,2,0,1,3,0,0,0,0) D, 12 (1,1,1,1,1,1,1,0,0)
D, + A, 12* (2,2,1,0,1,2,0,0,0) D,(a)) 20 (2,2,2,1,1,2,2,0,0)
Dy(a)) + 4, 4 (1,1,0,0,0,1,0,0,0) Dy(a,) 24 (3,3,1,2,2,1,3,0,0)
D+ D, 4 (0,0,1,1,0,0,0,0,0) 4D, 2 (0,0,0,0,1,0,0,0,0)
Ds 8 (1,1,1,1,1,0,0,0,0) 2D, + D, 4 (0,0,0,1,0,1,0,0,0)
Ds(a,) 12 (2,2,1,1,2,0,0,0,0) D,+2D, 6 (0,0,0,1,1,1,0,0,0)
(24,)' 4 (1,0,0,0,1,0,0,1,0) 2D, 6 (0,0,1,0,1,0,1,0,0)
(24" 4 (1,0,0,0,1,0,0,0,1) 2D,(a,) 4 (0,0,1,0,0,0,1,0,0)
A+ A, 15 (3,0,1,0,2,0,3,0,0) Ds+ D, 8 (0,0,1,1,0,1,1,0,0)
A5+ 4)) 6 (1,0,1,0,0,0,1,1,0) Ds(a\) + D, 12 (0,0,2,1,0,1,2,0,0)
(As+4)" 6 (1,0,1,0,0,0,1,0,1) D, + D, 10 (0,0,1,1,1,1,1,0,0)
A 7 (1,0,1,0,1,0,1,0,0) Dy 14 (1,1,1,1,1,1,1,1,1)
D, + 24, 6 (1,1,0,0,0,2,0,0,0) Dy(a,) 12 (1,1,1,1,0,1,1,1,1)
D,+4, 10 (1,1,0,2,0,2,0,0,0) Dy(a,) 30 (3,3,2,1,3,1,2,3,3)
2D, + 24, 4* (0,0,1,0,0,0,1,0,0) Dy(ay) 8 (1,1,0,1,0,1,0,1,1)
2D, + A4, 6 (0,0,1,0,2,0,0,0,0)

To every subgroup 77 of the automorphism group
Aut(g) one can associate a twisted WZW model, by identi-
fying points in the group manifold G which differ by the
action of an automorphism oe7%°. For simplicity we will re-
strict the discussion to cyclic subgroups of Aut,(G). Let ¥
be the order of a generating element o. The model has var-
ious twisted sectors. The currents in a sector, labeled by an
integer s = 0,1,...,N — 1, satisfy boundary conditions

J(e¥z) = J(z) . (5.1)

An analogous equation holds for the right-moving compo-
nents.

In every sector the currents J° (z) still satisfy the com-
mutation relations of a Ka¢-Moody algebra,'® which, for
inner automorphisms, is isomorphic to the untwisted Kac-
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Moody algebra. The difference, however, lies in the way the
conformal algebra is realized on the spectrum. In particular,
the commutation relation between the Virasoro generator
L,(¢’) in the o° sector and the step operators E, (z)
changes into

[Lo(0),E,(2)] = — (2£+S(r,,a))Ea(Z), (5.2)

if the automorphism o is rotated into the standard form
3.7).

To obtain the physical spectrum, i.e., the torus partition
function .Z, of the twisted WZW model, we have to combine
the various sectors and project, in each sector, on the states
variant under the automorphism o. The projection operator
is given by
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TABLE XV. The shift vectors for the Weyl group conjugacy classes of E.

TABLE XVI. The shift vectors for the Weyl group conjugacy classes of E,.

r Ord o s; r Ordo S;
@ 1 (1,0,0,0,0,0,0) @ 1 (1,0,0,0,0,0,0,0)
A, 4 (2,0,0,0,0,0,1) A, 4* (2,1,0,0,0,0,0,0)
24, 4+ (2,1,0,0,0,1,0) 4, 3 (1,1,0,0,0,0,0,0)
4, 3 (1,0,0,0,0,0,1) 24, 4* (2,0,0,0,0,1,0,0)
34, 4 (1,0,0,1,0,0,0) A, 8* (2,2,0,0,0,1,0,0)
A, + A, 12+ (4,3,0,0,0,3,1) A, + A4, 12+ (4,1,0,0,0,3,0,0)
4, g* (2,1,0,0,0,1,2) 34, 4* (1,0,1,0,0,0,0,0)
44, 2 (0,0,0,0,0,0,1) (34)" 2 (1,0,0,0,0,0,1,0)
A, + 24, 12% (2,0,1,2,1,0,0) A, 5 (1,1,0,0,0,1,0,0
24, 3 (1,1,0,0,0,1,0) (A + 4)) 8 (2,0,0,1,0,1,0,0)
A, + A, 8* (2,1,1,0,1,1,0) (4;+4)" g+ (2,1,00,0,1,2,0)
A, 5 (1,1,0,0,0,1,1) 24, 3 (1,0,0,0,0,1,0,0)
D, 6 (1,0,0,1,0,0,1) A, +24, 12* (2,0,2,1,0,0,0,0)
Dy(a)) 4 (1,0,0,1,0,0,0) (44,) 2 (0,1,0,0,0,0,0,0)
24, + A, 12+ (1,1,0,3,0,1,0) 44))" 4* (1,0,0,0,0,0,1,1)
A, + 24, 8* (0,0,1,0,1,0,2) D, 6 (1,1,1,0,0,0,0,0)
A, + A, 20* (3,1,3,1,3,1,0) D(a)) 4 (1,0,1,0,0,0,0,0)
Ay 12% (2,2,1,0,1,2,1) (45)' 12* (2,1,0,1,0,2,0,0)
D, 8 (1,1,0,1,0,1,1) (45)" 6 (1,1,000,1,1,0)
Dy(a,) 24* (4,3,1,2,1,3,2) A+ A, 20* (3,0,1,3,0,1,0,0)
34, 3 (0,0,0,1,0,0,0) A+ 4, 24+ (4,0,2,1,0,5,0,0)
As+ 4, 6 (0,0,1,0,1,0,1) (4, + 24, g+ (0,2,0,1,0,0,0,0)
E, 12 (LLLLLLD) (4;+24) 8* (1,6,1,0,1,0,1,0)
Eq(ay) 9 (1,1,1,0,1,1,1) 24, + 4, 12+ (1,0,3,0,0,1,0,0)
E (a,) 6 (1,1,0,1,0,1,0) A, + 34, 6 (1,0,0,0,0,0,1,2)
54, 4> (0,1,0,0,0,1,0,0)
D, 8 (1,1,1,0,0,1,0,0)
D, + 4, 12* (2,1,0,0,0,1,2,2)
Dy(a,) 24> (4,2,2,1,0,3,00)
] N Dy(a)) + 4, 4 (1,0,0,0,0,0,1,1)
P=— % 0. 5.3 4q 7 1,0,0,1,0,1,0,0)
N “~% 45+ 4,) 12* (1,0,1,1,1,0,1,0)
(As+ 4,)" 6 (0,1,0,1,0,0,0,0)
So we have As+ 4, 15 (1,0,2,1,0,2,0,0)
1 24, 4 0,1,0,0,0,1,0,0)
F =— F o (5.4) A, + A, + 4, 24+ (1,0,3,0,3,0,1,2)
N ocricv—1 A, + 34, 8* (0,1,0,0,0,1,0,2)
where 34, 3 (0,0,1,0,0,0,0,0)
o 64, 4+ (0,0,0,1,0,0,0,0)
Frs) = (gd) — /24 Tr (o Ly(0™) ,(«r‘)) , = @™ (5.5) E, 12 (1,1,1,1,0,1,0,0)
' flq ) 9 ] 7" 7 D, 20* (2,2,1,0,1,2,2,1)
The partition function of a twisted WZW model can be ex- D+ 4, 8 (1,0,0,1,0,0,1,1)
pressed in terms of specializations of the affine Kaé-Moody D, +24, 12* (0,2,0,1,0,2,0,0)
D,(a,) 8 (1,1,00,0,1,1,1)
characters. Dy(ay) 12+ (2,0,1,0,1,02,1)
. . 6142 Wy 1,V 1,04,
The character of an integrable HWM L(A) at level k is E,(a)) 9 (1,1,0,1,0,1,0,0)
defined as® Ey(ay) 6 (1,0,1,0,0,1,0,0)
] Dy(a,) + A 24% (3,0,1,2,1,0,3,2)
v - 5\ 1 (g sy
XA (Z,T,t) =q(A,A+2p)/2(k+h )—L‘/24e 2mikt A7 8 (0,1,0,1,0,1,0,0)
L _ As + A, 6 (0,0,1,0,1,0,0,0)
XTrppy (g7 T hDg = BRIy | (5.6) 24, + A, 4 (0,0,0,1,0,0,0,0)
where zeh *, the dual Cartan subalgebra of g, and A, is the 7;‘ 128 E?’?’?’?’?’?’?’B
. . . 7 s byl dydyly
element dual to the central charge (i.e., the highest weight of D, +4, 10 (0,1,0,1,0,1,0,1)
the basic representation). ‘ Dq(a,) + 4, 6 (0,1,0,0,0,1,0,1)
A specialization (a,8) of y, is an expression of the DEp(L 3;‘. & é?,?il)yé,?,(l),(l),:;
2, ,1,L,0,1, 1,1,
form E.(ay) 12 (1,1,0,1,0,1,1,1)
(z,7,0) = z—a+ 7',3,7’1-— (B»Z) E.(ay) 30 (3,2,1,2,1,2,3,1)
Anias BTD =X ’ Ey(ay) 6 (1,0,0,1,0,0,1,0)

— (1/2)(B.B) + }(a.p)), (5.7)
where @, feh*. If the automorphism o€Aut,(g) corre-
sponds to ashift vector ¥, €h *, thenby (5.2) astate |4 ) inthe
HWM L(A) has an energy — (4,A + ¥, ) relative to the
vacuum energy, and an eigenvalue " under ¢. Using
(5.5) it is now easy to convince oneself that the contribution
of the HWM L(A) to the partition function Z % in the
(r,s) section is given by
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— mirs(ys¥s) (0°) —c/24y _
e TTETE Loy (0GR “%) = Xaitrrsry (0,7,0)

=yVvo(r). (5.8)
If the partition function of the untwisted WZW model is
written in terms of the untwisted character y, =y >® as
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TABLE XVII. The shift vectors for the Weyl group conjugacy classes of E,.

r Ord o s; r Ordo s;
@ 1 (1,0,0,0,0,0,0,0,0) A+ 4,4+ A4, 60* (1,0,3,0,5,0,4,0,3)
A, 4* (2,1,0,0,0,0,0,0,0) Ay + A4, 40* (1,0,3,0,4,1,0,2,0)
24, 4* (2,0,0,0,0,0,0,1,0) As+24, 12¢ (0,1,0,0,0,1,1,0,0)
A, 3 {1,1,0,0,0,0,0,0,0) As+ 4, 12* (0,0,2,0,0,1,0,0,0)
34, 4* (1,0,1,0,0,0,0,0,0) Ao+ A, 28* (1,0,3,0,0,1,3,0,0)
A, + A, 12* (4,1,0,0,0,0,0,3,0) (4;) 16* (1,0,1,1,0,1,0,1,0)
A, 8* (2,2,0,0,0,0,0,1,0) (4)" 8 (0,1,0,1,0,0,0,1,0)
(44,) 4% (1,0,0,0,0,0,0,0,1) D, + 34, 12* (0,0,0,2,0,0,1,0,0)
(44,)" 2 (0,1,0,0,0,0,0,0,0) D,+ 4, 24% (0,3,0,0,0,1,2,2,0)
A, + 24, 12* (2,0,2,1,0,0,0,0,0) Dy(a)) + 4, 8+ (0,1,0,0,0,1,0,0,0)
24, 3 {1,0,0,0,0,0,0,1,0) Dy + 24, 8 (0,1,0,0,0,0,1,1,0)
A, + A, 8* (2,0,0,1,0,0,0,1,0) D; + 4, 24 (1,0,2,1,0,0,0,2,3)
A, 5 (1,1,0,0,0,0,0,1,0) Dy(a,) + 4, 24* {1,0,3,0,0,1,0,1,2)
D, 6 (1,1,1,0,0,0,0,0,0) D+ 4, 20* (0,2,0,2,0,1,0,1,0)
D,(a)) 4 (1,0,1,0,0,0,0,0,0) Dy(a,) + 4, 12* (0,2,0,0,0,1,0,1,0)
54, 4* (0,1,0,0,0,0,0,1,0) E. + 4, 12 (1,0,0,1,0,0,1,0,1)
A, + 34, 12* (2,0,0,0,0,0,1,0,2) E(a) + 4, 36* (3,0,1,3,0,1,3,0,0)
24, + 4, 12* {1,0,3,0,0,0,0,1,0) E (a,) + 4, 12% (1,0,1,0,1,0,0,0,1)
(4, +24,) g* (1,0,1,0,0,0,1,0,0) D, 24+ (2,1,0,1,1,0,1,2,1)
(A, +24,)" 8* (0,2,0,1,0,0,0,0,0) Dy(a,) 40* (4,1,0,3,1,0,1,2,3)
A, + 4, 24* (4,0,2,1,0,0,0,5,0) D,(a,) 24 (3,0,0,1,2,0,0,2,1)
A+ A, 20* (3,0,1,3,0,0,0,1,0) E, 36* (2,2,2,2,1,0,1,2,1)
A 12* (2,1,0,1,0,0,0,2,0) E.(a,) 28* (2,2,2,0,1,0,1,2,1)
D, + 4, 12% (2,1,0,0,0,0,0,1,2) E,(ay) 12 (1,1,0,1,0,0,0,1,1)
Dyla) + 4, 4 (1,0,0,0,0,0,0,0,1) E,(a;) 60* (6,4,2,3,0,1,2,4,2)
D, 8 (1,1,1,0,0,0,0,1,0) E.(a,) 12¢ (2,0,0,1,0,1,0,0,0)
Dq(a)) 24* (4,2,2,1,0,0,0,3,0) 84, 2 (0,0,0,0,0,0,0,1,0)
64, 4* {0,0,0,1,0,0,0,0,0) 44, 3 (0,0,0,0,0,0,0,0,1)
A, + 44, 6 (0,1,0,0,0,0,0,2,0) 24, + 24, 4 (0,0,0,0,0,0,1,0,0)
24, + 24, 12* (1,0,0,0,1,0,0,0,2) 24, 5 (0,0,0,0,1,0,0,0,0)
34, 3 (0,0,1,0,0,0,0,0,0) As+ A> + A, 6 (0,0,0,0,0,1,0,0,0)
A, + 34, 8* (0,1,0,0,0,1,0,0,0) A, + A4, 8 (0,0,0,1,0,0,1,0,0)
A+ A+ A4, 24> (1,0,3,0,2,0,1,0,0) A, 9 (0,0,1,0,0,1,0,0,0)
(24,)' 4 (0,1,0,0,0,0,0,1,0) D, + 44, 6 (0,0,0,0,0,0,1,1,0)
(24,)" 8* (1,0,0,0,1,0,0,1,0) 2D, 6 (0,0,0,1,0,0,0,1,0)
A, + 24, 20% (2,0,1,0,0,0,3,0,1) 2D,(a,) 4 (0,0,0,1,0,0,0,0,0)
A, + 4, 15 (1,0,2,1,0,0,0,2,0) Dy(a,) + 4, 12 (0,0,0,2,0,0,1,0,0)
(As+4) 6 (0,1,0,1,0,0,0,0,0) Dy + 24, 10 (0,0,0,1,0,0,1,1,0)
(As+ 4,)" 12* (1,0,1,1,0,0,1,0,0) D, 14 (0,1,0,1,0,1,0,1,6)
A, 7 (1,0,0,1,0,0,0,1,0) Dy(a,) 12 (0,1,0,1,0,1,0,0,0)
D, + 24, 12% (0,2,0,1,0,0,0,2,0) Dy(a,) 30 (0,3,0,2,0,1,2,1,0)
D, + 4, 6 (1,0,0,0,0,0,0,1,1) Dy(ay) 8 (0,1,0,0,0,1,0,0,0)
D,(a,) + 4, 12 (2,0,0,0,0,0,1,0,2) E .+ 4, 12 (0,0,1,0,0,1,0,0,1)
D, + A4, 8 (1,0,0,1,0,0,0,0,1) E(a,) + 4, 6 (0,0,1,0,0,0,0,0,1)
Dy(a)) + 4, 24+ (3,0,1,2,0,0,1,0,2) E, + 4, 18 (0,1,0,1,0,1,1,1,0)
D, 20 (2,2,1,0,0,0,1,2,1) E(a,) + 4, 12 (0,1,0,1,0,0,1,1,0)
D,(a)) 8 (1,1,0,0,0,0,0,1,1) E. (a,) + A4, 6 (0,1,0,0,0,0,1,0,0)
Dy(a,) 12% (2,0,1,0,0,0,1,0,1) E, 30 (L,1,1,1,1,1,1,1,1)
E, 12 (1,1,1,1,0,0,0,1,0) Ey(a)) 24 (1,1,1,1,1,0,1,1,1)
E.(a)) 9 (1,1,0,1,0,0,0,1,0) E;(a,) 20 (1,1,1,0,1,0,1,1,1)
E (ay) 6 (1,0,1,0,0,0,0,1,0) E.(ay) 12 (1,0,1,0,0,1,0,1,0)
74, 4* (0,0,0,0,0,0,1,0,0) E,(a,) 18 (1,1,1,0,1,0,1,0,1)
34, + A, 12* (0,0,1,0,0,0,0,0,3) E,(as) 15 (1,1,0,1,0,1,0,1,0)
A+ 44, 8+ (0,0,0,1,0,0,0,2,0) E,(a,) 10 (1,0,1,0,0,1,0,0,0)
A+ A4, + 24, 24% (0,1,0,0,0,3,0,2,0) E,(a;) 12 (1,1,0,0,1,0,1,0,0)
24, + A, 4 (0,0,0,1,0,0,0,0,0) E (ay) 6 (1,0,0,0,1,0,0,0,0)
T ntwisted = z E\“ N AN s (5.9) U(1) factors] then (5.10) can easily be rewritten in terms of

AN
where the sum is over the integral HWM’s at level &, then the
twisted WZW model has partition function

1 -
“Gz,twis(ed == E XE\T’S) A‘A‘Xﬁ\'}” (5 10)

N O<rs<N—1 AN
[In particular, for simply connected group manifolds we
have A5 o =8, o (Ref. 26)]. If g, is semisimple [no
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level-k characters of the Ka&~Moody algebra (g, ). Ob-
serve thereto that in (5.10) only left ® right weight combina-
tions (4,4 ') survive for which

(A—A'y,)eL. (5.11)

To determine these it suffices to look at the decomposition of
the HWM’s L(A)®L(A’) of gVeg" into HWM’s
L(A)Y®L(A') of (g¢,)" ® (g0, ). (This decomposition
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is finite, see, e.g., Ref. 27 and references therein. ) Then de-
termine the set (A,A’) of highest weights satisfying (5.11).
If (5.11) is satisfied for the highest weights, then all the
weights in the HWM satisfy (5.11) because they differ from
the highest weight by the subtraction of simple roots of g ,,
which are all orthogonal to 7,.

The modular group SL(2,Z) acts on y, by

X/\|A(z,7-,t)
z ar+b c ‘z(z)
= . St — ,
XA(cr+d crvd 2 er+d (5.12)
A=(a b)eSL(Z,Z).
c d

There is a beautiful interplay between specialization and mo-
dular transformations*’

‘"+b), (5.13)

Xf\’l';)(T) — Xf\d’~ bs, — cr + as) (CT + d
which shows that the twisted partition function (5.10) is, in
fact, modular invariant. The ground state mass shiftin (5.8)
is adjusted such that the set A{™, 0<r,s<N — 1, AeP¥, ,
forms an invariant subspace under modular transformations
(5.13). For simply laced Lie algebras of rank / at level 1, the
twisted character (5.8) is explicitly given by?°

. 1 imrs( ) 2mir(A 2
XE\M) — e Yo?s z e wir( ,r\)q(l/2)|/1| .

77(7')’ ACAg ¥ A — sy,

(5.14)

Compared to the untwisted character, the theta function is
now taken over a lattice shifted by — sy,. This explains the
name “‘shift vector.” It should be remarked that (5.14) is
often taken as the definition of a shifted torus compactifica-
tion. We want to stress that the use of a shift vector is not
restricted to level-1, simply laced, Kaé-Moody modules, but
applies to arbitrary levels and also non-simply-laced. The
interpretation of ¥, as a shift of the compactification lattice
holds only for simply laced at level 1, though.

The class of orbifolds we are considering are obtained by
identifying points on a maximal torus T' = R'/Ay of a Lie
algebra g, related by a subgroup of the automorphism group
of the root lattice Agz. The automorphism group of Ay is
given by Aut(Ax) = #7(g) X Z (g), where Z (g) is a fi-
nite Abelian group isomorphic to the symmetry group of the
Dynkin diagram of g. As before we restrict ourselves to cy-
clic subgroups of Aut(A;) generated by an element
we¥? (g). A closed string propagating on a torus T or an
orbifold version thereof is described by a set of / scalar fields
X' (z,Z) coupled to a background constant rank / antisym-
metric tensor field BY . If the field B is chosen as (Ref. 28)

B=(14w.)/(1—uwe), (5.15)

then the torus string is known to be equivalent to the level-1
WZW model based on the algebra g. [ The crucial property is
(1 —w)A, = A,. Because this holds for all primitive ele-
ments w one could alternatively take any other primitive
element. ] For the orbifold models we also take (5.15). The
construction of the spectrum of a closed string propagating
on such an orbifold proceeds along the same lines as ex-
plained for the twisted WZW model. A Ka¢-Moody sym-
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metry is realized on the spectrum. The vertex operators in
the various sectors can be explicitly constructed in terms of
the scalar fields of the model, where the scalar field has
boundary conditions twisted by powers of w. The difficult
part of this construction is the determination of the zero
mode sector. For details on the vertex operator construction
we refer to Refs. 5-8.

For example, the contribution of the singlet HWM to
the partition function £ ‘®" in the (r,s) = (0,1) sector is
given by

2P
2Aepu,,(AR)q

Hj'v_olnn» (1—-gq" -j/N)dj

&— 1724

Cwq (5.16)

The denominator

N—1
I IQ—g"=[[1-¢"™7, d=dmun,
j=0 n31 Jj>1

(5.17)

gives the contribution of the twisted oscillator modesa,, _ ;,
to the partition function. The sum in the numerator is the
zero mode contribution. Here, P ,, (Ag ) is the projection of
the root lattice A; on & §,. The mass shift of the ground
state

N1 ; .
&= 1 A (1 _ —j—)dj ,
4 < N N

is most easily calculated by £-function regularization.?® Fin-
ally the so-called defect value ¢, gives the degeneration of
the ground state. It can be computed by’
vol P, (AR)

vol Ag '
Some remarks as to what extent different conjugacy classes
in 777°(g) or Auty(g) give rise to different string models are
in place. It is clear from the construction of the spectrum
that, by combining the various twisted sectors, the string
model only depends on the equivalence class of the cyclic
subgroup. For two cyclic subgroups, generated by 7, and 7,
respectively, to be conjugated it is necessary and sufficient
that the generator 7, is conjugated to some power 74 of the
generator 7,. [ The conjugacy class of 7/, for ocAut,(g), can
also be calculated by means of the algorithm of Sec. IV.2?]
Two cyclic subgroups generated by elements 7,, 7,e #7(g)
are conjugated if and only if 7, and 7, themselves are conju-
gated, because of the rationality property (see Sec. IV). In
Auty(g), however, it can certainly happen that two cyclic
subgroups generated by 7,, 7,€Aut,(g) are conjugated while
7,is not in the same conjugacy class as r,. More serious is the
fact that for two nonconjugated Weyl group elements w, and
w, it can happen that their lifts &, and i, are conjugated in
Aut,(g), implying also that the corresponding string models
are equivalent. This phenomenon can only occur in the ex-
ceptional groups g=2FE,. We have for example
D,(a,))~34,.

The equivalence between the orbifold string model de-
fined by a we #7(g) and the level-1 WZW model twisted by
the lift iveAuty(g) of w can be concluded from the fact that
the untwisted models are equivalent and by observing the
analogy in the construction of the twisted spectrum out of
the untwisted spectrum. If we compare the two ways of cal-

(5.18)

Cp = [deth(,o)l(l —w) ] 172 (5.19)
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culating the contribution of the basis HWM to the string
partition function in the (0,1) sector, we find the following
identity:

(/A (/)| A+ yf°
P q§—l/24 2’15”(0)(""’q =g ZieAu "
I, (1 — g% 1., 0 —¢)
(5.20)

By modular transformations one can compute the corre-
sponding identities in other twisted sectors. It is possible to
give a rigorous proof of (5.20), without making use of the
explicit form of the shift vector for a given Weyl group ele-
ment.” The relation (5.20) contains a lot of previously
known identities such as Macdonald’s % function and Gauss
and Jacobi identities. [In Ref. 13 the examples [w] = 84,
and [w] =44, in g = E; are treated in detail. In the first
case we have w’ =02 =1, dimh%, =0, dimh¥*, =8,
=1, and c,, = 16. The equality (5.20) is then based on
Jacobi’s triple product formula and Jacobi’s ‘“‘zquatio iden-
tico satis abstrusa.” |
Instead of looking at the complete identity (5.20), it is
instructive to compare parts by expanding it in powers of g.
Comparing the mass shift of the vacuum in the (0,1) sector
we find the identity

1
§_4N2

N-—1 . . 1 !
2 SN =)y = 3 my (N —m))
P

i=

7. 1%, (5.21)

1
2
where d; and m; correspond to the eigenvalues of we %" as in

Sec. II.
For the defect ¢, i.e., the degeneracy of the vacuum,
(5.20) gives

c, = #{acA|(a,y,) =1} + 1. (5.22)

The possible values of the defect ¢, have been given in Ref. 5.
By inspection we find the following result (see Ref. 10 for
E): If we denote the rhs of (5.22) by ¢, and we associate the
possible defect values b; to the vertices of the extended Dyn-
kin diagram of g, as indicated in Fig. 2, then

¢, = min{b,|s; #0} . (5.23)

We have no proof of this other than a case by case verifica-
tion, but it is clear that this observation explains the observa-
tion of Sec. IT on the number of possible values of the defect
Cy-

After a modular transformation 7 — — 1/70f (5.20) the
following identity is obtained®:

/2|2 1* 2mi(y,A) (1/2)|2 |2

_ 2en 8 q
IL,, det, (1 — g/w) O, (1—-g¢"

J
where (Ag ), = h %, NAx . Comparing the coefficient of
the term linear in ¢ we find for the trace

zxem,‘ Jeor ?

, (5.24)

2mi(y.a)

=Trw+ #{acAlwa =a}.

(5.25)

It is these four properties; quasirationality, mass shift, de-
fect, and the trace that allow for an easy determination of the
shift vectors by exhaustion. This is the way in which we

Tra=l+2e

ach
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A

1 1 1 1 1 1
1 D’(‘l)
2 22 28 23 22 2
1 1
1
EM 9

1 2 3 4 5 6 8 16

FIG. 2. The extended Dynkin diagrams of the simply laced Lie algebras
with the labels b,, from which the defects ¢,, can be computed [see (5.23)].

computed the shift vectors of the nonprincipal primitive ele-
ments.

We conclude this section by making some remarks on
the moduli space of two-dimensional conformal field theo-
ries. For ¢ <1 this moduli space is well understood. There
exists a discrete series of allowed ¢ values, and for every al-
lowed ¢ value there are only a finite number of CFT’s. For

= ] there already exists a continuum of CFT’s. Apart from
a few discrete cases, the moduli space consists of two lines."*
These lines are realized by a free scalar field compactified on
a one-dimensional torus of arbitrary radius R, and a Z, orbi-
fold version thereof. The level-1 SU(2) WZW model and its
twisted versions are all rational models on the torus line, and
the Weyl group orbifold is the intersection point of the two
branches. (A similar picture exists for the ¢ =1, N =1 su-
perconformal moduli space.’”)

For ¢> 1 the general situation is not well understood.
The WZW model at a certain level & together with its twisted
versions provide an infinite number of rational CFT’s at
c¢=(kdimg)/(k + h" ). Apart from taking tensor prod-
ucts these are in general the only CFT’s which are well un-
derstood. Only for integer ¢ the picture is more complete.'?
We have a continuum of torus compactified scalar fields,"”
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and orbifold versions thereof. The equivalence of twisted
WZW models and orbifold models as discussed in this paper
gives intersection points (i.e., multicritical points) of these
possible branches.
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APPENDIX: A; SUBALGEBRAS

In this Appendix we make some speculations on the ex-
istence of certain extended conformal algebras.>' These
speculations are based on the interesting observation that
there seems to be an intimate relation between the classifica-
tion of conjugacy classes in #7(g) and equivalence classes of
A, subalgebras of g.

An A, subalgebra is conveniently described in terms of a
defining vector 8eh *, such that the positive root & of 4, is
givenby 28/(58,8)."” The A ,-isospin value of a weight Ach * is
given by (4,8), as can be seen by projecting 4 onto § [in
particular we have that (1,6)€Z for every weight A of g]

a-9s_ L.
(6,6) 2

The Dynkin index'” of the embedding 4,~>g equals
J =14(6,6), Equivalence classes of 4, subalgebras are classi-
fied by considering certain primitive 4, subalgebras that are
maximal in the regular subalgebras of g. Therefore we can
calculate defining vectors of g if the primitive defining vec-
tors in the regular subalgebras are known, using the same
algorithm as for the determination of the shift vectors. The
correspondence becomes even more striking when we con-
sider the primitive 4, subalgebra with the largest Dynkin
index. This is called the principal A, subalgebra. Its defining
vector is given by

(A1)

Ba)=2, i=1,.], (A2)

where the ; are the simple roots of g. The properties of the
principal A, subalgebra are hence remarkably similar to
those of the Coxeter class in % 7(g). For simply laced Lie
algebras g, Eq. (A2) implies that for the principal 4, subal-
gebra § = 2p. Hence, for all Weyl group elements in %#7(g)
for which the graph I is a disconnected sum of Dynkin dia-
grams of isomorphic simple Lie algebras, the shift vector co-
incides up to normalization with the defining vector of the 4,
subalgebra, which is principal in the regular subalgebra de-
scribed by I'. Note, however, that this does not hold for gen-
eral simple subalgebras because, in general, one needs differ-
ent normalizations for the shift vectors in the simple
constituents of I'.

As an aside let us mention that Dynkin classified all 4,
subalgebras up to linear equivalence (i.e., on the level of
branching rules). For classical Lie algebras this is the same
as equivalence under conjugation. For the exceptional Lie
algebras this is not necessarily so. By comparing Dynkin’s
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lists with the list of conjugacy classes in #7(g) the above-
mentioned correspondence seems to indicate that Dynkin’s
lists are incomplete if equivalence up to conjugation is con-
sidered. (We have made no attempt to prove this conjec-
ture.) For every 4, subalgebra of g (g not necessarily simply
laced!), there exists an analog of the mass formula (5.21).
Define thereto the set {m,;} (2m,€Z_,) as the spins of the
irreducible A, representations contained in the decomposi-
tion of the adjoint representation of g. Let § be the defining
vector of this 4, subalgebra. We have
=Y [—m][m +1] =2(p), (A3)

where [x] = max{neZ|n<x} denotes the integral part of x.
The proof can be given by inserting (3.13) and using the
definition of . (Compare Ref. 11 for a special case.) In
particular, for the principal 4, subalgebra the spins {m, } are
precisely the exponents {e; }, of g.?* If, in addition, g is sim-
ply laced, one can use (A2), the Freudenthal-de Vries
strange formula, and the relation dim(g) =I(A+ 1) to
write (A3) as

Se;(e; +1) =%lh(h+ . (A4)
This result is exactly the same as what one would obtain
from the mass formula (5.21) for the Coxeter class [wc ].

In Ref. 31 (see also Ref. 32) Eq. (A4) was shown to be
related to the BRST quantization of certain conformal field
theories with extended symmetries based on the Casimirs of
g- [In Refs. 31 and 32 a third-order polynomial relation in
the exponents was found (see also Ref. 11). This relation is
related to the computation of the Dynkin index of the princi-
pal 4, embedding in g, by means of the branching rule for the
adjoint representation of g. It can straightforwardly be gen-
eralized to all 4, subalgebras of g. Because, unlike (A4), it
does not seem to be related to any underlying conformal
structure, we omit the formulas.] The set {ej} gives the con-
formal dimensions of the fields present in the symmetry alge-
bra. It is tempting to suggest that a similar interpretation is
possible either for all conjugacy classes in #°(g) or all inte-
gral 4, subalgebras of g. In fact, such an interpretation might
be the clue to establish closure of the operator product alge-
bra of these extended conformal field theories.
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The vector space of the generators of Eg is realized in terms of 3 X 3 traceless matrices, two
independent sets of octonions imaginary units, and the two G, acting on them. In this way one
gets an appropriate framework to describe in a simple way how exceptional algebras and their
fundamental representations transform under their subalgebras.

. INTRODUCTION

The exceptional Lie algebras, in particular the largest of
them Eq, recently came to the attention of the physicists in-
volved in constructing unified theories including gravity
starting from string theories in higher dimensions.' The rela-
tionship between the exceptional subalgebras and octonions
has already been brought to the attention of physicists sever-
al years ago by Gunaydin and Gursey.? Here we want to
exploit this relationship to build, explicitly, for the adjoint
and the lowest-dimensional representations of the excep-
tional algebras, the vector spaces corresponding to their
maximal subalgebras.

In Sec. II the properties of the octonionic algebra and
the structure of the Lie algebra of their automorphisma G,
the smallest exceptional group, are recalled.

In Sec. III the vector space of the E; generators is repre-
sented in terms of 3 X 3 matrices, two independent sets of
imaginary octonionic units and the related G,’s.?

Also we show the vector spaces corresponding to the
exceptional subalgebras of E; and the way exceptional alge-
bras embed each other.

In Sec. IV we show the vector spaces corresponding to
some peculiar classical subalgebras of Eg, including the max-
imal ones.

In Sec. V the behavior of the adjoint and fundamental
representations of E,, E, and F, with respect to their maxi-
mal classical subalgebras is discussed through an explicit
construction of the vector spaces of these subalgebras.

{l. OCTONIONS AND THE EXCEPTIONAL ALGEBRAS

The octonionic algebra is completely characterized by
the product of the seven independent imaginary units®:

G, jik =1,.,7) . (1a)

Here c;; is fully antisymmetric and has only the following
nonvanishing elements:

ee; = —8; + cpex

C123 = Cp46 = Ca35 = C367 = Co51 = Cs72 = C714 = 1 . (1b)

The set of automorphisms of the octonionic algebra
form a group that is a subgroup of the SO(7) group of the
rotations in the seven-dimensional space spanned by the e;’s.
SO(7) is the group of invariance of the symmetric product of

two octonions e;e; + e;e; = — 26;. Its Lie algebra can be
specified by the 21 generators T); (i,j = 1,...,7),

T,'_,'=_Tj,'=_T,'}Ly (2)
585 J. Math. Phys. 30 (3), March 1989
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while the Lie algebra corresponding to the group of auto-
morphism leaving invariant equation (1) is the 14-dimen-
sional algebra G, which can be written by the combinations
of SO(7) generator*:

D‘(j’)=(1/\/6)(271lj_T1m”Tkn)’ (3)
where, with fixed », the three different couples (i), (Im),
(kn) aresuchthatc;, = c,,, = c,,, = 1. Weshall omit from
now on the upper index r.

The 21 D;’s satisfy the following seven equations:

S Dy =0. 4
-

By defining a scalar product in the space of the SO(7)
generators

(T, Thi) =648 — 86y (5)

one realizes that the D are all orthogonal to the seven com-
binations:

% > T (6)

Moreover we have

(Dy,Dy) =1, (Dy,Dy) = —14, N
ifi#hand ¢, = cy,,, otherwise

(Dy,Dyy ) =0.

The root diagram of G, consists of two hexagons with
the same center, which correspond to the two-dimensional
Cartan subalgebra of G, rotated by an angle of 30° with each
other and with sides in the ratio /3.

The subalgebra of G, that does not act on one of the
imaginary units, for instance, e,, is SU(3) and the generators
of G, decomposed with respect to it as

14-8+3+3.

As G, has only real representations in the decomposi-
tion in terms of SU(3) representations only real combina-
tions can appear. The SU(3) generators are the combina-

tions of D; of Eq. (2) that do not contain any T,. The
SU(3) generators that satisfy

[EQE,] =f;ijk (lyjyk= ly---)8) b (8)
where f; , the usual Gell-Mann structure constants, are
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Fy=\[3(Ds; + 1Dy + D7) ,
= \E(Dst —~Dy,),

F,= \/%(D54 —Dyy),

Fy= [1(Dys — Dyy)

F4=\/%—(D43—D16) s 9

Fs =\/§(D31 — D)

Fs'_'\/%(Dsz—Das) ’

F,= \/%(Dse - D),

Fy= \/;Dss ’

(Fi,F}) = 16, -

The other maximal subalgebra of G, is SU(2),
® SU(2) ¢ spanned by the generators of G, that do not act
on a quaternionic subalgebra of the octonionic algebra (for

instance, the one spanned by e;, ¢, and e;) and by
D,, (p.q = 3,6,7), respectively. By defining

T,,=F, (a=123), (10)
Tsy =\3Ds; Ts; =\3Der, Ts3 =[1Dss,

the two SU(2) are defined by (a,b,c = 1,2,3)
[TLn»TLb] = €pe Ipe s [TSa’TSb] = € Ts: » (11)
[Tp,,Ts]=0.

Remark that
(Tp0sT1y) =400 (TsyTp) =304 - (12)

With respect to SU(2), @ SU(2)¢ the generators of G,
transform according to

14-@3,1) +(1,3) + (24) . (13)

The seven imaginary octonionic units transform under
G, and also under SO(7) as the seven-dimensional funda-
mental representation which, under the two maximal subal-
gebras, transforms as
SU(3) _
7T—34+3+1,
(14

SU(2), @SU(2)5

7 (22) +(1,3).

It is useful to decompose the seven imaginary units in
the so-called split basis,” with definite properties under
SU(3) and SU(2),; @ SU(2)s described in Table 1.

In the following we will denote collectively with e,

TABLEL SU(3), T;,,and T4 assignments for the imaginary octonionic
units in the split basis.

SU(3), Ty Tys
€|=e|+’:ea i %
€ = e, + les 3 -1 )
€ =6, + ig, 0 -1
€, =e, —lie, B -1 -4
& =e, — s 3 i =3
€, =e, — ie; 0 1

Ve, 1 0 0
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(e_) the split octonions transforming as a 3(3) under
SU(3),-

The transformation properties under SU(3), and
SU(2)s @ SU(2), of the generators D; of Eq. (2) can be
obtained from Table I according to the Wigner—Eckart
(WE) theorem; for instance we have

T,. =D

(e, + ie,) /2, (e, F ie) /Y2 ? (15)
Ti s = D

(e + ieg)/2,e, *

Hl. REALIZATION OF THE EXCEPTIONAL ALGEBRAS

The algebra of E; can be written in terms of 3 X 3 anti-
symmetric (A) and symmetric traceless (S) matrices, two
independent sets of imaginary octonionic units (e; and e;,
i =1,...,7), and their corresponding automorphism algebras
G, and G;.

The vector space of Eg can be spanned by?

AaG,0S50¢,06A4A0e,0¢eaSee!dG; (16)
of dimensions

3+ 144+ 5XT+3IXTXT+5XT+14=248.

Equation (16) defines a Lie algebra wth respect to the
following composition law: (i) D;(D ;) act on the corre-
sponding octonionic units according to Eq. (2); (ii) the ma-
trix A acts only on the matrices A and S according to the
usual commutator;

(iii) [S, ®¢,S, ®¢]
={S..S,} @i, — 8,[TDy — 8,[S.S,] »

(17a)
(iv) [S,®e,d,®¢;®¢;]
={S,4,}0ee, 8¢, —5,[S,.4,] ®¢;, (17b)
(v) [S.®e,S,®e] =[S..S,]ee @¢, (17¢)
(vi) [4,0e,®¢€,,4, ®¢;0¢,
= —{4,4,.} e (8;¢,¢; + .e.¢)
= 81 \[3(8;D b + 64 Dy;)
+ [414,, )80, + ®e€;®¢,e;), (17b)

(vii) the rules one can find with the exchange e;«»e]
({S,,S,}and {4,,4,, } are the traceless part of the anticom-
mutator).

One can show that Eq. (16) with composition law (17)
defines an algebra that satisfies the Jacobi identity. It is a
simple algebra with 248 generators and one can see from Eq.
(17) that its rank is 8, in fact at most eight generators com-
mute each other.

The algebras E,, E, and F, can be obtained from Eqgs.
(16) and (17) as follows.

(a) Restricting one of the set of octonionic units to the
imaginary units of a quaternionic subalgebra (for instance,
e;, e, and ef). In this case the corresponding automor-
phism algebra G; restricts to the automorphism algebra of
the quaternions SU(2),. The explicit form of the vector
space of E, is (p = 3,6,7)
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AeG,050¢,048¢,8¢,858¢,0SU(2),,

34+ 144+5XT+3IXTX3I+5%3+3=133.

(b) Restricting one of the sets of the octonionic units to
one imaginary unit [of a complex subalgebra (for instance,

¢5)]. In this case G} does not appear any more. The explicit
form of vector space for Eq is

(18)

AeG,dS2¢, 0A0¢,3e;0S50¢),
34144 5X7T+3XT+5=78.

(¢) Suppressing a whole set of octonionic units and the
corresponding automorphism algebra (for instance Gj).
The explicit form of the vector space of F, is

Ao G, 9S%e¢;, 3+ 144+5XT=52. (20)

The fact that in cases (b) and (c) G} completely disap-
pears is a reflex of the fact that the real and complex numbers
have no continuous symmetry with respect to their products.

Equations (16) and (18)—(20) give an explicit expres-
sion for the generators of the exceptional algebras that allow
us to discuss in a relatively simple and straightforward way
the embedding of the maximal subalgebras and the decom-
position of the adjoint representations in terms of represen-
tation of subalgebras.

Let us remark that the following resuits, already known,
are usually derived by using the properties of the root and
weight spaces,” while we use only the peculiar parametriza-
tion of the generators.

In the following sometimes we will make explicit use of a
basis for the matrices A=(id,id5id;,) and S
= (A, A3,44,45,45), where 4, are the usual Gell-Mann ma-
trices.’

For the octonionic imaginary units we shall write ¢; or
e (4,j=1,.,7), e, or e (hk=1,.,6), e, or e,
(p,g =3,6,7),and e, ore, (r,s=1,2,4,5).

The parametrization of the vector space of E; given by
Eq. (16) allows us to see easily the way exceptional algebras
are embedded in each other. In fact, the E; generators that
commute with the E; of Eq. (18) build clearly aSU(2) ; the
remaining generators defining E¢/E, XSU(2); transform
as doublets of the form

(19)

(Age, 0S5) ®e, ©G;/SU(3); @2n
under SU(2); and as a 56 under E,. Thus we have
E,e@SU(2)
248—(133,1) + (1,3) + (56,2) . (22)

Similarly the generators of E; commuting with E, of Eq.
(19) build aSU(3); and the generators of Eg/E X SU(3)},

(Aoe, aS)®e, @G5 /SU3),, (23)

transform as (27,3) + ( 27,3) under E, X SU(3); thus we

get
E,®SU(3)

248——(78,1) + (1,8) + (27,3) + (27,3) . (24)
The generators commuting with the F, of Eq. (20) build
the subalgebra G and the generators of Ey/F, X G},

(doe;@5) @, (25)
transform as a (26,7) under F, ® G; thus we get

F,@G;

248 —=(52,1) + (1,14) 4 (26,7) . (26)

In a similar way one can discuss the embedding of the
other exceptional algebras and get the scheme reported in
Table II.

V. CLASSICAL SUBALGEBRAS OF E,

It is useful to start by considering some particular subal-
gebras of E; beyond the ones considered previously, in order
to explicitly construct the maximal classical subalgebras of
the exceptional algebras in terms of the vector spaces intro-
duced in Eq. (16).

They are as follows.

(1) SU(3); =4 © S ® e, which is also contained in F,
and commutes with SU(3), and G;. The residual generators
of E, transform under SU(3); ® SU(3),8® Gj as

G,/SU(3),@S®e,: (6,3,1) + (6,3,1),
(Sedoe;)®e: (8,1,7), 27
Age,®el: (3,3,7) + (3,3,7).

(ii) SU6)=SUR)saoSUB);=(4eSee,)

®[Sedee;]®e,,

TABLEII. Embedding of the exceptional algebras in each other and vector spaces of the residual generators. The SU(2) , is spanned by the 4 ’s, introduced in

Eq. (16).
E,®SU(2); E,®SU(3) F,eG;,
G; G;
Eq (Adge,0S)0e,6 — (48¢,85) 8¢, 0 — (Aee,0S) e
SU2); e SU); sU@3);
(56,2)(r=1,2,4,5) (27,3) + (21,3 (A #£7) (26,7)
Ec® T F,®SU(2); G, @ Sp(6)
E, (AdeeoS)e(es@e)o T, ¢ (Adoe;0S) ®e, ¢,®(A®e, 8S5)
7, - D+ (27, +1) (26,3)(p=3,6,7) (7,14) (p = 3,6,7)
F, G,eSU(3);
E¢ (Aoe, ®S)®eé) e,@(A®e;aS)
26 (7.8)
G,eSU(2),
F, e;®S
7,5
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which decomposes under SU(2); ® SU(3); @ la Gursey
and Radicati®: (3,1) + (1,8) + (3,8). It is contained in E
and commutes with SU(2),; ® SU(3);. The residual genera-
tors of E4 transform under SU(6) ® SU(2), ® SU(3); as
G,
SU(2), ®SU((2)¢

o[Sedee;] ®e,:(20,2,1),

G; =
Se(dse,) e, 0——:(151,3) + (1513),  (28)
7
_J
S, o[Sedee;] ®e,
SU(2)s ®SU(2),
(Sedoe,)e(e;ve )T
(28,2)
(Sedoe,)0e,0D (15,1, 4+ 1)
Age, ®e] (6,2,— 1)
Diiwzris®Diywi1a (L, =3

A®e 8¢e,:(6,2,3) + (6,2,3).
(iii) SU(8)=SU(6)eSU(2), e T;s0A4e,
®(e;deg) .

It is contained in E,; therefore it commutes with SU(2);.
The residual generators transform under SU(8) ® SU(2)}
as [we write also for each set of generators their behavior
under the SU(6)®SU(2), @ U(1 )T;s subalgebra of
SU(8)]

(70,1)
(20,2,0)

(28,2) (29)

(15,1, —1)
(6,2, +1)
(L1, +3).

Itis interesting to remark that the 70 and the 28 ® 28 are the fourth- and second-order antisymmetric tensors, respectively. In

conclusion, E; decomposes under SU(8) ® SU(2); as
248 (63 + 70,1) + (28 + 28,2) + (1,3).

(30)

(iv) SU9)=SU(6) eSUB); 0 T;, @A {[(e, + ie,) ® (e, —ies) | ®e’_ @ [(e, —iey) ® (e, + ies) ] ®e’, }.

The residual generators transform as the third-order antisymmetric tensors 84 + 84 [the behavior under the
SU(6) @ SU(3); ® U(1) 75, subalgebra of SU(9) is also written].

84
G, o[Sedee;]®e, (20,1, +1)
SU(2), eSU(2)¢
(Sed®e,)®e, ® 2 (15,3,0)
T sU3)s
A®{[(e1—ie4)$(e2+ie5)]®e’—
@ [(e, +iey) ® (e, —ies)] ®e’, } (63,—1)
T:FL (lyly'—l)

(v) SO(9)=G,eil, @ (L, 0d,045) 8¢,

which is contained in F, and commutes
SU(2), ®SU(2); ©SU(2);, where

SU@2) = [{TDer — (1/B)Ag®e;]
@ [3Dr — (1/3) A58 ¢ ]
o [3Dss — (1/3) A58 ¢;]
=[3Ts, — B As0e, ],
SU(2) 5 ={Ts, + (1/3)4g®e, .

The residual generators transform
®SU(2),®SU(2); ®SU(2); as

with

(32)

under SO(9)
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84

(20,1, — )

(15,3,0)

(31

(6,3, +1)
(L1, +1).

r
(48 0id,0¢e) ®e, (9,3,1,1),

As@il;@ (A 045 ® (e, 0e,) @ (ids0idy)
ge ®e, (162,2,1),
[ls@dso (iAds@il;) ®e ] @€, (16,2,12),
Lied,eil,®e)®e. (9,1,2,2),
G3
SU2)s®SU(2);

(33)

®As®e (1,3,2,2) .

Let us remark that (a) the generators of SO(9)
®SU(2)5; ®SU(2),, and the generators tranforming as
(9,1,2,2) [fourth row of Eq. (33)] build up an SO(13) that
commutes with SU(2)/; (b) SU(2)} is isomorphic to

Buccella, Della Selva, and Sciarrino 588



SU(2)4; (¢) SU(2),, is isomorphic to the SU(2),, genera-
ted by id,e(4,;04;)ee;; (d) G,el;8e; and
G,® (A;@43) ®¢; build up, respectively, an SO(7) and
SO(8) algebra [SO(7) CSO(8) CSO(9)].
(vi) SO(12)=SU(2);oSU(2)%
edeSe (e, de,)0d0e, ®¢,,

which is contained in E, and commutes with
SU(2), ®SU(2)}. The other generators transform under
SO(12) @ SU(2), @SU(2); as

G,
SU(2)s ®SU(2),
G;
SU2);e8U(2);
Age, ®el: (12,2,2) .
This SO(12) is isomorphic to the one generated by
SO9)eSU(2) e (1, 0d:0il,8¢e) e,
=G,0il,0 (L, 84;)® (e, 0¢;)

@ (Sedeey)®e,: (32,2,1),

®(Sedee,)se: (32,1,2),

(34)

®il,®e,®e,ddg®e, ®SU(2)) .
(vii) The generators
SO(12) ®SU(2), #SU(2); #A®e, ¢,
|

SU3),e (A4, 94;)(e;+e5)@il,®(— 1+ e;,0¢e7)

(8,1,0) + (1,3,0)
® (1/y10) [ 348 (e, — €5) + 24, ® e, ]
(1,1,0)

build up a SO(16) with the remaining generators transform-
ing as the spinorial 128. By rotating by 120° in the weight
space the e”’s, i.e., replacing (e3,e5,¢3 ) by (e} ,e4,e;7 ), and the
corresponding G; one gets an SO(16) which contains the
SU(8) defined in (iii) as one can see explicitly:
SU2)seSU(2), 94050 (e;0e,de,De) de; de))
DA® (e, de, e, Bes) ® (e de; del ey )
oTisoT;, 0D 50D 04
®(es0e,@e;) R (e de,del) .
(viii) SO(16)=G,0G) 0il,® (4, 04,0 1,)

(35)

®(e;de)dil,®e, e
with the other generators
ils@il,e (A, @A) @ (e;@el) o (ilsoil,)®e ®e¢!

transforming as the spinorial 128. This SO(16) is isomor-
phic to the two SO(16) defined in (vii). It contains
SO(13) @ SU(2), where SO(13) is given by

SO(9)eSU(2),eSU2), 0 (L9 d,0il,0¢e,) ®e!
[see (v)].

(ix) SU(5) ® SU(5)—with the two SU(5) generated,
respectively, by

(36a)

e +4,06e)®e, GB{\/%_DIi +ilds+ A/ B) ] @, }

(3,2, -+ 32,4+

[we write the transformation properties under SU(3), @ SU(2) @ U(1)] and by

SU3); @ {4 [Ys + (V3/2)A5] Y e (¢ —e) @ik, (1 + e, ¢5) @ (1/2/10) [ (3dy —BAy) ® e, 4 (544 +34;5) @ €7 ]

®(Ast4,0e) 8¢, © 3(D5 . Fi2igee, ).

The residual generators transform under SU(5) @ SU(S) as
(10,5) + ( 10,5) + (5,10) + (5, 10).
(ix) Sp(6)=SU(2)s;04eS®e, .
It is contained in F, and commutes with SU(2), ® G;. The
residual generators transform under Sp(6) ® SU(2), ® G;
as
G,
SU(2), ®SU(2)
(Sedwoe,)®e (14,1,7),
Awe,®e (62,7),
(x) Sp(8)=Sp(6)aSU(2), ®4d®e, @6 .
It is contained in E; and commutes with SU(3);. The resid-
ual generators transform under Sp(8) ® SU(3)7 as
G,
SU2)s ®SU(2),

eSee, (14',2,1),

(37)

eS0e, 0d®e,0e; (42,1),
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(36b)

’

G -
(Sod®e) e, 0 ——— (27,3 +3). (38)
(3)3
The vector spaces corresponding to the subalgebras of
E; introduced in this section are written in Table IIl in such a

way to show how they are contained in each other.

V. CLASSICAL MAXIMAL SUBALGEBRAS OF E;, Eg,
ANDF,

We have already shown how the 248 of E, transforms
under its classical maximal subalgebras SU (9), SO(16), and
SU(5) ® SU(S5). Let us now consider the behavior of the
adjoint and the fundamental representations of the other ex-
ceptional groups under their classical maximal subalgebras.

For E, they are SU(8), SU(6)' ®SU(3),, and
SO(12) @ SU(2), .

One should compare the decomposition of the 248 into
(E,,.SU(8),SU(6) ®SU(3),,S0(12) e SU(2),)®8SU(2);
given by Eqgs. (22), (30), (28), and (34), respectively:
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TABLE III. Subalgebras of Ey defined in Sec. IV. The explicit form of the underlined algebras is given.

G,

F,

E,

Eq

G,
F,

E,

SU(3),
SU(3); ®SU(3),

Ao See
SU@3), @ SU(3), eSU(3),

AeSe(e,0e;)0A8e,0¢)

SU(6) ®SU(3),

SUB)seSUQR);e(Seodee,)®e,

SU(9)
SU(6) @ T, ede{e_o[(e] +ie})®

(e5 —ie;) | @e, @ [(e —ie;) @ (e; +ies) ]}

@ SU(3),

Sp(6) @ SU(2),
SU(2)s @
edeSee,

SE(S)
SUQ)seSU2) 4o
See, 0doe, 0¢;

SU(8)
SUQQ)seSU(2), e Tis®
AoSe (e, @e;)0A0e, ®(e; 0¢)
A®e,®¢€;

SO(16)
SU2);eSUQ2), @TiseD7 0@
T 8Dizia3®
AoSe (e, de;@e;, @e;)
oAve, @ (e;de,de; deg)
oA®e, @ (] de de))

SO(9)
G, (4 @d,04) e, il

SO(10) @ U(1)
SO(9Ye (L, @ed;@il,0e,)®¢)

G,s (L ed;0d,) 0 (e,0e))0id,0il,0e, 8¢

SO(12) @ SU(2)4
SO(10)e (4,8 @il,0e) @ (e; me;) ® SU2),

G, eSU)s0 (L1 d,04) 8 (¢, 0e,)dil,0il,0¢e, ¢,
SO(16)

G,;0G 0 (4 el,04,)8(e,0¢))0id,0il, 8¢, 8¢

SU(2)®SU(2),

SU(6) @ SU(2),
SUQ2)sedo
Se (e, @e;)0d0e,2¢;

SO(12) ®SU(2),
SU(2)s @SU(2)5
edeSe (e, de)pARe,®¢,

SO(16)
SU2)s®SU(2), @ SU(2); @SU(2);
eAeS® (e, 0¢,)040e, ®¢;
pdee, @€,

r

E,®SU(2):
SU(8) ® SU(2):

(133,1) + (56,2) + (1,3),
(63 +70,1) + (28 + 28,2) + (1,3),

SU(6)'®SU(3),eSU(2);: (35,1,1) 4+ (1,8,1) + (1,1,3) + (20,1,2)
+ (153,1) + (153,1) + (6,3,2)
+(6,3,2),

SO(12) ®SU(2), ®SU(2);: (66,1,1) + (1,3,1) + (1,1,3)

\ +(32,2,1) + (32',1,2) + (12,2,2) ,

248 {

by identifying the terms that are singlets or doublets under SU(2); one gets

SU(8):
133-{SU(6)' @ SU(3):
SO(12) @ SU(2),:

63 + 70,

(35,1) + (1,8) + (153) + (15,3),
(66,1) + (1,3) + (32,2),

28 + 28
(20,1) + (6,3) + (6,3),
(32,1) + (12,2) .

SU(8):
56—3SU(6) @ SU(3):
SO(12) @ SU(2),:
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The transformation properties of the adjoint and fundamental representations of E, under its maximal and classical
subalgebras SU(6) ® SU(2), and SO(10) ® U(1) may be derived by comparing the decomposition of the 248 into
(Ee,SU(6) @ SU(2),,50(10) ® U(1)) e SU(3);
given the first two in Eqs. (24) and (28),
(Es®SU(3);: (78,1) + (1,8) + (27,3) + (27,3),,
SU(6) @ SU(2), ® SU(3)5: (35,1,1) + (1,3,1) + (1,1,8) + (20,2,1)
g T (15,1,3) + ( 15,1,3) + (6,2,3) + (6,2,3), 42)
80(16) -SO(10) ® SO(6) -S0O(10) e U(1),. @ SU(3);:
(450,1) + (1,0,8) + (1L, +43) + (1, —$3) + (1L0,1) + (10, - 3,3)
L+ (103.3) + (16, — L,1) + (16,4 4,3) + (16, + 1,1) + (16, - 1,3) .
By identifying the terms that are singlet, triplets, or antitriplets under SU(3)/ one gets
SU((6) ®SU(2),: (35,1) + (1,3) + (20,2),
“[souo)eU(l)r: (45,0) + (1,0) + (16,— 1) + (16, + 1),
SU(6) ®SU(2): (15,1) + (6,2),
*{souo)@U(l)ya (L+9) + (10, —3) + (16, +).
To find the transformation properties under the SU(3)* maximal subalgebra of E, spanned by

SU3), 94058 (e;0¢e;)pA®e,0¢e],

it is useful to compare the decomposition of the 133 representation of E, given in Table II and by Eq. (40):

TABLEIV. Decomposition of the exceptional algebras under their maximal classical subalgebras. Here SU(4), is the subalgebra of SO(7), defined in Sec. IV
(v}, (d) not acting on e,. The SU(2), is generated by 4, 8 A, @id, ®e,.

E, SO(16) 120 + 128
E, SO(12) SU(2), (66,1) + (1,3) + (32,2)
So(10) e U(D) 45D+ (L + (161 + (16, —1)
E,
Sp(8) 36 + 42
SO(9) 36 + 16
F,
Sp(6) ®SU(2), (2L + (14',2) 4+ (1,3)
suU(3), 8+3+3
G,
SU(2)s ®SU(2), 3,1+ (1,3) + (4,2)
SU(4),e8U(2), (15,1) + (1,3) + (4,2)
+ (4.2) + (6,3)
F, —
SU(3),eSU3)g (8,1) + (1,8) + (3,6) + (3,6)
SU(6) ®SU(2), (351) 4+ (1,3) + (20,2)
E,
SU3),eSU(3), 8 SU3), (8,1,1) + (1,8,1) + (1,1,8)
+(333)+ (333
SU(8) DSU(6) gz ®SU(2), @ U(1) 1, 63 + 70
E, SU(6)5x ®SU(3), B,1) + (1,35) + (3,15) + (3, 15)
SU(4),eSU(4) @SU(2), (15,1,1) + (1,15,1) + (1,1,3)
+ (442) + (3,4,2) + (6,6,1)
SU(9)DSU(6) s, ®SU(3);8U(1) 4, 80 + 84 + 84
Eq
SU(5) @ SU(5) (24,1) + (1,24) + (10,5)
(10, 5) + (5,10) + (5, 10)
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(Eq@U(1),: (780) + (27, — 1) + (27, + 1) + (1,0),
SU(3)7®SU(6)’—+SU(3)3®U(1)T§S:

(1,8,1,0) + (1,1,8,0) + (1,1,1,0) + (1,3,3, — 1) + (1,3,3,+ 1)
+ (8:1’1’0) + (333911 - l) + (3719§’ + 1) + (3’3’3,0)
\ + (5’3’19 + 1) + (37113’ - 1) + (5,3,310) .

133 ¢

By identifying the terms corresponding to the same value of T';5 one gets the well-known result’ [ with respect to Ref. 7 we
choose the different convention 3«3 for the fundamental representation of SU(3),]

78 (8,1,1) + (1,8,1) + (1,1,8) + (3,3,3) + (3,3,3),

27-(1,3,3) + (3,3,1) + (3,1,3) . (43)
The transformation properties under Sp(8) may be obtained from Eq. (38):
78536 +42, 27-27. (44)

The 42(27) representation of Sp(8) is contained in the fourth (fourth- and second-) order antisymmetric tensor. Let us
consider now the maximal subalgebras of F,,.
To find the transformation properties of the 52 and the 26 representations under SO(9) one has to compare the decompo-
sitions of the 248 of Eg:
F,©Gj;: (52,1) + (26,7) + (1,14),

2484 80(16) »S0(9) 8 SO(7) -»SO(9)  G3: (45)

(36,1) + (1,14) + (1,7) + (9,7) + (16,7) + (16,1) .
By identifying the G; singlets and seven-dimensional representations one gets

52536+ 16, 26-16+9+1.

(46)

Finally we want to find the transformation properties under the maximal subalgebras F,, Sp(6) ®SU(2),, and

SU(3),e8U(3)g.

To this extent we compare the following different decompositions of the 133 of E:

TABLE V. Decomposition of the fundamental representations of the exceptional algebras under their maximal subalgebras.

sU(3), 34341

G, SU(2), ®SU(2)¢ (2,2) + (1,3)
G,eSU(2), (1,5) + (7,3)
SU(3),®SU(3) gy (1L,8)+ (3 + (33

F, SP(6) #SU(2), (14,1) + (6,2)
SU(4),eSU(2) (6,1) + (1,3) + (4,2) + (&2) + (1,1)
SO(9) 164+9+1
F, 26+1
G,eSU(3); (7,3) + (1,6)

E, SU(3),8SU(3), 8 SU3), (33,1) +(1,33) + (3,1,3)
SU(6)¢r ®SU(2), (151) + (6,2)
SO(10) e U(1) (16,1) + (10, — 1) + (1,2)
Sp(8) 27
Ec2U(1) QL=+ 2D+ D + (1, -
F,eSU(2); (26,2) + (1,4)
G, 8 Sp(6) (16) + (L14)

E, SU(6)x ®SU(3), (20,1) + (6,3) + (8,3)
SU(8) 28+ 28 -
SU(4), e SU(4) 8 SU(2), (6,1,2) + (1,62) + (44,1) + (34,1)
SO(12) 8SU(2), (12,2) + (32',1)
E,oSU(2); (133,1) + (1,3) 4+ (56,2)
E,oSU(3); (78,1) + (1,8) + (27,3) + (27.3)
F,8G, (26,7) + (52,1) + (1,14)

Eq SU(9) 80 + 84 + 84 L .
SU(5) e SU(5) (24,1) + (1,24) + (10,5) + ( 10, 5) + ( 5,10) + ( 10,5)
SO(16) 120 + 128
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TABLE VI. Vector spaces of the fundamental representations of the exceptional algebras.

(56,2) of E,®SU(2), SU(8)
G;
SU(2); & SU(2)%

(Sedee)se. 28 + 28

A®e ¢
Aoe e,

(27,3) of B, 8 SU(2);
D:..

(SoAdoe)®e,
A®ey @€,

Aoe e,

(27,3) of E,@ SU(3);
(ABID’, 5 + (W2/{3)Age’,
[Le@ds® (ils@id;) @€} @€
(Liod;+ eil,®¢)0€,

o [ID,; — (iND)Ae, ]

SO(12) #SU(2), SU(6)’ e SU(3),
(20,1)
(32,1)

(6,3) + (6,3)
(12,2)

SU(6) ®SU(2), SU(3),, @ SU(3), 8SU(3),

(1,3,3)
(15,1)

_ (331 +(3,1,3)
(6,2)

SO(10)y e U()5
(1, +2)
(16, + §)

(10, — 1)

(26,7) of F, 8 G, Sp(6) ®SU(2), SU(3) ®SU(3),

(S;@Ad®e;) Q€]

A®e, @€
Age ®¢]

(26,7) of F, 8 G,

Ag®e;

[Ae@Ag@ (iAs@id;) e ] @€
Aedeil,®e) ¢

(8,1)

(14,1)

3,3

(6,2) (3,3)

F,®8U(2)5:(52,1) + (26,3) + (1,3),

SO(12) ® SU(2), —Sp(6) ® SU(2); ® SU(2) .
1339 2LLD) + (14,3,1) + (1,3,1) + (14,1,2) + (6,3,2) + (1,1,3)

SU(3),e8U(6)'=SU(3),88U(3); ®SU(2)5:(8,1,1) + (1,8,1) + (1,1,3) + (1,8,3) + (3,6,1)

+(3,3,3) + (3,6,1) + (3,3,3) .

By identifying the SU(2){ singlets and triplets one easily finds

52 [SP(G) ® SU(2),.: (2L1) + (14,2) + (1,3),

SU(3),8SU(3)g: (8,1) + (1,8) + (3,6) + (3,6),

[Sp(é) e SU(2),: (14,1) + (6,2).’
TISU3),eSUB)6: (1,8) + (3,3) + (3,3) .

(47)

(48)

The 14’ (14} is contained on the third- (second-) order antisymmetric tensor of Sp(6).
The inclusion of the maximal classical subalgebras of the exceptional algebras and the transformation properties of the
adjoint and fundamental representations are described in Tables ITI-V. The explicit construction of the vector spaces corre-
sponding to the fundamental representations of the exceptional algebras and their transformation properties under their
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Boson operator realizations of su(2) and su(1,1) are obtained. Scalar products are introduced
on “Fock spaces” (Verma modules) spanned by generators of the Heisenberg algebra H and
by generators of su(2). These scalar products unitarize certain of the representations of H, or
of su{1,1). It is shown that the Gel’fand-Dyson realization of su(1,1) implies a scalar product

that unitarizes H, while the Primakoff-Holstein realizations imply a scalar product that
unitarizes su(1,1). The relationship between the Gel’fand-Dyson boson operators a and the
Primakoff-Holstein boson operators b ' is obtained making use of the two distinct scalar
products. Generalized “vacuum states” are defined that are formed by polynomials in the
creation—annihilation operator pairs a'a. A representation p of H and su(1,1) on the states a™
and a" is discussed. For this representation al = @|0) #0, but rather (a'a)|0) = 0. The states
of this representation space consist of boson states and boson-hole states. All the familiar
results of H and su(1,1) representation theory are preserved within the representation p.

1. INTRODUCTION

A natural space carrying linear representaions of a Lie
algebra L is its universal enveloping algebra U(L), and the
quotient spaces U(L)/J, where Jis a (left sided) ideal gener-
ated through algebraic relations in U(L). The canonical rep-
resentation p of L—the so-called master representation—
can be calculated directly by acting with basis elements of L
on the Poincaré-Birkhoff-Witt basis in U(L). On the quo-
tient spaces U(L)/J one obtains induced representations
p(L) from p. Depending on the choice of /, different types of
representations, e.g., reducible, irreducible, nondecomposa-
ble, can be constructed, analyzed, and related (see, e.g.,
Refs. 1-3. If one is modeling physics via (L) then one can
show that the particular choice of J carries physical informa-
tion, for example, in the appearance of “vacuum states.”

The algebras U(L) and U(L)/J are linear spaces. A
natural definition of an inner product faces difficulties, but is
necessary for physical applications. One would like to dis-
cuss Hermiticity properties and a closure of U(L)/J is a
candidate for a physical Hilbert space. For semisimple L and
for certain U(L)/J, the Harish-Chandra sesquilinear
form** induces a positive definite inner product and the rep-
resentation space of p (L) has the structure of a Verma mod-
ule, i.e., it is a space generated by a cyclic element, namely
theidentity 1 of U(L) (the vacuum state). For nonsemisim-
ple L an analog construction would be useful, especially for
the n-dimensional Heisenberg algebra H, [basis a,,...,.a,,
a'y,....a',, E (see Sec. I, H, = H)]. In Sec. II we construct

=) Present address: Departamento de Fisica, Universidad de Oviedo, 33007
Oviedo, Spain.
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such a sesquilinear form on U(H,), which induces an inner
product on U(H,)/K,, with K, a (left) ideal generated by
al, (E — u)1, ueR, fixed. Here 1 is the identity in U(H,).
This is shown in Sec. III. In this section other representa-
tions will also be discussed which are induced from other
ideals. Especially from K,, generated by (E — u)1, ueR,
which has a very peculiar kind of vacuum state and from K ;,
generated by (E — u)1, a'al, ueR, both of which are not
Fock-like representations.

The Heisenberg algebra has another physically impor-
tant and mathematically convenient property. Because of
the simple structure of the representation p(L) [see, e.g.,
(3.2) or (4.1)] on U(L), or p(L) on U(L)/J, one can rea-
lize the same representation on U(H,, ), n suitably chosen,
with the generators p(L) given as finite-order polynomials
in “bose operators” a,, a*;. The representations p and p yield
canonically aboson realization for Lon U(H,, ). [See Refs. 6
and 7. Similarly, quotient spaces like U(H, ) /K carry boson
realizations.] Mathematically, there is in general no pre-
ferred J, the background for all the realizations is the same.
But the physical systems described via these realizations can
be of very different structure.®

We explain the construction and application of canoni-
cal boson realizations in connection with our inner product
on U(H)/K in Secs. IV-VI. The master representation o (L)
and its boson realization for su(2) and su(1,1) are given in
Sec. IV for different ideals; also, the Gel’fand-Dyson repre-
sentation is obtained. It was shown in Ref. 5 that there is an
inner product on U(su(2))/J induced by Harish-Chandra’s
sesquilinear form. Hence the inner product can be trans-
ferred to U(H) /K via the boson realization and we have two
inner products on U(H)/K that differ by the norm scale. We
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analyze the Hermiticity properties of the representations,
depending on the inner products. For U(H)/K; we get, e.g.,
an indecomposable representation of H and two irreducible
Hermitian representations of su(1,1) that are living on poly-
nomials of @ and a', respectively, and which have the Prima-
koff-Holstein form. For a certain parameter value (/ =})
these representations are exceptionally simple and they pos-
sess formal extensions to larger representation spaces (Sec.
Iv).

Our presentation should indicate how to exploit the al-
gebraical, and also the geometrical, structure of U(L) and
its quotient spaces for a discussion of certain aspects of Lie
algebra representations, especially boson realizations of Lie
algebras as symmetries and dynamical elements of physical
systems.

Il. DEFINITIONS

The Heisenberg algebra H, a nilpolent algebra, is a lin-
ear space over C, spanned by three elements a, b, ¢. Follow-
ing convential notation we replace the symbols a, b, ¢ by a,
a', E, but we have to keep in mind that a' is not necessarily
the adjoint of a, and E is not necessarily the identity opera-
tor. We have

HA{aad"E}, C,
with the Lie products
[a,a*] =E, [a)E] = [aT’E] =0. 2.1)

A basis for the enveloping algebra Q3 =U(H) is given by
UH): {B(m,n,r) =a"™a"E"; m,n,reN}, 2.2)

with B(0,0,0) = 1 denoting the identity of U(H). As usual
the product for the basis elements B(m,n,r) is the ordered
tensor product. The general element of U(H) can be repre-
sented as

.B = E Cm,,,B(m,n)r)y CmanC’

m,n,r

(2.3)

with only a finite number of the C,,,, #0. The center Z(H)
of U(H) has a basis

Z(H): B(0,0,r), reN, (2.4)
Within U(H) the following relations hold:
aa'" = a™a + na'"~ VE,
2.5)

a'a"=a"a" — na"~VE.
We define on U(H) a sesquilinear form in close analogy to
the sesquilinear form on universal enveloping algebras for
simple Lie algebras.® Let o denote the conjugation of H,

o(ca) = —zd’,

o(cE) = —CE,
where the overbar denotes complex conjugation. This conju-

gation is extended to an antilinear antiautomorphism 7 of
U(H),

o(ca’y = —@a, >
ceC, (2.6)

7(1) =1, 5(BB') =n(B")n(B),

T
n(B) = —o(B), B,B'cU(H). @7

We define a linear map (projection) 7 from U(H) to Z(H),
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m{B(m,n,r)) = B(0,0,r), if m=n=0,

=0, ifm#0 and/or n#0, (2.8)
and a map A from Z(H) to C,
AB(0,0,n))=pu", reN, (2.9)

with 4 some arbitrarily chosen, but fixed, complex number.
We denote the composition of maps #, A by
o\ = Aom (2.10)
We obtain a sesquilinear form S(B,B’) on U(H) as
S(B,B') =¢£A(n(B)B),

which is generally degenerate and not positive definite. It
follows, using (2.5),
S(B(m,n,r),B(s,t,u))

m

m! sl
oo (m—a)la! (s —a)!

=A°1r(

XB(n+s—a,t+m—a,r+u+a))

= A(m!B(0,0,r + u + m))5,,.6,00.0
=mu't**"S,,.8,00,0, ueC, u##0, (2.11)

since the projection 7 requires for a nonzero result a = m,
t=0,andn+4+s—m=0.Buts>mand thusn =0, s = m.

Hl. INDUCED SCALAR PRODUCTS

The sesquilinear form (2.1) induces in some physically
relevant cases a scalar product.
(1) Consider the ideal K, generated by®

K;:al, (E—pu)1, ueC, u#0;
we form the quotient space U(H) /K, with basis
U(H)/K,;: B(m)=a'", meN, B(0)=1.

The space U(H) /K, has the following properties: Eactsasa
multiple of the identity operator 1. Moreover, there exists a
vacuum state, or “lowest state” 1, sinceal = 0 (i.e., g acting
upon the state 1 maps 1 to zero). Such a space, generated by
a cyclic element, namely the element 1, is called a Verma
module. Here it corresponds to the familiar Fock space. On
U(H)/K, the sesquilinear form yields

S(a*"a™") = mu"s,,,. 3.1
For ueR’ the sesquilinear form is nondegenerate and posi-
tive definite. Thus it defines a scalar product. For u = 1 the
familiar physical case is obtained with the orthonormalized
basis states a'™/+/m!. This is seen as follows.

On the space U(H) the algebra H has a canonical repre-
sentation, called master representation p, given as®

p(a)B(mnr) = B(m + 1,n,r),

p(a)B(m,n,r) = B(m,n + 1,r) 12
2)
+mB(m — 1,nr+1), (
P(E)B(m,n,r) = B(m,n,r + 1).

On the quotient space U(H)/K, the representation p
induces a corresponding representation p (here and in the
following we do not use labels to characterize the representa-
tions p in order to simplify the notation),
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p(a")B(m) =B(m+ 1),
p(a)B(m) =muB(m —1),
p(E)B(m) =uB(m).

The B(m) form, in U(H)/K,, an orthogonal basis with re-
spect to the scalar product (3.1). They can be normalized to
1 and are denoted in this case as ket vectors (used as physical
states)

(3.3)

|m =§(_m).=af_m. (3.4)
ymly  mlu
Then
pa)|m) =Ju(m+ 1)|m + 1),
pla)|m) = Jum|m — 1), (3.5)

p(E)|m) = p|m).
For u = 1thisis the familiar harmonic oscillator representa-
tion. The space U(H)/K,, with the sesquilinear form as a
scalar product, can be closed to a Hilbert space. Its elements
are weak limits,

Y= mgo C,.|m), C,eC. (3.6)

(2) A further representation of H is induced by the mas-
ter representation g on the quotient space U(H)/K,, where
K, denotes the ideal generated by (£ — 1)1, with basis

U(H)/K,: {B(m,n); m,neN, B(m,n)=B(m,n,0)},

p(a")B(m,n) = B(m + 1,n),

p(a)B(m,n) = B(m,n+ 1) + umB(m — 1,n), (3.7)

p(E)B(m,n) = uB(m,n).

The representation (3.7) has a remarkable property. In
U(H)/K, any B(m,n) can be factored. With
k

v, (m)= ] (@'a— (n—s5)1),

s=1

k=n for m>n>1, k=m for n>m>1,

¢0(m) = ¢n (0) = 1,
the B(m,n) splits (uniquely) in

[(a*)'"‘"\l’,, (m) = B(m —n0),, m>n>l,
B(m,n) =
a"~"¥,(m) =B(O,n—m)},(m), n>m>l,
and one obtains after cancellation of ¢, (m)
p(@)B(n —m0) =B(n—m+1,0), m>n,
p(a")B(O,n — m)
=B(On—m—1)a'a— (n—m—1)1),
n>m+ 1,
p(a)B(m —n0) = B(m —n — 1,0)(a'a + (m — n)1),
m>n+1,
p(@)BOn —m)=B(On—m+1), npm,
p(EYB(m — n,0) = B(m —n,0), m>n,
p(E)B(O,n — m) =B(0,n —m), npm. (3.8)

The ¢, (m) can be interpreted as vacuum states containing
boson creation-annihilation pairs (a'a) in the form of a pol-
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ynomial of order k. Since the order of the polynomials
¥, (m) under the action of p remains either the same, or
increases by (a'a), we obtain a representation by collecting
those terms for which the order of the polynomials remains.
Thus

p(a")B(m,0) = B(m + 1,0), m>0,
p@)BOn) = — (n—1)B(0,n—1), n>1,
p(a)B(m,0) = mB(m — 1,0),
p(a)B(O,n) =B(O,n+1), n>0,
p(E)YB(m,0) = B(m,0),
p(E)B(0,n) = B(0,n),
with the representation space V spanned by
V: {B(m,0),B(0,n); m,neN}. (3.10)

This result is identical to the representation (3.22) of Ref. 6
for the values A = 0, u = 1. Obviously it is induced by (3.7)
on the quotient space U(H)/K; with respect to the ideal K,
generated by (E — u)1, a'al. Note that p(a)1 = a#0. But
since p(a*)a =0, the elements B(0,n) span an invariant
subspace V'. The quotient space of ¥ with respect to this
invariant subspace has the basis elements B(m,0), and on it
holds p(a)1 =0.

(3) Equation (3.9) can be brought into a more suitable
form by introducing the basis

V: {|my=(a""/ym!, meN;
| —n)=a"/y(n—1)!, neN+}, (3.11)
where we have introduced the kets | — n). One obtains
plah)|m) =Jm+1|m+1), m>0,
p@|m)=Jmim—1), m>1, p@|0)=|-1),
pla)| —ny= —Jn—1|—n+1), n>1,

m>1, 3.9)

m,n>0,

(3.12)
pla)| —n)y=yJn|—n—1), n>l,
p(E)|m) = [m),
p(E)| —n)=|—n).

The subspace spanned by the | — n), neN *, is invariant.
The quotient space of ¥ with respect to this invariant sub-
space V'’ carries the familiar harmonic oscillator representa-
tion (3.5) (for u = 1). The entire space ¥ carries an inde-
composible representation. (See Fig. 1.)

IV. BOSON REALIZATIONS OF su(2)

In this section we will derive boson operator realizations
of the master representation p of (complex) su(2), and rep-

V' vve

-

@ @ a1 gt (@av) (g

pla)
pla’)

FIG. 1. The space ¥ and the action of the operators (a*) and (a) in the
representations (3.9) and (3.12).
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resentations p induced by p. The su(2) representations dis-
cussed are among those which were derived in Ref. 1.

(1) The master representation of (complex) su(2) on
the space of its universal enveloping algebra U(su(2)),
spanned by

{X(munry =17 1" 1%; mmnreN}, X(0,00) =1,
is obtained as' ‘
p()X(n,m,r)
pU )X (n,m,r)
pU_)YX(nm,r)

=X(nmyr+ 1)+ (n —m)X(nm,r),
=X(n+ 1,m,r),
=X(nm+ 1L,r) —nX(n—1mr+1)
+n{m — L(n — D) X(n — Lm,r),
p(OYX(nm,r) =2X(n+ 1L,m+ 1,r) + X(n,m,r 4 2)
— 2m+ DX(nmr+1)
+m(m+4 DX(nm,r). (4.1)

Here C=2/_1_+ I,(I; — 1) is the Casimir operator. The
basis states of g are given in terms of three independent pa-
rameters m,n,r. This implies that the representation can be
reexpressed in terms of three independent Heisenberg opera-
tors a';, a, that satisfy the Lie products

[aw,a’, ] =84, sk=123.

The boson operator realizations will then act upon the boson
basis B,

B®(m,n,r) = B,(m,0,0)B,(1,0,0) B,(r,0,0)

= (a})™(a})"(a})".

We obtain, following a procedure given in Ref. 6, Sec. V.3
(see also Ref. 7),

p(ly) =ala, —ala, —a;,
P(1+) =a2’
pU_) = a; (ala, — %a;az —a3) +a,

p(C) =2a,a, — (2ala, —a; + V)a; +ala,(ala, + 1).

(4.2)

(2) The master representation p induces and subduces
other representations on quotient spaces and invariant sub-
spaces of U(su(2)). The elements /™ [, , meN*, generate
an ideal T, in U(su(2)). On the quotient space U(su(2))/T,
with basis {X(n,r) = 1"_ 1}, n,reN} we obtain

p(INX(nr) =X(nr+ 1) + nX(nr),
pU )X (nr) =X(n+ 1,r),
pUNX(nr) = —nX(n—1r+1)
—in—1)nX(n—L,r),
= X(n,r+2) —X(n,r+1).

(4.3)

p(CYX(n,r)

In the boson realization this representation becomes

pl3) = —a;az — as,
P(1+) =4a,, (44)
p(_) = —jal’a, — dla, '

p(C) =a3(a; — 1).
(3) The master representation p induces on U(su(2))/
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T, with the ideal T, generated by (/; — A)1, AeC, a further
representation on the space spanned by

Usu(2))/Ty: {X(mn)=I"m 1"
pL)X(n,m) = (A + n—m)X(n,m),
pU))X(nm) =X(n+ 1,m),
pU_)X(nm)=X(nm+ 1) (4.5)
—nA—m+1i(n—1D)X(n—1,m),
p(O)X(a,m) =2X(n+ 1,m+ 1)
+ (A—m)(A —m—1)CX(nm),

A€C, with boson realization;

; m,neN},

p(ly) =ala, —ala, — A,
plly) =a,
p(l_)=dl(ala, — la}a, — A) +a,,
p(C) =2a,a, — 2Adla,

+ala(ala,+ 1) + A(A— 1)1,

(4) A very unusual representation is induced by p on
U(su(2))/T;, with theideal T generated by (I_ — 4)1, AeC
and the basis spanned by {X(n,r) =11}, n,reN},

pL)X(nr)y = X(nr + 1) + nX(n,r),

(4.6)

pU)X(nr)y=X(n+ Lr),

pU_)X(nr) = 2 (r—k)'k'X(n’ )
—nX(n—1r+1) 4.7)
—Wn—1DnX(n—1,r),

p(OYX(nry =42 Z - k)‘k'X(n + Lk)
+X(nr+2) —X(n,or+1),

with boson realization
pl) = — aJ{az —as,
pll) =a,
(4.8)

pU_) =2e" —af(a, + laya,),

p(C) = 4/16";a2 + as(a; — 1).

The boson realizations can be expressed in terms of differen-
tial operators by the substitution

al-x, a,—d,, ai-y, a,-3d, al-z, aa,-3a,.
For example, for (4.8) one obtains

plh) = —yd,-a,

pl) =2, 4.9)

pl )= —yd,—1y*3,,
p(C) =4y + 92 -4,

the last equation being equivalent to a partial differential
equation invariant under group su(2).

(5) Familiar realizations of su(2) and {su(1,1)) are
readily identified as special cases of the realizations given
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above. The Gel’'fand-Dyson su(2) representation®'? is in-

duced by the representation (4.6) modulo the ideal genera-
ted by a,1. One obtains (dropping the suffix 2) for su(2)

plly=—A—d'a, p(l,)=aq,

p(_)= — Ad’" — ja™a, (4.10a)
p(C) =AA -1,
and for su(1,1)
p'(l) = A +dq,
p'(l,) =d, (4.10b)
p'(_) = Aa + d'd?,
and
J,=p(l) = —A—dlq,
J, = (1/2)( = Ad" — (a™ — Da),
(4.11)

J, = (i/N2)(— Ad" — (1a™ + 1)a),

[V, ] =W,

The familiar form of the Gel’fand-Dyson representa-
tion (A = —) is obtained by defining primed operators

(cyclic).

Jo=\2, —a, T, =2, +la J,=J,

followed by an application of the antilinear antiautomor-
phism %, Egs. (2.6) and (2.7).

(6) Equation (4.6) induces also a representation of the
type of the generalized Gel'fand-Dyson representation.’
Setting A =0,

p(l;) = aja, —dla,,

P = (4.12)
p(l_) =adlala, — La}’a, + a,,
p(C) =2a,a, +ala (aa, +1).
Setting a, = b, a, = q,
J,=p() =b'b—d'a,
Jo = UADpW,) +p()
= (1/y2)(a'b*b —Ja"a + a + b), (4.13)

J, = (= iNDpU,) —pU)
= (i/\2)(a'6'b — Jaa — a + b).
Then,
J'=2J, —4(a'd'b +a) — b,
J', =2J, — (i/2)(a'b b —a) — ib,
J',=J, —1bb,
are identical in form to Ref. 9, up to the map 7.

V.SCALAR PRODUCTS AND EQUIVALENCE

In Sec. II we introduced a sesquilinear form on U(H)
that induced a scalar product on the Fock space, Sec. 111, Eq.
(3.1). In this section we will make use of a sesquilinear form
on U(su(2)) that becomes a scalar product on certain invar-
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iant subspaces and quotient spaces of U(su(2)). In Sec. IV
we have given realizations of su(2) and su(1,1) in terms of
boson operators. Thus two distinct scalar products are avail-
able to study Hermiticity properties of both the algebras H
and su(2) (su(1,1)).

In the harmonic oscillator (orthonormalized) basis
|m), Eq.(3.4), the Heisenberg algebra H was obtained in the
form (3.5) while the su(1,1) realization (4.10b) takes on
the form [p' (/) - — p'(I,) for su(1,1}],

pL)|m) = (I 4+ m)|m),
pU)|m) =ym+ 1im+ 1),

pU_)|m) =Vm(l + }(m — 1))jm — 1),
p(O)|m) =(I(I— 1) + m(m —2) + 4ml)|m), meN
(5.1)
with A =/, and deleting primes.
Equation (3.5) shows that in the basis |m) the operator
a' is really the adjoint of g and it holds

S(|m'),at|m)) = S(a|m’),|m)). (5.2)

This is however not the case for su(1,1) as Eq. (5.1) shows.
We thus ask the question whether there exists some scalar
product S’ such that

S'(pWl)a*a"") = S"(a™p(_)a™), (5.3)

with respect to the (unnormalized) basis {a""}. The condi-
tion (5.3) implies

s’ (a*a™) =8, [] (1 + % (s — 1)) S'(1,1),
s=1
5.4

S'(L,1)y=1, (54)
where we haveset A =/ — 1(s —1),5eN ™.

But this is precisely the scalar product S, (Ref. 5) in-
duced by the sesquilinear form on the space spanned by the
(noncompact) generators /_,

{I", neN}, (5.5)

ofsu(1,1) [see Ref. 1, Eq. (3.14), /- — []. If we introduce
the new states |n), orthonormalized with respect to the sca-
lar product S,

n

- 1/2
|n) = {n! II (l+—;—(S— 1))] a', neN*, (5.6)

s=1

then the Heisenberg algebra H takes on the form

pan)y =Jyn+ 1l +inln + 1),

p(@)n) = [VnNT+1(n—T)y]jn— 1), (5.7)
p(E)|n) = |n),
neN. The second of Eq. (5.7) becomes singular for values
= — I(n—1).

The algebrasu(1,1), Eq. (4.10b) for A = /> 0, takes on
the unitary form,

p)|n) = U+ n)|n),

pU ) |n) =n+ Wi+1inln+1),

pU )y =Vnl+§(n—1)|n—1),

p(O)n) =((I — 1+ n(n—2) + 4nl)|n).

Thus while for the Heisenberg algebra it holds that

(5.8)
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p(a)’ = p(a") in the basis |m) and with respect to the scalar
product S, it holds for the noncompact real algebra su(1,1)
that p(/, )T = p(I_) in the basis |») and with respect to the
scalar product S,.

The relationship between the two bases is

m = {11 (1++e—)} ",

k=1

n 1 —-1/2
= { II (1+__ (k— 1))] (n1)~%a™"1,
K=t 2

|0y =]0) =1. (5.9)
On the basis |rn) another representation of the Heisenberg
algebra can be defined. The generators are b7, b, E with
(b1"/y/n!)|0) = |n),|0) = 1. The relation between the b*
and a' is given by
bt=alp' (1) —N)"2, b =(o'(ls) — IN)"a,
N=da=5",

n -~ 172
b*"l:[l H (l+%(k—l))] ai”1, >0, n>l.
E=1
(5.10)

With b'b |n) = n|n), bllny =Vyn+1|n+1),
b|n) =+n|n — 1), we obtain the Primakoff-Holstein real-
ization of su(1,1),

p(L)|n) = (1 + b'b)|n),

pU )|y =b T 167h |n),
pU_)|n) =T+ 16 b |n),
p(O)|m) =((I+ b)Y+ b —1)

+2(+1b10)b'b)|n).

The relationship between the two realizations (4.10b) and
(5.11) was discussed by Moshinsky using a different ap-
proach.'®!!

The two bases {|m)} and {|m)} are bases for the same
(algebraic) space. They are related to each other by scaling.

The two realizations of su(1,1) as well as the two real-
izations of H, are equivalent, however they are different in
the scaling of the scalar product.

(5.11)

VI. AN EXAMPLE

We discuss a special representation for H and su(1,1)
for / = L. Equation (5.7) becomes (replacing n by m),

plah)|m) = (1/2)(m + 1)|m + 1),
pla)|m)=viim—1),
p(E)|m) = |m),

and p(a)|0) 0. In fact, we can formally extend the values
of m to meZ to form a larger representation. With the new
basis elements

lm) =2""*(a'™/m!),
| —n) =20""Y"2[g"/(n— D],

we obtain the relations

(6.1)

meN,
(6.2)
neN+,
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w (UCH) /K ) /W
A N~ -
a a a 1 a* (@*)? (a*)?
U(HY/K, ——
P — | Pt
su(l.l){
: < Je pUL)
4.)‘ pla*)
|
pla)

FIG. 2. The two su(1,1) irreducible representations (6.4) and (6.5) and
their relationship to the indecomposable representation of H (6.3).

pla)|m) = (m+ 1)\2|m + 1), meN,
plaH —n)= —\2| —n+1), n>2,
pa")| —1)=d'a=0,

pa)lm) =2|m—1), meN+,
p@0)=|-1),

pl@a)| —n) = (1/2)n| —n—1), neN+.

This shows the equivalence of extended (6.1) and (3.9). The
subspace with basis {|m), meN} carries an irreducible rep-
resentation of the su(l,1) algebra ; =1+ ata, I, =d,
I_=4(a+ad'd"),

p()Im) = (4 + m)|m),
pU ) m)=(/2)(m+ Dm+ 1),
pU_)|m) = (1/\2)m|m — 1), meN,

and the subspace with basis {| — n), neN*} carries an
irreducible representation of su(l,1), [/'y=1+ ata,
I'n=3a"+a%), I'_=a,

(6.3)

6.4)

p')|—n)=0—n)| —n),
p' )| =) =/2)(n—=1D|—n+1),
p'_) —n)y=/2)n|—n—1), neN+.

The two realizations of su(1,1) are related by the map 73
introduced in Sec. II. (See Fig. 2.) Here we have used the
ideal K; generated by (E — u)1, a'al, u = 1. Note that
p(a)l =a. Thus both the H-invariant subspace W of
U(H)/K,, and the quotient space of H(H)/K; modulo the
H-invariant subspace W carry equivalent Hermitian repre-
sentations of su(1,1) (with respect to S, ), while the Heisen-
berg algebra on U{H) /K leads to an indecomposable repre-
sentation. The Heisenberg algebra, however, has been used
to build the two su(1,1) realizations.

(6.5)
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It is shown that the ground state energy in a central potential is a concave (convex) function of
angular momentum / when this potential is a concave (convex) function of /. A result
stronger than concavity is obtained when the Laplacian of the potential is negative. New
bounds in the kinetic energy of these states are derived in terms of energy differences and for s
states in terms of the wave function at the origin. These bounds can be used to give good
estimates of the ground state energies for power law potentials.

I. INTRODUCTION

In recent work' we have obtained constraints on states
bound by a central potential V(r) belonging to a class for
which energy-level ordering theorems may be proved. We
will consider here in particular the energy £(0,/) of the
ground state of angular momentum /. In Sec. IT we will dem-
onstrate a previous result® that £(0,/) is a convex {concave)
function of / when the potential V() is a convex (concave)
function of 7, and strengthen it when the Laplacian of ¥(r)
is negative for all r> 0.

An integrated form of the concavity condition is

E0,/+ 1) — E(O,]) <E(0,]) — E(0,] — 1). (1.1)

This inequality can also be tightened when ¥(r) has negative
Laplacian, as will be demonstrated in Sec. II using a vari-
ational method applied by Martin in an earlier proof® of the
concavity of E(0,/).

Bounds on the kinetic energy (7 ),, and mean square
radii (#*),,, for the above ground states of angular momen-
tum /, have been obtained in earlier work by Martin in colla-
boration with Bertlmann.* They are in terms of energy dif-
ferences between adjacent states, and in some cases only hold
for integer (physical) values of / as they have been derived
using sum rules. In Sec. ITI we demonstrate how they may be
extended to general non-negative / and tightened for certain
classes of potentials.

Finally in Sec. IV, improved upper and lower bounds on
the wave function at the origin of the S-wave ground state are
obtained that depend only on the expectation value of the
kinetic energy for this state. As demonstrated by Common
previously,” this type of bound can be useful in determining
quark mass differences using experimental estimates of the
above value of the wave function from the leptonic decay
rates of quarkonium via the Van Royen-Weisskopf for-
mula.®

There are several reasons why it is of interest to study
the above types of constraints. First they enable one to obtain
a general impression of the distribution of energy levels for
given classes of potentials and vice versa, e.g., as discussed in
Ref. 2, the distribution of the lowest energy levels indicate
that the quark—antiquark potential is not a convex function
of 7. Also for specific potentials such as simple powers of 7,
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precise estimates can be given for E(0,/) without detailed
numerical evaluation. Some results were presented in Ref. 1
and some improved estimates are given in Sec. IIL.

Finally, the bounds we have obtained have the merit of
being rigorous. We feel that they should be published so that
future investigations of potential models may have them to
hand.

Il. THE CONVEXITY AND CONCAVITY OF £(0,l)

In a previous work' we considered the two following
classes of potentials.
Set A: Vr> 0, one of the following conditions hold:

(i) D, V(r) >0, 1<a<2, V(r)>0;
(ii) D, V(r)>0, a<]l, ¥(r)<0;

2
(iii) [rz Z— G- 2a)% V(r)>0,

’.2
l<a<?, ﬂ>0;
dr

where

dv

a](l)— 12

5—3a)——
+( a)r dr

2l -a)Q2 —a)V(r)
2

(the special cases @ = 1, @ = 2 correspond to potentials con-
vex in 1/r and 7, respectively.)
Set B: V7> 0, one of the following conditions hold:

(i) D, ¥V(r)<0, a>2or <1, ¥(r)>0;
(i) D, V(N <0, 1<a<2, V(r)<o,

+

(iif) rz-‘fi+(3—2a)i]V(r)<o, a2,
dar dr

We showed that if ¥(r) belongs to set [3] for a = f,
then for />0 and 7 > & such that all integrals concerned exist,
214+ 14+ B+ kB (PP DBy (PE-D+K-DEY |

S22+ 1+B+nBIPE-D+RY

X(ﬂ(ﬁ_‘)+(n_’)ﬁ)o,1v (2.1)

where
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(FYa, =f W2, (N dr,
0

and u, , (7) is the reduced wave function for the ground state
of angular momentum /.

In the following we will need to use a limiting form of
(2.1) obtained by setting n = k + & and letting 6 -0 . This
gives

(,.2( B-—-1)+ kﬁlog ,.)0‘1
<,.2(B— D+ kﬂ)o,l

§ (rZ(B—- 1)+ (k— ”"log ")o,l
<r2(ﬂ~ 1)+ (k— I)B)OJ

+[204+14+B8+kB]!
(2.2)

when ¥V (r) isin theset [ § ] for @ = 8. The moment inequal-
ities follow from the inequalities,’

_ [ wo 4 (2) A+1
w4 (2) z
which hold for ¥(r) in the set [f] where z=r~,
A=Q2l—a+1)/2a, and w,; (2)=[ar* "' ]"%uy, (7). In
the original variables, (2.3) takes the form

B [ ug, (1) ]’> (I+ a
’JI -— luo,l l+a

when V(r) is in the set | Q] for a given value for a.
The inequalities (2.4) hold for all ,/>0 and will now be

used to prove a lemma to the main theorem of this paper.
Lemma (2.1): If V(r) is in the set [ﬁ‘] for a given value

, (2.3)

, (24)

r

of a> 1, then
- o Juy,(r)
J(a)%—ﬁ3—“f g (ry S dr (g 5)
a—1 o al 7~
where
J(a) = f[21+1 3E(0 )
Xuo,,(r YdY dr. (2.6)
Proof: The reduced wave function satisfies
—uy + D Vg, = EODu,,. (2T)

2
Taking the limit of the Wronskian of two solutions of (2.7)
for neighboring values of / gives

o (F )auo,(r) ul (r )aum(’)

_f[2l

Since the right-hand 51de is positive, [(Buo,(r)/31) 1y, ()]
is an increasing function of r and has one zero in (0, ). As

aE(O D

ul, (r)dr. (2.8)

J uo,(r) (r)dr—

0

therefore
~J‘uo,(r’)ﬁlio’ll)—dr’<0, r>0. (2.9)
o al
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Using (2.4),
_f ,(,) 6“01(’) dr

’11—1
___J. [ ug, (r)
dr

. Auy,(r) ]
ry—2" " gr|a
uo,(r)]U; Hoa (M= "

2 J (1+l)a[f 0,(f)au°(;l(rl)dr’]d

auo:(") dr
’Il

= —(l+l)f o, (1) (2.10)

for potentials ¥(r) in set [Q] for given a. Using (2.8) after
integrating by parts,
J‘w r auO,l(r) dr
LAY —
o ’ a r

__2 (" (r)auo,z(r) dr
a—1Jb ™ al
where a > 1 and J{a) is defined in (2.5). Using (2.10) in
(2.11) immediately gives the required result.
We are now in a position to prove the following
theorem.
Theorem 2.1: (a) If

-+ J(a@), (2.11)

d[1 dVv
=]—="120, V¥r>0,
drl r a’r]2 >
then
d%E(0,]) 1
0,75 —— 2.12
oL 2 > 2 ( )
(b) If
d dv av
—_— r2__ 0 —— O, V 09
drl  dr < dr> e
then
2
GPEQN 1 GEWOD o 4 (2.13)

il 1+1 al
Proof: Integrating the definition of J(2) in (2.6) by
parts gives

J(2) = — Q2L+ 1) [{r~?log r)o,(1)0,

—{r %o, (log r)o, ] (2.14)
The potentials satisfying the conditions (a) are in the set
[5] for @ = 2. Therefore, from (2.5),

Oug,(r) dr
al

2 1(2)2 — ("_2>01
(2.15)

The right-hand inequality follows from (2.14) and (2.2)
with 8= 2, k= — 1. However,

d%E(0,]
31(2 )_ZJ. 01(")—

@2+ 1)f o, (7)

Fu (r) dr

a P’
(2.16)

The result (2.12) then follows on using (2.15) in (2.16).
The potentials satisfying the conditions in (b) are in set

+2(21+ l)f uo, (r)
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B for a =2 and @ = 1. Now (2.2) may be used twice with
f = 1and first k = 0and then k= — 1 to give

J(2)>(r o 1+ 21+ 1)/ (21 4+ 2)]. (2.17)
In this case, using (2.16),
2
TEOD (-2, — 20(2)
dl
oMl 1 8EQD
I+1 I+1 al

and the result (2.13) follows.

The inequalities (2.12) are equivalent to the convexity
(concavity) of E(0,/) for potentials V(r) that are convex
(concave) in 72. They cannot be improved for the class of
potentials considered in (a) since the inequalities are satu-
rated by the harmonic oscillator potential for which
d/dr{(1/r)(dV /dr)] = 0, ¥r> 0. The Coulomb potential
V(r) = — 1/r satisfies the conditions for case (b) and we
know for this potential that

d*E(0,D) 3 JE(0,])

al* 20+1)  dl
Therefore (2.13) is not saturated and there may be still
scope for improvement in case (b).

An integrated form of concavity of £(Q,/) in/is given in
(1.1) and holds for potentials concave in r*. We now modify
a previous argument? to show that (1.1) can be improved for

potentials with negative Laplacian.
Theorem 2.3: If

=0. (2.18)

[rz—]<0 Vr>0,

then
<[{/(I+2)][E,]) — EWO,/—1)]. (2.19)

Proof Following the discussion in Ref. 3, we use’
v(r) =ruy,(r) as a trial wave function in the variational
estimate of E(0,/ + 1) and obtain the inequality

EW©,]+ 1)
f [U,2+ (I+ 1)(l+2)v

+ V(w? ]dr(f v arr)_1

=f [Pu + (L + 1) + 2,
(4]

+ V(1) Pud, ]dr({Po,) "

« 1
= [f rzuo,,[ — U5, + l(l:; ) Uy,
o

+ V(r)uo,,]dr—k Ql+ 3)f u, dr}((r'z)o,,)'l
0

=E0,)) + (214 3)/({r)q,. (2.20)

Notice that this inequality is valid for arbitrary potentials.
Similarly by taking v = u,, (r)/r as a trial wave function to
estimate E, we obtain the inequality
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E0,] — )SE,]) — (21 — 1){r *)o, /{r g, (2:21)

Previously the lower inequality (2.1) with 8 = 2 was used to
prove from (2.20) and (2.21) that (1.1) holds if ¥(r) is
concave in 7. However, if d /dr[(dV /dr)]1<0, ¥r> 0, the
lower moment inequalities (2.1) can be used with S = 1.
Take this value of f and n = 2, k = — 3, then this lower
inequality gives

(’2)01(" 4>0,>(r)0,(r-3)0, 2l+‘; (2.22)
while withn =1, k= —2
(Pros(r0,3 (Do, (20, 252 (2.23)

Wetake A to be a positive parameter to be adjusted later and
use (2.20)—(2.23) to prove the sequence of inequalities

[E(0,]—1) — E(O,)] + A[E(0,/ 4+ 1) — E(0,])]
— (2= Do/ (r oy

+ A1+ 3){(1), /{0,
(1}0,{ 214+ 4 2143 }
1 —21-1 AL+ 3);.
< Pros ( )21_1 57 +A21+ 3)
(2.24)

By appropriate choice of A, the right-hand side can be set
equal to zero and (2.19) follows.

Inequality (2.19) is an appreciable improvement on
(1.1) especially for small /. However, (2.19) is again not
“saturated” for the Coulomb potential where, for example,
when / = 1 the ratio of the left-hand side to right-hand side is
3- Here again there is the possibility for improvement.

IIl. BOUNDS ON (T),, and (r2),,

In a previous work Martin and Bertlmann® obtained the
following lower bounds on the average value of the Kinetic
energy for the ground state .S and P waves:

(T )oo>3LE(0,1) — E(0,0)], (3.1a)
(T )01 >3[E(0,2) — E(O,1)]. (3.1b)

These inequalities hold for general central potentials. The
method used to derive them involved sum rules over physical
states, and therefore could not be generalized to noninteger
values of /. We demonstrate now how they can indeed be
generalized to all />>0.

Theorem 3.1: For general potentials ¥(r) and all />0,

(T)o,>[(21+ 3)/41[E(0,l + 1) — E(O,])]. (3.2)
Proof: We have with the usual normalization
Seul, dr=1,
<T)o.1 =f [“6,21 + K+ u(z),l]dr
0
0 1 2
- f [u;,,, _ uo,,] dr. (3.3)
0
Now consider
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o 2
14 =J [ua,, — U+ 1)ﬂ—,1m0,,] dr
0

=f [ugl—(1+])— dr—uf [ru0,u0,
0

-+ l)u(z,,,]dr—k/{zj~ rub, dr 3.4)
(1]
=T )y +AQRI+ 3) + 1%, (3.5
Since I(A1)>0 for all real A,
4<T)o,l<’2)o,1>(21+ 3)2 (3.6)
Then by using (2.20) in the form
E,+ 1) — E©,]) < (21 4+ 3)/{r)o, (3.7

we obtain the required inequality. It cannot be improved for
general potentials since it becomes an equality for the har-
monic oscillator potential.

Corresponding upper bounds to (T ), , in terms of ener-
gy differences can be obtained for certain classes of poten-
tials as in the following theorem.

Theorem 3.2: If

d[1 dV
—|{——(<0, Vr>0,
drl r dr < r>

then, for all /> 1,

(Tou<[(2+3)/41[E(O]) —EO,/ - 1)]. (3.8)

Proof: The above class of potentials are in set B defined
in Sec. I for @ = 2. Therefore from inequality (3.6) of Ref. 1

214+ 3 JE0,])
4 al
2143

<T)o,1< (3.9)

<

where in the last step we have used the concavity of E£(0,/).
This upper bound complements the lower bound (3.2)
and is again saturated by the harmonic oscillator potential.
The factor multiplying the energy differences is the same in
the upper and lower bounds. By restricting the class of po-
tentials further, upper and lower bounds with the same ener-
gy difference but different multiplying factors may be ob-
tained. An example is given by the following result.
Corollary 3.1: If

1 dv d[ dV]
—|——]<0 d =|~ 0, Vr>0,
dr[ r a’r]< an ar dr > >

then
(T, <[(21+9)/4]1[E(0,l + 1) — E(0,)]. (3.11)

Proof: As discussed earlier in Sec. II,

J" dug (1)
o al

Therefore

uy,(r)dr <O0.
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JdE(0,] a
—((97—)+——(T)0,1
duy,
=2 — 4 Vi | ——d
f [r + (')] a
= —2f r_+ V(r)]J- uoyl(r')_w_
al
(3.12)
Integratlng (3.12) over (LI 4+ 1),
<T>0,I<E(O,I+1)_E(0,[)+<T)0’1+|- (313)

Using (3.8) /-1+ 1 gives immediately (3.11). Unfortu-
nately this inequality is not saturated by the Coulomb poten-
tial for small . An improved inequality may be obtained by
further restricting the class of potential.

Corollary 3.1a: If

d ldV <0 d dV] 0,
dr r dr dr
then
(Tor<ZE3 B0+ 1) — EOD]. (3.14)

The proof is similar to that of the previous corollary.
We now obtain associated bounds on (7*),,,.
Theorem 3.3: If

dl1 dVv

=<0, Vr>0,

dr[r dr < ">
then

2143 21
* >("2)o,1 13
E0,/+ 1) — E0,]) EH —-EW0O,/-1)
(3.15)
and alternatively,
1+ 3)?
(P)o,> (2/+3) (3.16)

(2 +9)[E0I+ 1) —E©O,D]’
if in addition

4, EIK>O

dr dr
These inequalities hold for all />0 except that in the right-
hand inequality in (3.15), /> 1.

Proof: Using (3.6), which holds for all potentials, and
the upper bounds on (7)., given by (3.8) and (3.11), the
right-hand sides of (3.15) and (3.16) are obtained immedi-
ately. The left-hand side of (3.15) is just (3.7). The inequal-
ities (3.15) are again saturated in the case of the harmonic
oscillator potential. As shown previously, one has upper and
lower bounds that differ only by the energy difference used
or by the multiplying factor of the inverse of this difference.

In Sec. IV of Ref. 1, we used bounds on (T '), depend-
ing on JE(0,/)/d! to obtain for power law potentials
V(r) =r", v> 0, both upper and lower bounds on E(0,L)/
E(0,]) with L~ I>0 and also for E£(0,/) itself. For 0 < v<2,
we found
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L3 _EQd+ 1D
I+3 E©0,])
I+1+ (v+4)/4]2v/<v+2> (3.17)
I+ (v+4)/4 CT
while for v>2 one may similarly prove that
[1+1+(v+4)/4 we+d  E(0,l4 1)
I+ (v+4)/4 E(0,])
l s|2v/(v+2)
<[l+§] . (3.18)
+3

Then using
E(O,I) _ ( V)2/(v+ 2) v+ 2

2

one can obtain from (3.17) and (3.18) the following bounds
on E(0,]) itself:

2/(v+2
(=2)G) T 0
v 2

2/(v+2) 2v/(v 4+ 2)
<EOH<(ZE) (L) (1 27
v 2 2

lim

140 JP/VHD - 4

1%

v+ 4)2v/(v+ 2)

for 0<v<2, (3.19)
and
2/(v+2)
() s
v
<E(0 1)<(V+2)(i)2/(v+2)(l+ V+4)2v/(v+2)
’ v \2 ,
for v>2 (3.20)

However, improved upper bounds on E(0,/ + 1)/E(0,])
and lower bounds on E(0,/) can be obtained from inequality
(3.2) as we will now demonstrate. For V(r) = r* we have
from the Virial theorem that

(T)o, =[v(Q2+v)IEWO])
so that inserting

(v/(24+)EO,D>[(21+ 3)/4]1[E0,/ + 1) — E(0,])]

(3.21)

(3.22)
in (3.2) and rearranging, we obtain
EQO,/+1) (2I4+3)/44+v/2+v) . (3.23)
E(0,) (21 +3)/4
By repeating application of this bound, when L>/,
E(O,L) DL+3+2v/(v+ 22U+ 3) . (3.24)
EWOJ) T{+3+2v/(v+2)T(L+3D)
By taking the limit L — oo,
E(O,I)}(l)mv+2)(v +2\I(+3 4 2v/(v + 2))
2 v ] LU +3)
(3.25)

We will now give numerical examples that show that (3.24)
and (3.25) give better bounds than do (3.17) and (3.20).
Consider the case when / = 0. Set v =4 1in (3.19)

1.718 = (3)**<E(0,1)/E(0,0)< (5)**=1.975,  (3.26)
while the “new” upper bound (3.23) gives
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E(0,1)/E(0,0)<¥=1.778. (3.27)
Similarly when v = 1 in (3.17),
1.405 = ()?*<E(0,1)/E(0,0)<($)**>=1.482  (3.28a)
and the new upper bound gives

E(0,1)/E(0,0) <y~ 1.444. (3.28b)

We see that the new upper bound is a substantial improve-
ment for v = 4 and a small improvement for v = 1. When it
is combined with the ‘“old” lower bound, estimates of the
above ratio accurate within a few percent are obtained. Simi-
larly in Ref. 1 we used the lower boundsin (3.18) and (3.19)
and variational upper bounds to give, for v = |,

2.19301<E(0,0) =~2.338 107 41--- <2.380 (3.29a)
and, forv=4
3.24<E(0,0) =~3.8<3.91. (3.29b)

Our new lower bound (3.26) can be used to give, for v = 1,

E(0,0)>2.3079 (3.30a)
and, for v =4,
E(0,0)>3.6777, (3.30b)

which improve on those given in (3.29). The old upper
bounds with the new lower bounds give good estimates for
E(0,0) to within a few percent error.

IV. BOUNDS ON THE WAVE FUNCTION AT THE ORIGIN
IN TERMS OF THE KINETIC ENERGY

In Ref. 5 we obtained bounds on {u{4|? in terms of
(T )o0- Here |uf,|?, for instance, enters in the expression of
leptonic decay rates of quarkonium via the Van Royen-
Weisskopf formula.” The bounds were given by

s (025122, it 2Xs0, Wrs0,  (41)
’ 4 ’ dr
s, O P <32, it £r%50 ana so.
’ ’ dr dr dr
4.2)

The upper and lower bounds are in the ratio 12:1, and so
rather weak. Here we shall derive tighter bounds on 1, (0)
in terms of the kinetic energy and, in some cases these
bounds will be valid for n#0, i.e., arbitrary radial excita-
tions.

First we derive a series of upper bounds on |u'(0)|?
increasingly tighter, with more and more restricted classes of
potentials.

Theorem 4.1 (boundary case Coulomb potential ):

g0 (0) *<4(T )33 (4.3)
if

AV(r)>0, Vr>0, ie., q 7 ﬂ> 0.

dr dr
Proof: We have
|u'(0)]? = fuz arv dr.
dr
Now if
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dpdv
dr dr

) - ()

= ifi"ﬂ P (x)u( ) (4.4)
2 xy
X[W(x) — W(y)][x—y]>0,
with
dv
W(x) =x*—,
(x) =x dx
then
|0 (0|2 < 2(T Yoo 1/P)/{1/1). (4.5)
But, by using the inequalities of Ref. 1, we have
(1/7) <2({1/r))? (4.6)
and
(1/r2><2(T>o,o, (4.7)

if AV >0, which gives (4.3) by substitution in (4.5). In-
equality (4.1) is optimal in the sense that it is saturated for
the case of a pure Coulomb potential.

Corollary: If AV>0 and if ¥(r) -0 for r- w0,

|50 (0)]* <4|E(0,0) 2. (4.8)

Proof: if (d/dr)r*(dV/dr)>0and if V() =0, it is
easy to get by integration

dv

r—+ ¥(r) <0, 4.9)
dr

and hence

AT)Y+(V)=E+(T)<O0.
An alternative derivation of this result consists in integrating
an inequality recently obtained by Benguria®:

Upo +V —Eugy — oo /r>0. (4.10)

It is possible that Theorem 4.1 or at least the corollary ap-
plies to radial excitations, but we have no proof of this.
Theorem 4.2 (boundary case, log 7 potential): If

then
|10 (0)2 <2(T )5

Here the inequality holds for any radial excitations.
Proof: Following the same technique as in (4.4), we
have

() - ()

(4.11)

if
d dv
4,4V,
ar ar’
Hence
2
4,0 ()2 <2(T ) o %. (4.12)
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However, consider the quantity
¥ Su driu dr
(F(u?/rydr)?
We have, for arbitrary Z > 0,

2 2
fu’z dr — ZJ “ars — Z4—- fuz dr,
r

by application of the variational principle to the Hamilto-
nian

{4.13)

(4.14)

1 Z?
X >—(Z — —), YZ>0,
x?2 4 >

where

—1
x = j(uz/r)dr(fuz dr) ,

and choosing Z = 2x, we get X>1. For n = 0 the inequality
is almost, but not exactly saturated:

' (0)|>/(T)**=19513..., for
This is because the wave function of (4.14) is not that of a
logarithmic potential.

Theorem 4.3 (boundary case linear potential): If
V" >0, then

[0 (0)|2 < (3/E)Y*(T )32 < 1.455(T )32,
where E,, is the first zero of the Airy function.

Proof: By using the same technique,

ey (2

and

V=logr.

(4.15)

2
470 (0) [?<2(T),0 % .
Now we look for the minimum of
X = Su'?dr(fri® dr)?
(su?)?
using the same type of variational argument; we get

ju'z dr + y3Jru2 dr> EQuZJ-u2 dr,

where E,, is the ground state energy of the Hamiltonian

d2
"

E,=23381....

After optimization with respect to u, (4.15) follows trivial-
ly. For n = 0 the inequality is saturated in the case of a linear
potential. For n> 0 it is obviously not saturated since the
wave function at the origin is independent of the excitation.
Finally, we give the following theorem.
Theorem 4.4 (limit case, harmonic oscillator): If

d 1 dv

drr dr” "’
then
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lus0 (0> <4(T)33. (4.16)

Proof: By the same kind of argument
fru* dr
srutdr’
and by the Schwarz inequality

fu dr

172
0 O < AT o LEZ)T.
|un.0(0)l < < ) ,0 frzuzdr

[0 (0)|* <2(T) (4.17)

Then
Su'ldryru? dr
(§u?dr)?
is minimized by an harmonic oscillator wave function and
we get
lug 0 (0) > <4(T))3. (4.18)

In the special case of # = 0, this can be slightly improved
by noticing, as was done some years ago by Common,’ that

fi = kJ‘r" “utdr

form a Stieljes sequence if dV /dr> 0, i.e.,

ﬁ(<(ﬂ(+&f}<~6)l/2,u- .
This allows us to improve the Schwarz inequality. So, if
d1dVv

dr r dr
and

dv
Y Jo,
dr >

then

lugo (0) > < (T2
For a pure harmonic oscillator

|ug,o (0)[/(T )33 = (4/Jm)(3)>* = 1.257,

while (4.19) gives 1.291, very close indeed.

We could continue this game with tighter and tighter
conditions, but it is only for some specific cases, like the
Coulomb potential and linear potential, that we can get opti-
mal results for the ground state wave function.

We turn now to lower bounds of ug,(0), i.e., to im-
provements of (4.1). We have obtained the following
theorem.

Theorem 4.5: If dV /dr>0 and if V(r) is in the set B for
a= B 1

lugo (0) 2> [8/3(1 + B 2T )3 (4.20)

In the special case ¥ = 7* we can take B, = 2 so that the
coefficient in (4.20) becomes §~0.889 not too far from the
upper bound.

Proof: We already said that the

X" =

(4.19)

f,(=kJ‘r’“3u2dr

form a Stieljes sequence. Now

o 2
udr 1
~—|u'(0)|% for €-0,
o r—¢ €
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so that
fo='O)].
So’

(o0 =fi< BIVPU)Y3 = (3)' 2y (0)]*3,  (4.21)

but from Ref. 1

(T)o.o <1+ 8) (r_2>o,o-

By combining (4.21) and (4.22) we get (4.20).

Theorem 4.6; The lower bound (4.1) can easily be gen-
eralized to arbitrary radial excitations in the form

1 1 4

u,(0)|?p——(T)32, if —>0.

|70 (0) | 4(n+1)< 35 dr>

Proof: The proofis a carbon copy of the one given in Ref.
5. We notice that if dV /dr > 0 it is still true that

o (NP <ur0 (O, (4.24)

because u'> + (E — V)u? is decreasing and hence u%(r) is
less than #'>(0) as long as E — V is positive, and, for
(E — V) <0, || decreases. Therefore, by calling r,,...,7, the
zeros of u,, and R,,...,R,  ; the maxima of |, ,|, we have

R/H—l Rp+l
J u'?dr<|u'(0) [f |u'|dr

Ry 172
= |u'(0)| [f 2|uu’|dr]

R, /a4y R, 174
<s/§|u'(0)|(f u’zdr) (f uzdr) .

4 3

(4.22)

(4.23)

(4.25)
Hence
R, 3 ry 3 @ 3
(J u'? dr) + U u'? dr) 4+ F (f u’ dr)
0 R, R,
<4Qu’(0)|“f u? dr. (4.26)
0

Then by using the fact that, for positive a’s,

a +a+ - +ay>/p)(a +a,+ 0 +a,)
we easily get (4.23).

Notice that for positive power potentials this lower
bound has the correct qualitative behavior for large n. For
instance, for a linear potential E(n,0) ~(T),,~n>3 so
that the lower bound is a positive constant for large n.
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The problem of the coexistence of symmetric periodic points of the standard map has been
investigated. First, it is shown that there is another reversibility in addition to the one already
known. The dominant axis of this reversibility is the remaining coordinate axis. Using these
reversibilities, simple recursion formulas that determine the positions of symmetric periodic
points have been derived. Second, bifurcation structures of symmetric periodic points from the
fixed point at the origin have been investigated. It is shown that periodic points bifurcate along
both the dominant axes of two reversibilities every time the rotation number of the fixed point
passes through a rational number. Third, the problem of the coexistence of symmetric periodic
points has been numerically investigated with the aid of the recursion formulas. A devil’s
staircase form of the evolution of the outermost Kolmogorov-Arnold-Moser (KAM) curve of

the fixed point with the change of the perturbation parameter is observed. This indicates that
bifurcated periodic points do not disappear by inverse bifurcation as long as they are in the

invariant region of the fixed point.

I. INTRODUCTION

In the present paper, we consider the problem of the
coexistence of symmetric periodic points for the standard
map' that is given by

T x,,,=x,+h6,) and 8, ., =0, +x,,,
(mod 1), (H
where
h(6,) = — (K /2m)sin 276,. (2)

The phase space of the map is a torus. We take the square
— 1 <6<}, —} <x<} as the fundamental domain of 7.

In the preceding paper,” we have shown that periodic
points are dense in the phase space of the map if the value of
the perturbation parameter K goes to infinity. Trivially, peri-
odic points are dense when the system is integrable at X = 0.
Then, it is natural to ask whether or not periodic points are
dense for the values of K in between. In the preceding paper,”
we have shown that periodic points of any (>2) period are
dense. In particular, we have shown that two-cycles lie on a
curve and that the curve itself densely fills the phase space.
On the other hand, in the integrable case, periodic points lie
on different lines and a countable number of lines densely fill
the phase space. The situation of the problem for 0 < K < o
is expected to be somewhere between the cases K =0 and
K- .

The purpose of the present paper is to investigate the
problem of the coexistence of periodic orbits on the coordi-
nate axes to obtain evidence of the denseness of the distribu-
tion of periodic points. Greene et al.” suggested that the sym-
metry axis is a preferred position of periodic points. This will
be proved in Sec. II1.

In Sec. II, we investigate the coexistence of periodic
points on the coordinate axes utilizing reversibility. It is
found that the standard map has another reversibility, in
addition to the one already known. This suggests that if peri-
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odic points are dense in one of the coordinate axes, then they
should be dense in the other. We derive recursion formulas
that determine the positions of symmetric periodic points.
These formulas turn out to be very useful.

In Sec. III, the structure of bifurcations of periodic
points from the origin is investigated. It is shown that period-
ic points bifurcate on the coordinate axes. This is strong evi-
dence that periodic points should be dense in the coordinate
axes.

In Sec. IV, the coexistence of periodic points is investi-
gated numerically. In particular, the evolution of the outer-
most KAM curve of the fixed point with the increase of the
perturbation parameter is investigated in relation to the sta-
bility of bifurcated periodic points. It is conjectured that bi-
furcated periodic points of even periods are unstable from
the beginning, while bifurcated periodic points of odd per-
iods become unstable after they get out of the invariant re-
gion of the fixed point. A devil’s staircase form of the evolu-
tion indicates that daughter periodic points of the fixed point
do not disappear with the increase of the value of K.

In the following sections, we denote the Gauss notation
by [ ]

Il. REVERSIBILITY AND PERIODIC POINTS ON THE
COORDINATE AXES

The standard map is reversible.** The map is written as
a product of two involutions

T =TI, (3)
with

W et S P

where 72 =712 =1 and det I, = det I, = — 1. The domi-
nant axes are @ = Oand @ = }, while the complementary axes
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are@=(x—1)/2,0=x/2,and 8= (x+1)/2.
The map has another reversibility. In fact, it can be writ-
ten as a product of two involutions

with

X —X x — x4+ h(6—x)
= = , 6
J‘[e] {G—x]’ JZ[o] [e— x+ho—nl @
where J2 =J2 = 1 and det J, = det J, = — 1. The matri-
ces J, and J, are explicitly given by

-1 0 —1—a a ]
J‘_[—l 1]’ Jz"[—z—a 1+al’ 7

with @ = h(8 — x)/(8 — x). The dominant and comple-
mentary axes of this reversibility are x=0 and
2x = h(8 — x), respectively. The latter changes form as the
parameter K changes. Actually, it is not a straight line. The
complementary axis together with other symmetry axes are
shown in Fig. 1 for several values of K.

We consider periodic points of the x and & axes, i.e., the
dominant axes of two reversibilities. Let us review important
properties of these points.>*

Property 1: A point P on the dominant axis is a fixed
point of 72" if and only if the point 7P is on the same
dominant axis.

Property 2: A point P on the dominant axis is a fixed
point of T2"*' if and only if the point 7"+ 'P is on the
corresponding complementary axis.

Periodic points having Property 1 or 2 are called sym-
metric. There are symmetric periodic points that have two
points on the complementary axis. We do not consider these
points.

Let us formulate the conditions for symmetric periodic
points. Let a sequence of points (x,,8,), (x,,6,), (x5,05), ...,

-0.5

o
o
a

-0.5

FIG. 1. The symmetry axes of the standard map. The dominant axes of the
first reversibility are the x axis and @ =} . The complementary axes are
0=(x—1)/2,86=x/2,and @ = (x + 1)/2. The dominant axis of the sec-
ond reversibility is the & axis. The complementary axis is given by
2x = — (K /27)sin 27(0 — x). This axis isshownfor K = 1, 2, 3, 4, and 5.
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be such that each point is an image of the preceding point
under the map. Suppose first that the point P = (x,,8,) ison
the x axis, i.e., 6, = 0. By Properties 1 and 2, the equalities
6,,, =m/2and 20, , — x, ., = m, respectively, are the
conditions of fixed points of 72" and T>"* . Here, m is an
arbitrary integer. Suppose next that the point P is on the 8
axis, i.e., x, =0. By Properties 1 and 2, the equalities
X,,,=m and 2x,,, —h(6,, , —x,,.,)=m, respec-
tively, are the conditions of fixed points of 72"and 72"+ 1.
Here, an integer m is arbitrary.
Let us define functions G, and H, (¢1) by

GZn =20n+1’

H2n =Xpi1

G2n+l =20n+2 —x,,+2,
H2n+1 =2'xn+2 _h(0n+2 _x,.+2)-
(8)

Then, the conditions for a fixed point of 77 on the x axis and
on the @ axis, respectively, become G,=m and H, =m,
where m is an arbitrary integer. With the aid of Eq. (1),
functions G, and H, can be expressed as

((g—1>/2]

G, =qx, + z

i=1

(q - 2l)h(0‘+ 1 );

q/2
z h(8,), foraneveng,
i=1

H, = 9

(g—1)/2

2 z h(6,) +h(6, 1)), foranoddg.

i=1
In the first equation of Eq. (9), 8, are functions of x,. In the
second equation, 8,,0,,..., are functions of 6,.
Functions G, and H_ are also given by recursion formu-
las as

Gl =X, G2=2x,
Gy =2Gy, — Gyy_y + h(Gy,/2), (10)
qu+2 =2G2q+l - qu,
and
H,=0, H,=h(0),
q
H2q+l=2H2q+h(0+zH2i)’ (11)
i=1

H2q+2 =H2q+l —qu’

where we omit suffixes of x and @ for brevity.

It is apparent that functions G, and H, are odd func-
tions of their arguments. Consequently, if a point (x,0) is a
periodic point then the point ( — x,0) is a periodic point of
the same period. The same is true for the 8 axis.

Double reversibilities give us more information on peri-
odic points.

Proposition: If the orbit of a point has points both on the
x and @ axes then the point is a periodic point of period
4n—2forn=2,3,....

Proof: Let P = (x,0) be a point on the x axis and suppose
that T"P is on the @ axis, i.e., P=I,Pand T"P = J,T"P.
Then, taking into account the relations T%I, = I,T ~* and
T, =J,T % for k=1, 2,., we obtain T?-'p

=J, TP =J,(x,x) = ( — x,0) = I,T>"~'P. Thus the point
P is a periodic point of period 4n — 2. A similar argument
applies to a point initially on the 8 axis. Q.E.D.
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ill. BIFURCATION OF PERIODIC POINTS FROM THE
ORIGIN

Let us consider the problem of bifurcation of periodic
points from the origin. According to Golubitsky and
Schaeffer,” in any bifurcation problem g(x,4), the number of
periodic points increases from one to three (when we in-
crease A) at a specific point (x,,4,) if the conditions

g=gx =gxx ~=g1. = 03 gxxxg}.x <0
are satisfied. In particular, if the inequalities

Exxx > O! 8ix < 0

are satisfied in addition, then the bifurcation problem is
equivalent to the normal form x* — Ax = O for the pitchfork
bifurcation.
Let us define functions @, and R, forg =1, 2, ..., by
G

q a q
, and R, (K) =
Ox lx=o a0 le—o

. (12)

Q,(K) =

Then, zeros of these functions are the points in the parameter
space of bifurcations of the fixed point of 77 (see Lemma 3 in
the following). The functions Q, are given recursively as

O=1 @=2
Q2q+1 =§(4_K)Q2q _qu_n
Qg +2 =205, 41 —qu, g=12 ...

The bifurcation structures of ths x and 9 axes are the
same. In fact, if we define functions R, by

§2q = —2R2q/K, R2q+1 = _R2q+l/K’

then these functions satisfy the same recursion formulas as
functions @, do. So we consider the functions @, in the fol-
lowing. These functions have interesting properties. Proofs
of the following lemmas are given in the Appendix.

Lemma 1: The function Q, (1<q) has [ (g — 1)/2] sim-
ple zeros in 0 <« K < 4.

Let us denote these zeros by K ;,K 55Ky (4 1),21 10
the ascending order.

Lemma 2: The number of different zeros of functions
05,Q4,...,Q, on the K axis (0 < K <4) is equal to the number
of fractions of the Farey sequence .# , of order g of the inter-
val (0,}). In addition, if X,, , <K, then n/m<n’'/m’ and
vice versa where K, =K. . ifandonlyif n/m =n'/m'.

Lemma 3: G, =G, =G,y =Gox =0, G, (.G xx
<O0forx =0and K =K_, (1<s<[(g — 1)/2]). Moreover,
G.xxx >0 and G 4, <O for an even s, and G,,,, <0 and
Gk, >0 for an odd s.

Thus even zeros of the function Q, correspond to pitch-
fork bifurcations in the sense of Golubitsky and Schaeffer.

Lemma 4: Zeros of the function Q, densely fill the inter-
val 0<K'<4 as g tends to infinity.

Let w be the rotation number around the fixed point. We
obtain the relation X = 2(1 — cos 27w) through the analy-
sis of linear stability of the fixed point at the origin. Every
time w takes a rational number, periodic points bifurcate
from the origin. Let K ¥, be the value of K when w = 5/g. We
confirmed numerically that K, and K J; coincide. Thus ev-
ery time when periodic points bifurcate from the origin,
some of them are always borne on the x and 6 axes. If ¢ is

(13)
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odd, four different periodic points bifurcate along the coor-
dinate axes. If g = 4n, two different periodic points bifur-
cate. If g = 4n — 2, only one periodic point bifurcates along
the coordinate axes. Due to the oddness of the functions G,
and H,, these bifurcated periodic points are symmetrically
located along the respective axes.

IV. NUMERICAL INVESTIGATIONS

Let us numerically investigate the problem of the coexis-
tence of symmetric periodic points of the x axis with the aid
of Eq. (10).

Let usintroduce the rotation number W along the 8 axis.
This is defined by

W=1lim (6,,, — 6,)/q.
g— o0

Let W_,,, be the rotation number of 2 periodic point satisfy-
ing G, = m. Then, we have W_,, = m/q from Eq. (8). Let
us introduce functions G ¥ by G ¥ = G,/q. Then, conditions
for periodic points become G} =m/q= W, ,. We have
G7(0) =0 and G¥(}) =} for all g>1. The value of the
function G J takes every rational number between 0 and § in
the interval 0<x<} as g— oo. It follows that the number of
periodic points on the x axis is at least equal to the number of
rational numbers between 0 and } irrespective of the value of
K. Figures 2(a) and 2(b) show the graph of the functions G,
and G} (¢ =31, 113, 197, 271, and 359) for K = 0.5.

Let G* be the limit (or one of the limits) of the func-
tions G ¥ as ¢— 0. Let us discuss briefly the relation between
the possible dense distribution of periodic points and the
form of the function G * . Periodic points are dense on the x
axis if the function G* is analytic, because a nonconstant
analytic function is not constant for a finite nonzero interval
and arguments for which the value of the function is rational
are dense in the domain of the definition of the function.
Thus periodic points are dense in the integrable case where
Gy =xforall g, and hence G¥ = x.

The function G* is not analytic as long as there is a
stable periodic point on the x axis. In fact, rotation numbers
of the bifurcated periodic points are equal to that of the
mother periodic point. Therefore, the amplitude of the oscil-
lations of the function G, is less than unity in the invariant
region. This means that the function G* is constant in the
interval corresponding to the invariant region. Thus the
function G* is not analytic for K > O because there are al-
ways stable periodic points. The step structure is seen in
Figs. 2(b) and 2(c). The limit function G* has a form of a
devil’s staircase. It is to be noted here that there is a possibil-
ity that the value of the function G * is equal to an irrational
number for a finite nonzero interval. In this case, there is no
periodic point in the step.

The sizes of invariant regions of periodic points decrease
as we increase K. They become infinitesimal in the limit of
K- oo (this is a consequence of the result of the preceding
paper?). The function G * becomes more and more oscilla-
tory as K increases. It becomes a nowhere differentiable
function in the limit since periodic points of period g for any
g>3 become dense. Figure 2(c) shows the graph of the func-
tion G ¥ (¢ = 359) for K = 1.0. It is seen that there are rapid
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FIG. 2. (a) Thefunctions G, (¢ = 31,113, 197,271, and 359) for K = 0.5. (b) The normalized functions G § for the same values of gand K asin (a). (c) The
normalized function G¥ (¢ = 359) for K= 1.0. (d) The normalized function G3 (¢ = 359) for X = 4.0.

oscillations with large amplitudes outside the invariant re-
gions of stable periodic points. In these regions, periodic
points are borne through tangent bifurcations and the num-
ber of periodic points increases rapidly. Figure 2(d) shows a
similar graph for X = 4.0. Almost all parts of the x axis ex-
cept the stable region around the origin are filled with rapid
oscillations.

Now, the step structures of functions GJ and G ¥, indi-
cate that the bifurcation structures of the periodic points
which exist down to the integrable case are similar to that of
the fixed point at the origin. This suggests that if the periodic
points are dense in the stable region of the fixed point at the
origin, then they should be dense in the other stable region.
So, as a representative case, we numerically calculate the
position of periodic points in the invariant region of the fixed
point in the following.

Let us numerically determine the position of the outer-
most KAM curve of the fixed point at the origin. Let x, be

611 J. Math. Phys., Vol. 30, No. 3, March 1989

the smallest positive value of x at which the absolute value of
the function G, becomes unity. Then, we have a simple prop-
erty.

Proposition: x, , , <x, for ¢>3.

Proof: We shall prove the inequality by induction on g.
For g = 3, one can easily confirm the inequality. We assume
that the proposition is true for ¢ = 3, 4,..., n — 1. We have

Gn+1(xn) =2G,,(X,,) _Gn———l(xn) +”(Gn(xn)/2)
= :tz“G,,_l(X"),
for an even n, and
Gn+1(xn) =2Gn(xn) _Gn——l(xn)
= :tz_Gn—l(xn)p

for an odd n. In both the cases, the absolute value of the
function G, , , at x, is greater than unity because the abso-
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FIG. 3. Convergence of x, against ¢ (7<g<1000) for K = 1. The value x, is
the first x at which the absolute value of the function G, becomes unity.

lute value of G,_, is smaller than unity by assump-
tion. Q.E.D.

A periodic point at x, has the rotation number + 1/gor
— 1/g and is clearly outside the invariant region of the fixed
point at the origin whose rotation number is zero. The se-
quence {xq} is a decreasing sequence, hence it converges.
Let x, ; be the limit. Let x¢ o) be the position of the outer-
most KAM curve on the positive x axis. Then, we have
Xg am <X, ;. There is no proof that xg sps = x,, .. However, it
is highly probable that this equality holds. We assume that
this equality holds.

We determined x, , approximately. Figure 3 shows the
value of x, against ¢ (7<¢<1000) for K = 1. Figure 4 shows
the overall convergence of the approximate outermost

FIG. 4. Convergence of approximate outermost KAM curves. The values
x, are plotted against X for ¢ = 100, 200, 400, 600, 800, and 1000. Charac-
teristics of periodic orbits starting at K, (g =3, 4, ..., 15) are plotted for
reference.

KAM curves (they start at the origin). We plotted x,
against K for ¢ = 100, 200, 400, 600, 800, and 1000. Charac-
teristics of periodic points starting at K, (¢=3,4, .., 15)
are plotted for reference. It is apparent that the convergence
is along the characteristics. For this reason, our conclusion
that follows that will not be so much affected by the badness
of the convergence.

The result is shown in Fig. 5. In this figure, characteris-
tics of periodic points startingat K, | (¢ = 3,4, ..., 15), those
starting at Kq_2 (¢ =5,7,9, 11,13, 15), and those starting at
K,; (g=17,8,10, 11, 13, 14), are plotted. Characteristics

0.5 1 I L
047 -('f'f’f.' -r'f'!'"'f ":_.f._f
e €T b et R FIG. 5. Approximate outermost
RS RN ’ KAM curve. Also plotted are char-
PR acteristics of periodic orbits starting
0.3+ 3 I L :', AR atK,, (g=23,4,..,15), thosestart-
L T ingat K, (§=5,7,9, 11, 13, 15),
>< and those starting at K, (¢=17, 8,
10, 11, 13, 14). Characteristics are
0.2+ L drawn with a solid line if the corre-
sponding periodic points are stable,
while they are drawn with a dotted
line if unstable.
0.1+ L
0.0 T T T /
0.0 1.0 2.0 3.0 4.0
<
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are drawn as solid lines if the corresponding periodic points
are stable, while they are drawn as dotted lines if they are
unstable. The curve starting at the origin is the approximate
outermost KAM curve. We note sudden contractions and
gradual expansions of the outermost KAM curve with the
increase of K. These are closely related to the stability of
periodic points. Each sudden contraction occurs when a sta-
ble daughter periodic point together with all its bifurcated
points gets out of the invariant region. The length of contrac-
tion indicates the scale of the territory of the periodic point.
Gradual expansions are related to general outward move-
ments of periodic points.

In our calculation, periodic points of even periods are
unstable from the beginning, while those of odd periods are
stable even after they get out of the outermost KAM curve.
A deformed devil’s staircase evolution of the outermost
KAM curve with the increasing perturbation parameter K
indicates that this property should hold for higher periodic
points. Here we conjecture that periodic points of even per-
iods are unstable from the beginning and that periodic points
of odd periods become unstable after they get out of the out-
ermost KAM curve. Numerical calculations show that the
residue® of a periodic point of a higher odd period remains
positive and close to zero until its characteristic approaches
the outermost KAM curve and that the residue quickly in-
creases when the characteristic crosses the outermost KAM
curve. This means that the stability of this kind of periodic
point is almost neutral and invariant regions around them
are small. Thus even a dense distribution of stable periodic
points in a finite interval is possible if the residue tends to
zera as the period tends to infinity.

A devil’s staircase form of the evolution of the outer-
most KAM curve also suggests that daughter periodic
points bifurcated from the origin do not disappear by inverse
bifurcation as long as they are in the invariant region.

APPENDIX: PROOFS OF LEMMAS OF SEC. Iil

For the proofs of the Lemmas, let us give a series of
properties of the functions Q, .

Proposition 1: (a) Functions Q, are polynomials of or-
der [ (g — 1)/2] in K. (b) Coefficients of the highest-order
terms of functions Q, are — 1, — 2, 1, and 2, respectively,
for g=4n—1, 4n, 4n+1, 4n+2. (¢) Qu_3>0,
Qig-2>0,0,, ,<0,and @, , <OforK>4andg=1,2,....
(d) @, =qfor K=0.

Proposition  2: (a) Q.1 =@ 1Qag-n+1
=3 Qi1 + Do 1)Qyy_p fori=12,..,4-1,(b) 0,
=0 1@y i — Q@ i fori=12,..,4q

The proofs of the above two propositions are easy, so we
omit them. Lemma 1 is a direct consequence of Proposition
1(a) and Proposition 3(a) that follows.

Proposition 3: (a) Functions 9, 9=1,2, .., have
{(g —1)/2] zerosin 0 < K < 4. (b) There are the following
relations among zeros K, K5, ..., K, ((4_ 1,2, of functions
g, forg=3,4..:K,, ,, <K, ;<K <K, ,,,, for
i=1,2,.. [(g—1)/2] and for an odd g. If ¢ is even, we
have in addition K, 54+ 1,21 <Ky 4 1,1+ 1y2)-

Proof: We shall prove (a) and (b) at the same time. Let
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us put ¢ =2k — 1, 2k, 2k + 1, 2k + 2. The proof proceeds
by induction on the number k. It is easily confirmed that our
assertion is true for k = 2. We assume that the assertion is
true for k = n, and shall show that the assertion is also true
fork=n+1.

From Proposition 1(a) and the induction hypothesis,
zeros of the functions @,, ., and @, . ; are all simple. The
proofs in the following are almost the same for even and odd
n, so we assume n as even. Then, we obtain the following
estimates of the function Q,,, | ;:

Q2n+3(0) =21+ 350,

@on3(Kanizi) = — Qrain (K3ns21) <0,

Q2n+3(K2n+1,l )= 5(4_K2n+|,1)
XQ2n+2(Kz,.+1,1)<0,

Q2n+3(K2n+2,2) = ‘an+1 (K2n+2,2)>0,

Q2n+3(K2n+l,n—l) =%(4_K2n+1,n—1)

XQ2n+2(K2n+1,n_1)<07
Q2n+3(K2n+2,n) = -Q2n+1 (K2n+2,n)>0’
Q2n+3(K2n+1,n) =£(4—Kzn+1,n)

XQ2n+2(KZn+ ],n)>0’
Q.. +3(4) <0

Therefore, the function ,,, , 5 has one simple zero in each of
the n+ 1 intervals (0,K,,,,,), (Kuppy1.1:Kzni22)s s
Ky it 13K 2.0 )5 (Kay 1 0-4), since the function is of
order #n + 1 in K by Proposition 1(a). If we denote these

zeros in the ascending order by

KZn + 3,1 K2n + 3,23 o0 K2n +3n+1>
then we have the following inequalities:
Koy <Kopy2i <Koy 1<Ky, o 3419 fori=12,..,n.

Similarly we obtain the following estimates of the func-
tion @, , 4:

Q>0 +4(0) =2n+4>0,

Qon+a(Kypy31)= —Copyn (Kzn431) <0,

s a(Kspy21) =205, (K, 211 <0,

Qons s (Koni32) = — oy 2(K30 4 52)>0,

v a(Kspyany) =2Q2n+3(K2n+2,n—l)<o’
Q2n+4(K2n+3,n) = - an+z(Kz,.+3,,.)>0,
Q2n+4(K2n+2.n) = 2Q2n+3(K2,,+z,")>0,

Qony s (Konysny1) = —Qony 2 Koy 3041) <0,

By a similar reasoning as above, the function Q,,, , , has one
simple zero in each of the n 4+ 1 intervals (0,X,, ),

(K2n + 2,1 ’K2n + 3,2 )’ ats (Kbx +2n—1 ’KZn + 3,1 )’ (KZn + 2,19
K, | 3.+ 1) If wedenote these zeros in the ascending order
as

KZn + 4,1 Kln + 4,2 oo K

* 2n+4,n+ 13

then we have the following inequalities:
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KZn +4,i <K2n +3. <K2n+2,i <K2,, APt 19 fori=1,2,...,n,

and

Koy iani1 <Kpnyansr-

QE.D.

Proposition 4: Take a positive integer m = rn, where r>3
is a prime number and 7> 1 aninteger. Then the function Q,,
has Q, as a factor.

We omit the proof.

Let us introduce notations for convenience. Let ¥ ¥ be
the set of all the fractions constructed by two suffixes of the
zeros of the functions @, for 3<n<q. If we identify elements
of F b that have the same value, then we obtain the Farey
sequence ¥ , of order ¢ in the interval (0,}). Let %"} be the
set of all zeros of the functions @, for 3<n<gq.

Proof of Lemma 2: We shall prove that for any n/m
n'/m'e¥ %, we have

n/m=n/m <K, , =Ky,

n/m<n'm &K, ,<K, ..

The proof proceeds by induction on g. It is easily confirmed
that our assertion is true for ¢ = 3, 4, 5, and 6. We assume
that Lemma 2 is true for 4 = & and shall show that it is true
for ¢ = k + 1. In order to do this, it is enough to show that
the required relations are true among any fraction n/m of
the set ¥, , — 7 ¥ and any fraction n'/m’ of the set # }.

Let us first consider two extreme cases. Let n/m = 1/
(k+ 1). We have n/m < n'/m’ for any n'/m’e *. On the
other hand, by Proposition 3, the zero K, , , , is the smallest
elementin ¥, . Therefore, Lemma 2 is true for this n/m.
Next, let n/m = [k/2]1/(k + 1) when k+ 1 is odd. We
have n'/m’ < n/m for any n'/m’e% *. On the other hand, by
Proposition 3, the zero K, , ; 4, is the largest element in
K%, 1. Therefore, Lemma 2 is true for this n/m.

In general, let n/m =i/(k + 1) with 1 <i< [k /2] if
k + 1is odd, and with 1 <i<[k /2] if K + 1 is even. Let

i/(k+1)=s/r,
where the fraction s,/r; is irreducible. Let us take three
successive fractions n;/m;, s,/r;, and n!/m! of & . , con-
taining s,/r; at the middle. Evidently two fractions n;/m],
and n?/m, are the elements of & ,.

We shall show in the following that the function Q, , ,
has one zero in each interval (X, , ,K,.- - ). It is evident
from the definition of the intervals and relations among ze-
ros of the function Q, , , that this zero is equal to K  , ;.
This shows that the proposition is true for g = k£ + 1. In the
following, we omit the suffix / of r,, s;, etc., for brevity.

Consider the case when the fraction i/(k 4 1) is irredu-
cible. Then, we have

i—1 n' i s n" i
k——1<m’ <k-}—l —r<m"<k'
By the hypothesis of induction, Propositions 3 and 4, we
have Ki 1 <K, <Kpi K11 <Ki 1, <Ky, and
Qi1 (K, ;) =0, respectively. Combining these results, we
obtain K, , ,, =K, .

Consider the case when the fraction i/ (k + 1) is reduc-
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ible and k + 1 is even. The fractions n’/m’ and n”/m" are
irreducible by definition. Hence both the integers m’,m" are
odd, while one of the integers n’ and n” is odd and the other is
even. From Proposition 2 and the property of the Farey se-
quence, we obtain

Ok +1 (Ko ) 41 (K r)
= - Qm’ +1 (Km’.n' )Qm" (Km’,n’ )
XQm' (Km",n" )Qm" -1 (Km",n” )

In general, the function Qq (X)) intersects the K axis at K,
from below with increasing K if the second suffix 7 of K, is
even, while it intersects the K axis from above if r is odd.
Then, we have Q,,,(K,.)>0, @, (K, .)>0,
Q. (Ko wr)>0,and @, _ (K- ,-)>0if n'isevenand n”
is odd, while @, . ,(K,.,)<0, @, (K,.,)<0,
Q. (K,-p-)<0,and Q.- _,(K,- ) <0ifn isodd and n”
is even. In any case, we have
Oii1 (K, )01 (K- ) <0, which means that the
function @, , | has a zero in the interval (K, . ,K,.- .- ).
Consider the case when the fraction i/ (k + 1) is reduc-
ible and k + 1 is odd. Then, there are four cases to be consid-
ered: (m',m",n’, n") = (0dd, even, odd, odd), (odd, even,
even, odd), (even, odd, odd, odd), and (even, odd, odd,
even). In any of these cases, we obtain @, (X, )
Qi1 (K, - ) <0 Q.E.D.
For the proof of Lemma 3, let us introduce notations.
Let
_ ad 2Gq _ 9°G,
T 9K ieo T O lioo
Then, these functions satisfy the following recursion formu-
las:

T,=0, T,=0,

Tyrr1 =4—KT,,2—T,,_, —Qy,/2,
T2q+2 =2Tzq+l - qu’
U=0 U,=0,
Uyyor = (4_K)U2q/2 — Uy — (ﬂlK/z)Q;"’

g=12,.,

U2q+2 = 2U2q+l - UZq) g=12,..
Proposition 5:

1\ lta 2]
T,= _(7) i;l Q,—2:Ca

7K\ a2
0.-(55) 2

We can readily prove the above proposition by induc-
tion on the suffix g, so we omit it.

Proposition 6: The inequality U, T, <0 holds for each
K, (1<s<[(g — 1)/2]). Moreover, we have U, >0, T, <0
if sis even, and U, <0, T, > 0 if s is odd.

Proof: 1t is enough to show that the following inequal-
ities hold for each term in the expression of the function 7,:

Q, 202>0at K=K, foranodds,
0, 21Q2;<0atK =K, foranevens,

where the strict inequality holds for at least one 7.
Let us consider the case when the integers ¢ — 2/ and 2{

Qq—Zngi’ for q= 3,4,...

i=1
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are mutually prime. Then, the function Q, ,Q,; has
[(g — 1)/2] — 1 simple zeros. Let us denote these zeros in
the ascending order by K, K, ..., K;,_1,/2;-1- From
Lemma 2, we see that the inequalities K, <K; <K,
< oo <Kiq_1y21 -1 <Ky1(g— 17,2 hold. These inequalities
with Q, _,,(0)Q,;(0) ensure the required inequalities.

Next, consider the case when the integers ¢ — 2/ and 2i
are mutually not prime. Let & be the greatest common factor
of the integers ¢ — 2 and 2i. Then, the function @, ,,@,;
has [(k — 1)/2] double zeros X, ;, K, ,, ..., Kijx_1)20
and the remaining [(¢ — 1)/2] — [(k —1)/2] — 1 simple
zeros. The double zeros of the function Q, _ ,, @, are also the
zeros of the function @, since the integer k is a factor of . At
each of these zeros, the function @, _,,Q,, is tangent to the K
axis. If we consider that a point K ; belongs to both intervals
of the form [K,,,K,, ;] which contain the point K, ; as a
terminal, then each zero of the function Q, ,,Q,; are con-
tained in each interval [K,,K,,, ], as is easily confirm-
ed. Q.E.D.

Proof of Lemma 3: From the oddness of the function G,
the properties G, =G x =0 for x=0 and K=K
(1<s<[(g — 1)/2])directly follow.” Clearly, G, = G, =0
forx=0and K=K, (1<s<[(g — 1)/2]). Q.E.D.

Proposition 7: (a) The intersection points of the func-
tions Q,, , , and Q,, are odd zeros of the function @, , , 1, -
(b) The intersection points of the functions @,, and Q,, _,
are odd zeros of the function Q,, _,,. (¢) The intersection
points of the functions Q,,,, , , and @,,, ., (m > n) areeither
odd zeros of the function @, ,,, , ,, , 1, or zeros of the function
Q.. _ »- (d) The intersection points of the functions Q,,, and
0., (m>n) ar either odd zeros of the functioin Q,,, . », Or
zeros of the function @, _ .

Proof: Let us define functions @, for g<0by ), = 0 and
Q_,= —0,(g=1,2,..). Then, the functions Q, satisfy
relations in Proposition 2 for all integers g. We use these
extended relations. The proofs of the issues (a) and (b) are
easy. We shall prove only the issue (c) for brevity.

By Proposition 2, we have Q)i ns1y = Cmintn
(@riniz2—Qmin) Thus a zero of the function
OQs(m+n+1y 18 @ zero of either the function Q,,, .., or
Qriinir — @ » Onthe other hand, we can easily prove
equalities Q,, , ,, 2+ ; =@m+n_; (j=0,1,...) by induc-
tion on j using the above extended relations if the relation
Qs ni2 = Q. » holds. Therefore, odd zeros of the func-
tion @,,, . »4 1, are zeros of the function Q,,,, ;, — @s, . 1.

By Proposition 2, wehave @, _ .y =@ o (@i iy s
— @,._._1). Thus a zero of the function Q,,,, _ ,, is a zero
of either the function Q,, _,0orQ, _,., —@n_n_1.On
the other hand, we can easily prove equalities Q,, _,, ;
= —Q._,_; (j=1,2,..) by induction on j using the
above extended relations if the relation @, _, =0 holds.
Therefore, zeros of the function Q,, _, are zeros of the func-
tion Q. .1 — Qnss-

The number of relevant zeros of the functions
Qrim+ns1yand@,, _, arem — 1, while the number of zeros
of the function Q,,, . | — @,, ., isat most m — 1, except for
the trivial zero at K = 4. Therefore, the proof is completed if
the number of relevant zeros of the functions @, .+ 1
and Q,, , are all distinct. In the case when the zeros of the
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functions Q,.,,, . and Q,_, coincide, the function
Q21 — @2, 11 has a double zero at this point, i.e., the
derivative 7,,,, — 7,,, vanishes, as is easily confir-
med. Q.E.D.

Proposition 8: We have K,, -0 and K, , ,,—4 as
g— .

Proof: The sequence {K, } converges. Let K, be the
limit. We observe that the relations Q,, >¢+ 1 (g =2, 3,
... ) hold for K<K,,. Since the function Q,, is a polynomial in
Kwith K, asafirst zero and Q,, (0) > 0, the function itself
and the absolute value of its derivative decrease in the inter-
val [0,K,,,]. This means K,,, >2K, which implies
K,=0.

The second relation can be shown in a similar man-
ner. Q.E.D.

Proposition 9: Any zero K, of the function Q, are the
limit of any sequence {K, ,} suffixed by a sequence of frac-
tions {n/m} C .7 * that converges to the fraction s/q.

Proof: Take monotone sequences {K,, ., _ .} and
{Kyns + 1} and let the limits be K, and K,. Evidently we
have K,<K,  <K;. We shall show that the relations
K, =K, = K, hold, which prove the Proposition.

Let us give several properties of the functions @, with-
out proof. These can be verified easily with the aid of Propo-
sition 7.

(1)0< @y <@y < o <Qipg < ... forK <K<K,
0>05,>04> .. >0y, > ... for Ke<K <K, ;

(2) Qan+2 >0’ Qan+1 >0’ Q2nq—l <0’ Qan—Z <0’

and Qan+ 2> Qan+ 1> Q2nq > Q2nq— 1> Qan—Z

for Ko< K<K;
(3) Q2q+2>Q2nq>Q2q_2 forKo<K<K1;
(4) Q2nq+l = - Qan—l = 1

and Q2nq+2 = - Q2nq—2 =zatK=Kq's.

Byissue (3), thesequence {Q,,, } converges in the inter-
val [K,,K,] though the convergence is not necessarily uni-
form. We obtain

Q2nq+ 1 — Qan— 1= Q4nq/Q2nq —lasn— o,
in the interval except at K = K ;. We have @,,,_, —»0 and
hence @,,,, . | — 1 as n— w if we approach the point X, from
inside the interval [K;,K,]. Therefore, we obtain the esti-
mate Q,,, . (K;)>1— 4 for sufficiently large » and any
6> 0. Moreover, since the function Q,,, , , is a polynomial
of order nq and has nq simple zeros, we have the estimates

Qz,.q+ 1 (K) >min{Q2nq+ 1 (Kq,s)’Qan-t- 1 (Kl)}> 1 - 6

in the interval [ K ,K, ] for a sufficiently large n. For this »,
we have Q,,,_; > — & in the interval (K,....K;]. Then,
the function Q,,, _ , has two points of inflection in the inter-
val (K, ,K,,_ 120 ), ODe in the neighborhood of X, and
the other in the neighborhood of X,,, _ , ,,,, since the func-
tion is of finite amplitude as seen from the proof of Proposi-
tion 6. This contradicts the fact that the function Q,,, _, isa
polynomial which has as much zeros as its order. Therefore,
we have K| = K ;. The equality K, = K, is obtained simi-
larly. Q.E.D.
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Proof of Lemma 4: Take any point K * (0 < K * < 4). By
Proposition 8, there exist integers g, and i, for which
K, . <K*<K, ... Letusfixsuch g, and i,. By Lemma 2,

we have
KZQ(»Z"() = qu)-il) < qu(;v2i1> +1 < K‘Iu»"u +1 = K2q|)r2i() +2
Let {;=2i+1 if K, 4, .1 <K* while i =2i if
K, 2,+1>K* Then, we obtain the inequality
K,,.i. <K*<K, i + - Inasimilar manner, let us define inte-
gers i,, n=2, 3, ..., so as to satisfy the inequalities
*
KZ"q‘,,i,, <k <K2"qmin +1°

The sequences {K oy }and {K vgd 1
and hence converge. Similarly, the sequences {i,/2"g,} and

} are monotone,
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{(i, + 1)/27¢,} converge to a limit. By Proposition 9, we
obtain |K 0 as |i,/2gq

2"goip -
— (i, + 1)/2%gy| 0. Q.ED.

2%guin + 1 |-
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The general form of a Lagrangian concomitant of a metric and a curvature form is found,

improving substantially a previous result.

1. INTRODUCTION
In gauge field theories, Lagrangians of the form'
L=L(guF5) (1)

are considered to obtain, through the use of variational prin-
ciples, the field equations for a gauge theory. To establish the
uniqueness of such equations, it is important to know the
general form of Lagrangians of the type (1). Since L /+gisa
scalar, it is enough to find all scalar concomitants of such
objects. In a previous paper? we have proved that it must be

L(gy;F3) =g fPC P e=tr,yer), (2)
where
¢°F = FAIFP,, ff = FOU*FF,, (3)

¢a/97’ — FaijFthFyki’
and where
AP = ﬂyhkFahk = (1/2\/§)EijhkFahk~

Now, expression (2) is hard to handle because of the
presence of the terms (4). In this paper we will prove that
they can be removed from (2), obtaining an expression very
similar to the one obtained in the electromagnetic case.’
Since the latter was essential for solving the equivariant in-
verse problem, and so for proving the uniqueness of the Max-
well equations,® the result in the present paper could be use-
ful for proving the uniqueness of the Yang-Mills equations,
which will be the subject of a forthcoming paper.

Y = FUFO, AF™, (4)

ll. GENERAL FORM OF THE LAGRANGIAN

Dividing or multiplying by Vg we turn densities to sca-
lars and vice versa. So we can consider L given by (1) asa
scalar. In this case, the invariance identities® are

L%, + LgF5, =0, (3

where L * = gL /3g,,, L & = L /JF ¢,. Since g,,, is nonsin-
gular, we deduce

L»= — LYF5g™. (6)

Let us suppose for the moment that the Lie group G is
three dimensional. Then, as we proved in Ref. 2, the skew-
symmetric gauge tensor L %' can be written as

L% =a,zFP + b *F5, @)
where a4 and b4 are gauge invariant scalar concomitants
of g; and F§. In the next step we will prove that they are
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symmetric in their greek indices, i.., a,5 = Gg,,b,5 = bg,-
To achieve this, we replace (7) in (6) to obtain

L% = —a, ,FPF, b *FPF, (8)

Taking account of the symmetry of L * in b, 5, we have
from (8),

a,aﬁFBthasx + baﬂ(*Fﬁb'Fast _ ‘FBSIFabt) — 0’ (9)
wherea' ,; = a,5 — a,5. Multiplying (9) by — F}, wehave
@ 5% + 2b,597*F = 0, (10)

where %7 and ¢"* are given by (4). It can be proved easily
that ¢*#" is skew symmetric in all of its indices, so that (10)
can be rewritten as

a'aﬁ¢aﬂr +b 'aﬁ"/’aﬁr =0,
where b’z = b,z — bg,.

Similarly, by multiplying (9) by — *F7,, we obtain

@ g™ — b 5™ = 0. (12)

Now, since dim G = 3, and from the skew symmetry of
%" and ¥*#", we have

¢aBr =A Eaﬁr, ¢aﬁr — ,us"ﬁ", (13)

where A and  are scalar concomitants of g; and F' ;. Replac-
ing (13) in (11) and (12) gives us

(11)

e[ a'ogh +b'opu] =0, (14)
and

e[ @yt — b'gA ] =0. (15)

Taking ¥ = 3 in (14) and (15) it follows that

Ad’, +ub', =0, (16)
and

pa', —Ab', =0. aan

Since the determinant of the system given by (16) and
(17)is — (A% + u?) #0, we have

a'y,=5b',=0. (18)

Similarly, taking y =2 and ¥ =1 in (14) and (15) it
follows that

a'3=>b"33=dp;3=>b";3=0. (19)

From (18) and (19) we obtain the claimed symmetry of
a,sand b_,.

Now, we are in position to prove that L depends only on
#°# and ¥, To obtain this let us suppose
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#°® = const, ¥ = const. (20)
Then
a¢aﬁ a¢aﬁ
0=d¢*?=—"—dg, + —dF?
¢ gy 8y %) S
[— [FaikFBkj+ FaijBki]dg,'j
+ FAdFg + F¥ dFY%. (21)
Similarly

0=dy*= —igPdg, + *FP¥dF; + *FYdF5. (22)
Then
dL=L%dg, +L%dF§ =L%(—F%g*dg, +dFg)
= (A gFP" + b,z*F?")( — F2g” dg,, +dF},)
= —Ja(FP"F*, 4 F°"F*,)dg,,
+la 5 (FP dF g, + F** dF%,)
— Jbg (*FPUF e, 4 *FYFF )dg,
+ Jbos (*FP" dF g, + *F°* dF¥§,)
=la,p[ — (F# F* + F*, F%)dg,
+ FPidF$ + F* dF¥
+3bog[ — (*FF F* 4 *F=, F%)dg,
+ *FPidFe + *FdFf]. (23)

Now, the first term in the right-hand side of (23) is zero
because of (21), and the second term is zero because of (22)
and the identity

*Fﬁikpajk + *FaikFBjk = %gij'/,aﬂ’
which is easy to prove.

In summary, we have obtained that L is a constant when
#°° and ¢ are also constant. Then, when the Lie group is

three dimensional we have proved that there is a function fof
real variables such that

L = fl¢**y*). (24)

Let us suppose now that dim G'> 3. Then we have the
result (2) from Ref. 2. But, for each a, B, ¥ fixed, ¢**" and
¥*#7 are scalar concomitants of a metric tensor and three
skew-symmetric tensors, namely, F7,F g,F 7, and so they
can be written in the form (24). So the result is also true
when dim G > 3.

Ifdim G=2,1i.e.,

ijs
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let F Z be an auxiliary and arbitrary skew-symmetric tensor.
We can write
L.F2. F,?j ),

L = L(gF 3 Fy;
with AL /9F }, = 0. Then from (24)
L=f(¢"%¢) (1<a,B<3).
Differentiating (25) with respect to F'}; we have

(25)

_ O pui, O pou I pyi, O i
O——%TFI +';9FF" +2wF1 +a—'pl;*Fl"
T I+
+ = *F¥ L ) T
eV gt t >
Since F!, F2,F3 *F1, *F2 *F3arelinearly independent
in a dense subset of the set of the concomitance variables,
then

I _ ¥ _o (1<a<3)
a¢a3 a'/laié

and so

L =h(¢%¢*) (1<a,8<2).

In summary, taking account that (2) and (7) are valid
in a dense subset of the set of the concomitance variables, we
have proved the following theorem.

Theorem: If L = L(g;;F7) is a scalar density, then
there is a function f of real variables such that

L =g fl¢*%9®),
in a dense subset of the set of the concomitance variables,
where ¢°2,3*# are shown in Eq. (3).

Remark: The result in the theorem is not true in general
for the whole set of concomitance variables. Otherwise, ev-
ery scalar density would be an even function of F,...,F", and
#°?" is a counterexample.

'As for any gauge field theory, we are working in a manifold M endowed
with the metric tensor g; and with a G-principal fiber bundle P with base
space M. The F'§; are the coefficients of o* Fiin some basis of the Lie algebra
LG of G, where o UC M — Pis a local section and Fis the curvature form.
See S. Kobayashi and K. Nomizu, Foundations of Differential Geometry
(Wiley-Interscience, New York, 1963), Vol. 1.
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The possible set of inequivalent Lorentz structures on an open, connected, spin four-manifold
M is investigated. Using the Steenrod correspondence between Lorentz metrics and tangent
line bundles, the family of all homotopy classes of possible Lorentz structures on M is
obtained. This approach allows one to distinguish explicitly between time-orientable and time-
nonorientable Lorentzian metrics. Moreover, it is shown that any two inequivalent, time-
orientable Lorentzian structures that correspond to generators of the torsionless part of
H,(M, Z) can be related to each other by using a Morse function with one nondegenerate
critical point of index 1 which describes a surgery of type (1,3) in some decomposition of

M=Uz,U.

!

I. INTRODUCTION

Usually we assume that space-time M is a connected,
open, differential four-manifold that carries a Lorentzian
metric and its associated affine connection and admits a spin
structure (i.e., its second Stiefel-Whitney class vanishes).

However, although the notions of differentiable mani-
fold and diffeomorphism go back at least to Poincaré’s paper
“Analysic situs,”' a fundamental problem of differential to-
pology, namely, the diffeomorphic classification of mani-
folds, is not completely solved. Even though the theory of
numerical and algebraic invariants, which can distinguish
many nondiffeomorphic manifolds, has developed consider-
ably, the simplest problem posed by Poincaré, *“Is a three-
manifold which is closed and simply connected diffeomor-
phic to the three-sphere?,” has not been answered even now.
The understanding of four-manifolds is also not complete;
we know by a classical theorem of Markov? that the classifi-
cation of noncompact four-manifolds up to diffeomorphism
is impossible. Moreover, Freedman and Donaldson have
shown recently® that smooth four-manifolds behave in some
respects radically different from higher-dimensional mani-
folds. The most important example of this behavior is the
existence of exotic smooth structures on R*. In other words,
there exist smooth manifolds, like the Donaldson-Freed-
man R* that are homeomorphic to R*, but not diffeomor-
phic to it. (It is a standard fact that, for n4, exotic R"’s
cannot exist.)

Under these circumstances the classification of all possi-
ble Lorentzian structures on a given four-manifold M is per-
haps the easiest problem of space-time geometry. In 1959,
Finkelstein and Misner classified the Lorentzian metrics of a
space-time manifold M that admits a globally hyperbolic
splitting M = .5 X R with compactification of S equal to S°
(Ref. 4). In this case the homotopy classes of time-orienta-
ble Lorentzian structures on M are given by I1,(RP3) =Z.
As a matter of fact, for such manifolds, all Lorentzian struc-
tures have to be time orientable. The case of a more general
manifold M was considered by Shastri ez a/. They investigat-
ed the homotopy classes of maps [ M, RP?] in the case when
a parallelizable four-manifold M is a bundle space with a
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closed, connected, orientable three-manifold S as a base.
(We will use the notation [, -] for the set of homotopy
classes of maps.) Now, when we fix a global section s of the
bundle LM of linear frames over M then the set
[M, RP?] =[S, RP?] numerates the homotopy classes of
Lorentzian structures on M. Namely, let s: M— LM deter-
mine a global trivialization of the bundle LM, i.e.,

LM&SM X GL(4, R). Let g denote the Lorentz structure of
M related to s, i.e, g=trivial section of the bundle
M X GL(4,R)mod SO(3,1). Because any other section of
M X GL(4,R)mod SO(3,1) also determines a Lorentzian
structure of M, the homotopy classes of these sections are
given exactly by [S, RP>] [RP?is homotopically equivalent
to GL(4, R)/SO(3, 1)]. This set was investigated by the
above-mentioned authors in Ref. 5. They use the beautiful
and powerful formalism of Postnikov systems and Steenrod
squaring operations and they have obtained very remarkable
results.

In this paper we present a rather easy approach. Qur
starting point is the famous Steenrod theorem on the corre-
spondence between Lorentz structures and tangent line bun-
dles® and the fact that all Riemannian structures on M are
homotopic to each other. It allows us to obtain all homotopy
classes of Lorentz structures in the general case of an open,
connected, spin four-manifold M. Moreover, in this ap-
proach, we can immediately distinguish which “kinks” (i.e.,
which homotopy classes of Lorentz metrics) correspond to
time-orientable structures and which to time-nonorientable
ones. Our result is that the set of all homotopy classes of
Lorentzian structures on M is given by H (M, Z)
X H'(M, Z,). Any Lorentzian metric related to a nontrivial
component of H ' (M ,Z,) cannot be time orientable. For the
case considered by Shastri et al., we get, in number, the same
result. However, there is some difference. In Ref. 5 the au-
thors obtain, in addition, a group structure for the set of the
homotopy classes of Lorentzian metrics. Namely, they con-
sider the short exact sequence of groups

k
0—[8,8%] - [SRP?] = [S,RP =] 0. (1.1)
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Now time-orientable structures correspond to the image of
k. Toillustrate this situation, let us consider the case when M
is given by R-fibration over RP>. We have H (M, Z)
XM'(M,Z,) =Z0Z, whereas [RP? RP31=2Z. Al
though these sets look different there is one to one corre-
spondence between their elements, namely, Z in the former
relation corresponds to Im k and Z, corresponds to Im u.
Generally, for any space-time manifold M admitting a com-
pact Cauchy surface (i.e., admitting a global hyperbolic
splitting M = § XR) the Shastri et al. result is, in some
sense, more deep (just because it also defines a group struc-
ture of the set of classes of Lorentzian metrics) and our
method has only a supplementary character. The reason for
this is that the one-point compactification M * = (S XR)*
of M “kills” all nontrivial elements of H,(S, Z), i.e.,

H*(SXRZ)=H,((SXR)*,Z)=Z.

The situation will change when we consider, for example, a
manifold M topologically equivalent to X XR,, where X is
some compact two-manifold and R, is an open two-mani-
fold with N “handles”:

W

SN

/M
(N can be countable). In this case, the one-point compactifi-
cation “cancels” only elements of H,(X,Z). For this type
and for similar types (i.e., when one-point compactification
does not cancel the first holonomy) of manifolds we give
some relations between some Lorentzian structures on A
using the Morse theory. To get this we consider a decomposi-
tion of M into an expanding sum of compact-with-boundar-
ies manifolds U;,, M = U=, U, such that U,C U, ,, Uyis
a four-cell, and U, , is either a collarlike neighborhood of
U, or U, is U, with a handle of index A<n — 1 attached.
Next we take into account some Smale—Phillip results that
produce a structure theory of differential manifolds by a re-
fined Morse theory.

This paper is organized as follows: In Sec. II we classify
Riemannian and Lorentzian structures on R*. In Sec. III we
consider the homotopy classes of Lorentzian structures on
an open manifold. We are considering cases with the trivial
and nontrivial Stiefel-Whitney classes of corresponding line
bundles. In Sec. IV we show that some nonhomotopic trivial
line bundles can be related to each other by the use of a
Morse function with one nondegenerate critical point of in-
dex 1. This Morse function describes a handie of index 1
attached to U, which cannot be canceled.

Il. RIEMANNIAN AND LORENTZIAN STRUCTURES ON
R4

Let us take some concrete, oriented, one-dimensional
vector space XC R* and one of its linear complements, say
NCR?Y,

XeN=R*. (2.1)
Now choosing a unit vector of X and some Riemannian

structure on N we can determine a concrete Riemannian
structure g on R*. Since we have GL(3,R)/O(3,R) = R®
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possibilities to fix a Riemannian structure on N and R possi-
bilities to fix a unit vector on X we can construct the set
W = R’ of different Riemannian structures on R*. To get the
remaining set of possible Riemannian structures we have to
change the pair (X, ¥), i.e., we have to change the orthogo-
nality relations that can be defined by this pair. Now, any
orthogonal group O(4, R) related to a given Riemannian
structure acts transitively on the set of oriented directions of
R*. Hence it is enough to preserve the direction of X and
consider only the set of all its linear complements (of course,
we can change the role of X and N).

The set of linear complements to X in R* is given by
Hom(R?, R') =R>. So we see that the whole set {g} of in-
equivalent Riemannian structures on R* is equal to the set

{8} =R"XR*=GL(4,R)/O(4,R) . (2.2)
Let us take one element from this set, say g. Now, any line

subspace LCR* uniquely determines some Lorentzian
structure g on R* according to the formula’

g(uyuy) = g(u,uy) — 28(uy,x)g(uyx)/g(x,x) ,
Vu,u,cR®, xel, x#0. (2.3)

We can easily check that the whole set of different Lorentz
structures on R* can be given by the set of all pairs (g, L)
with geW and LeRP>. Hence we have

{g}=R’XRP>*=~GL(4,R)/0(3,1)

different Lorentz structures on R?,
Let geW and VeR* determine some concrete Lorentz
structure g on R*:

g=1{gV}. (2.5)

Let V"’ be any other g-time-like unit vector of R*. Now if we
want to determine the same Lorentz structure g using V'’ we
also have to take another Riemannian metric g, ie,
g=1{g’, V'}. This metric does not belong to W. Namely, ifais
any element of the invariance group of g, ae.%,(g), such
that

2.4)

V' —aV, (2.6)
then we can easily see that, Vu,, u,€R*,
& (u,uy) = g(au,,au,) 2.7

and that this relation does not depend on the choice of an
element g that satisfies (2.6).

lll. LINE BUNDLES OVER M

In this section we will look for the homotopy classes of
possible Lorentzian metrics on an open manifold M (this
means that we cannot pass from one Lorentzian metric to
the other by a continuous deformation of a metric tensor g).
From our previous considerations we see that we can try to
find them using Riemannian structures and tangent line
bundles over M. Let us assume that we have some Rieman-
nian metric g on M. Moreover, let us assume that g is given
by a section of a bundle 7 whose fiber at a point xeM contains
the set of all different Riemannian structures on TM, related
to some fixed pair (X,, N, ). In other words 7 can be given
by a concrete decomposition of 7M into line and codimen-
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sion 1 subbundles of TM. (Since M is open, its Euler class
vanishes and such a decomposition always exists.) Now any
Lorentzian metric on M can be introduced by a section of 5
and some tangent line bundle of M uniquely.

From the general theory of obstructions, any two sec-
tions of 7 are homotopic to each other, i.e., the obstruction
cocycle for any map F: M XI—% vanishes. Thus to find
classes of inequivalent Lorentz structures of M we have to
classify tangent line bundles over M. We see that the intro-
duction of a bundle » as well as the decomposition of TM is
only auxiliary. We use them only to relate classes of Lorent-
zian metrics with classes of line bundles.

A. A trivial case

Let L be a trivial tangent line bundle over M. In this case
there exists a global nonvanishing section ¥ of the unit vec-
tors of L. Hence to find all homotopy classes of trivial line
bundles we have to consider the homotopy classes of non-
vanishing vector fields.

By definition,® the homotopy of ¥, is a map

FFMxI-TM,
such that, for a fixed rel,
Y, (x): = F(x,t)el'(TM)

is a nonvanishing vector field on M and F (x,0) = Y. In
this case Y is homotopic to Y, = F (x, 1). In other words if
we can construct a nowhere-zero section S of the bundle
p*(TM) (where p: M XI—-M is the projection) then we
have homotopy between S |, oy and S |, . (;3- Hence the
obstruction to have homotopy between ¥, and Y| is given
exactly by the obstruction of the existence of a nonvanishing
section S of p*(TM) with S|y = Yo and S|sy (1}
= Y,. Thus the obstruction cocycle belongs to H*>(M, I'),
where I is the system of coefficients® whose value at xeM is
I, (S3)=M,(TM,). (Here TM, denotes the space TM,
with zero deleted.) Now by the generalized Poincaré duali-
ty'? for an open manifold M we have
H3\MT)=Hy(MZ) . 3.1
In this way the set of all homotopy classes of nonvanishing
vector fields on M is given by H * (M, Z). However, we have
a well known natural relation between the integral first ho-
mology group of M and the fundamental group of M."" It
yields to the assertion that if M is pathwise connected then
the natural homomorphism

h: I, (M, x)->H,(M,Z) (3.2)
has the commutator subgroup of I1,(M, x) as its kernel. It
means that we have the natural isomorphism between the
group H,(M, Z) and I1, (M, x) made Abelian. Thus for an
open manifold M some classes of homotopic sections of the
bundle 7M can be given by elements of Ab[I1,(M, x,)]. In
our consideration we will be interested in the set of homo-
topy classes of trivial line bundles over M that correspond to
the set of those elements of Ab[II, (M, x,)] related to ele-
ments of H (M, Z) contained in H * (M, Z).
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B. A nontrivial case

It is known'? that any class of isomorphic line bundles
over M is determined by 2 homotopy class of maps from M to
the classifying space B, of Z,-bundles. Since B, = RP ~ is
an Eileritberg-MacLane space of type (Z,, 1), ie., By
=K(Z,, 1), the relation

(M.K(I1,g) ] =H*(M,IT)
gives
[M,B; |=H'(M,Z,) . (3.3)

(Here [, ‘] denotes the set of homotopy classes of maps.)
In this way any class of isomorphic line bundles is uniquely
characterized by its Stiefel-Whitney class
w,()eH '(M, Z,). Let £ be some linear bundle over M char-
acterized by w,(§)eH '(M ,Z,). Can £ be embedded into the
tangent bundle 7M ? In other words does a nowhere vanish-
ing bundle map from £ to TM over all of M exist? Any such
map is equivalent to a nowhere vanishing section of
Hom(&, TM) =TM ® §. We will denote this bundle by z. Its
fiber is isomorphic to R*. However, we are interested rather
in the bundle Z of the nonzero elements of z. The obstruction
for the existence of a section of z lies in the fourth cohomo-
logy group of M in a coefficient bundle Z: = 4(11;).** The
fiber of this coefficient bundle is given by the third homotopy
group of the fiber of 2. However, for our open manifold M the
fourth cohomology group H *(M, o) vanishes for any coeffi-
cient bundle ¢. This means that any line bundle over 3/ can
be embedded in TM and that for every oeH (M, Z,) there
exists a tangent line bundle L C TM such that

w(l)=o0.

Now let us try to find the homotopy classes of nontrivial
tangent line bundles characterized by a given element
oeH' (M, Z,).

Again the homotopy of LC TM is a map

F. M xXI-PTM
such that F(x,0) =Ly, F(x, 1) =L, w,(L,) =w(L,)
= 0. (Here PTM is the projective tangent bundle.) Since
the map F'is equivalent to a section of the projective bundle
P(p*TM), ie,

S:MXI—*P‘,:TM, SlM)({i} =L,-, i=0,1,
the obstruction cocycle of S lies in H *(M, PTM(I1,)) with a
system of coefficients having, at xeM, the value

TL(PTM, ) =IL(RP?) = T1,(S3) =I1,(S?) .

Thus we have obtained the result that the set of homotopic
classes of tangent line bundles characterized by a given ele-
ment geH '(M, Z,) can be enumerated by the elements of
H (M, Z). So the set of all homotopy classes of Lorentzian
structures on M is given by

A=H>(MZ)XH"(M,Z,) .

V. RELATIONS BETWEEN CLASSES OF
INEQUIVALENT “TRIVIAL” LORENTZ STRUCTURES

Since all Riemannian structures on M are homotopic we
can introduce the classes of Lorentzian structures on M by
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the classes of homotopic tangent line bundles of M. Let us
consider a case where a Lorentz structure g can be given by a
section g of 7 and a trivial line bundle L,

wy(L) =0. (4.1)

Now let us consider a realization of M by an expanding
union of compact manifolds { U, } with boundaries

M=UU,,

i/0

(4.2)

such that U, C U, ,, U, is a four-cell, and either U, , isa
collarlike neighborhood of U, or U, , is U; with a handle of
index A<n — 1 attached.’® In the latter case we can say that
dU;, | can be obtained from JdU, by a surgery of type
(A, n — A). Let us consider some concrete U, C M such that
adU,, , is obtained from dU; by a surgery of type (1.3) or
equivalently that we can get U, , by attaching a handle of
index 1 to U,. Moreover, let us assume that U, , cannot be
related to U, , , by attaching a handle of index 2 since in this
case these two handles cancel each other.'*

Let D, denote an n-disk and let @,:S°X D;—-3dU, be a
characteristic embedding of our surgery. Then dU,UD,/ ~
is a deformation retract of U, ; — Int U,. The relation ~ is
given by the identification of 3D, = S° with itsimage under a
map @. Let f; be a Morse function of a smooth triad (U, ,

—Int U, dU;,dU;, ),ie, V¥,

£:(U,,, —Int U,dU,,0U,, ) - ([0,11,0,1) .  (4.3)

This means that for the i mentioned above, f; has one nonde-
generate critical point p of index 1; pelU,, , — U,. Since
there always exists an € > O such that f,_ ', (1 — ¢, 1] has no
critical points, we have a well defined homotopy class [4] of
loops in

(U, —IntUHUfFZ (1 —¢61], 44)
which close D! in a handle equivalent to
U U(D, XD3) /. (4.5)

Let us take D, = [a, b],a<b < w0, 3D, = S° = {a, b}. Let

@(a) = x4,dU; . (4.6)
Then A is a loop at x, that represents the just-mentioned
homotopy class of loops given by the effective attachment of
a handle of index 1 to U,.

Since N, =M — (U, ., — Int U;) is open we can fit the
Morse function f; together with some Morse function with-
out any critical point on N. We get a proper Morse function f
on M with only one nondegenerate critical point at p. This
function is related to the adding of a handle of index 1 to U,
as well as to the homotopy class of 4 at x,cdU..

Proposition: Let L,and L, be two nonhomotopic, trivial,
tangent line bundles over M. Let Y, and Y, be their sections
of unit vectors with respect to some Riemannian structure §
on M. Let Y, represent a homotopy class of nonvanishing
vector fields on M related to the trivial element of
H (M, Z). Analogously let Y, be related to an element
0#0, ocH (M, Z). If oeH (M, Z) is a generator of the
torsionless part of H,(M, Z) which corresponds to the ho-
motopy class of A under the isomorphism 4 (3.2), then there
exists a section S of the bundle p*TM that has the following
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properties: (i) Vre[0,1], ¢ #¢, S(x,?) is a nowhere-zero
vector field on M; (ii) S(x, 0) = Yy(x), S(x, 1) = Y,(x);
and (iii) S(x, ¢,) has an isolated zero at a point p of index
( — 1. Moreover S(x, t,) is homotopic to a gradient field
of a Morse function f* described above.

Proof: 1t is known'® that on an open manifold any non-
zero vector field Y is homotopic (through nonzero vector
fields) to a nowhere-zero gradient field of some function ¢.
In local coordinates {u'} a gradient field can be given by

3 3

rad¢=32g, —— —, 4.7)
grad$ =22, Au' A
or equivalently by
(X,grad ¢) = X(¢9), VXe[(TM). 4.7)

Thus we can assume that Y, = grad ¢, and Y, = grad ¢,.
However, since

I1,(Sub M,R") = II(F'(TM)), (4.8)

the functions ¢, and ¢, belong to different components of
[1,(Sub M,R'). Moreover, we see that the obstruction cocy-
cle for Y,, Y, to be homotopic is exactly the same as for
submersions ¢,, ¢, to be homotopic. In other words, there
exists a function

that has the properties F (x, 0) = ¢y(x), F (x, 1) = ¢,(x),
and there exists only one element £,c(0, 1) such that the
obstruction cocycle (here we are using Steenrod’s nota-
tion'?)

c(03,F, )eH>(MT) (4.10)
is a nontrivial one [F, =F ( ,t,)].

Now using the generalized Poincaré duality (3.1) and
the natural isomorphism 4 (3.2) we obtain immediately that
FisaMorse function of M X I with one critical point of index
1 at (p,t,) related to a surgery of type (1.3) between
AU, X{t,} and 9U, , | X {¢,}. Now taking the field grad F we
obtain our section S: M XI—-p*TM.

Corollary: Let Ly and L, be the two line bundles consid-
ered above. Let g, and g, be the two Lorentz structures on M
determined by g and L, and L,, respectively, i.e.,

8o=(&.L,)
and

&=L, .

Then we can pass from g, to g, only when we use a Morse
function F with one critical point of index 1 as described
above. It means that we can pass from g, to g, only when we
recognize a handle of index 1 in a decomposition U, U, of
M.

Now let us take into account nonisomorphic classes of
tangent line bundles. Since H ' (M, Z,) (which enumerates
these classes) can be considered as Hom(H (M, Z), Z,), we
cannot relate two line bundles with different Stiefel-Whit-
ney classes in a similar way. First, if w, (L) #0, then we have
no global nowhere-zero section of L, i.e., we have no relation
between L and any nonvanishing gradient field. Besides we
cannot repeat the above construction even for nonhomoto-
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pic tangent line bundles of the same nontrivial Stiefel-Whit-
ney class. Namely, if w, (L) = w,(L,)#0 and L, is not ho-
motopic to L,, then, although the obstruction cocycle for
this homotopy can be exactly the same as for some appropri-
ate trivial line bundles, we have a situation completely differ-
ent from the previous one. Of course, we can say that a sur-
gery of type (1, 3) is responsible for the lack of homotopy
between L, and L,, but any Morse function (or equivalently
any gradient field) that determines this surgery cannot be
incorporated to connect L, and L,.

V.SUMMARY

In the classical theory of matter we begin with a blank
differentiable, open, orientable, spin four-manifold M. Next
we add a Lorentzian metric g and any other physical fields.
We assume that these fields obey equations expressed as rela-
tions between tensors on M and all derivatives are covariant
derivatives with respect to the Levi-Civita connection de-
fined by the metric g. Thus it is natural to ask how many
homotopy classes of Lorentzian metric structures can be
carried by M and whether there exist some relations between
some of them. Because all Riemannian metrics are homoto-
pic to each other we can distinguish different classes of Lor-
entzian structures by investigation of tangent line bundles
over M.

First we should consider time-orientable metric struc-
tures. They correspond to trivial line bundles. Since we can
fix some Riemannian metric, say g, without any conse-
quences for our classification, we can represent any trivial
tangent line bundle by its section of unit vectors. Now, owing
to the general topological properties of M [orientabili-
ty=>w, (TM) =0; spin manifold = w,(TM) =0;
open=>w,(TM) =0; four-manifold = w,(TM) = 0], we
can introduce the bundle %~ of unit vectors on M in such a
way that any section of %" is given by the unit section of
some line bundle over M. So, to find the homotopy classes of
tangent line bundles over M we have to find the homotopy
classes of sections of . Since the obstruction cocycle for
such homotopy belongs to H*(M;I') (introduced in Sec.
III A) we obtain H (M, Z) different classes of inequiva-
lent, time-orientable Lorentzian structures on M. Moreover,
any two time-orientable Lorentzian structures L;, i =0, 1,
that correspond to elements o,eH °(M,Z), such that
o, = 0 and o, determines a generator of the torsionless part
of H (M, Z), can be related to each other by the gradient
field of a Morse function with one nondegenerate critical
point of index 1 which describes a handle of index 1 in some
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decomposition of M = U3, U,.

1

In the case of a time-nonorientable Lorentzian structure
a corresponding tangent line bundle has to have the nontri-
vial Stiefel-Whitney class. Now, since for open manifolds
every line bundle can be embedded into the tangent bundle
TM (see Sec. 111 B) we obtain H ' (M, Z,) classes of noniso-
morphic tangent line bundles of M. The classification of tan-
gent line bundles with a given nonvanishing Stiefel-Whitney
class oeH'(M,Z,) up to homotopy is given by
H>*M, PTM(I1,)). Hence we can have again H " (M, Z) ho-
motopic classes of tangent line bundles characterized by a
given element o.

In this way an open, spin four-manifold can carry
HI(M’Zz) XH;O(MyZ)

inequivalent Lorentz structures. Here, by inequivalent
structures we understand nonhomotopic ones. The possible
physical consequences of these investigations are contained
in Refs. 16 and 17.
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A set of natural gauge conditions for an orthonormal frame on a three-dimensional
Riemannian manifold is discussed. The conditions determine a teleparallel geometry. They
may be regarded as a nonlinear elliptic system for a rotation. Existence and uniqueness of
solutions are discussed using the linearized system. Applications to Einstein gravity are noted.

I. INTRODUCTION

Orthonormal frames frequently provide a convenient
way to work with Riemannian geometries. The choice of
orthonormal frame, however, is not unique; consequently, at
times a gauge condition fixing the rotational freedom of the
frame is desired. Algebraic conditions are sometimes used,
e.g., symmetry of the components with respect to an extra
fixed coordinate basis.! For many applications, however,
more geometric gauge conditions are preferable.

Here we present new, purely geometric, natural gauge
conditions for the choice of orthonormal frame on a three-
dimensional Riemannian manifold. Up to an overall con-
stant rotation, the conditions select a preferred orthonormal
frame and hence a preferred parallelism, i.e., a teleparallel
geometry. The gauge conditions may be regarded as a non-
linear elliptic system for a rotation. Via the linearization of
this elliptic system, unique solutions are shown to exist for
geometries in a neighborhood of Euclidean space.

Our concern in this work is with our local gauge condi-
tions and not with global topology. In particular, we want
certain closed one-forms to be exact. Hence we shall simply
assume that the first cohomology vanishes. Only future in-
vestigations can reveal to what extent our conditions inher-
ently depend on this assumption and, consequently, whether
they can be extended to more general topologies.

The new gauge conditions have already proved their
worth in applications to asymptotically flat solutions for
Einstein’s theory of gravity. We first recognized the value of
these conditions when we realized that they allow a locally
positive representation for the Hamiltonian density and
thereby a new proof ? of the positivity of total energy. More-
over, as we shall discuss, they show further promise for ap-
plications to the initial value problem.

1l. RIEMANNIAN AND TELEPARALLEL GEOMETRY

Before going into the gauge conditions, we review cer-
tain ideas of Riemannian and teleparallel geometry. Our dis-
cussion is conveniently done in terms of differential forms.
Let 6 ° for a = 1,2,3 be three linearly independent one-forms
that may thus be used as a coframe basis. They are dualto a
vector basis denoted here by e,. We assume that our mani-
fold is connected and orientable; via Ref. 3 we have learned
that every orientable three-manifold is parallelizable,* so our
frames may be assumed to be globally defined.

A linear connection is determined by the connection
one-form coefficients w%,: = 8°(Ve, ). The connection de-
termines both the curvature two-form
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0 =do’, + 0’ Ny =R, 0 NO™, (n
and the forsion two-form

0% =10°,.0°N0°=DO°=d8° + 0°, NO*. (2)

Each coframe may also be used to determine a special
associated metric: namely, the one in which this particular
frame is orthonormal, g=g,0°©0°=0"'96" + 62
® 67+ 832863 A metric, of course, determines a Rieman-
nian geometry with a connection that is both metric compa-
tible and torsion-free. In an orthonormal frame, the metric
compatibility condition is just antisymmetry of the connec-
tion one-forms, w,, = — ®,,, while the torsion-free condi-
tion is d9° = — 0%, AO°. These two conditions uniquely
determine the connection one-form via the components
WDgpe = Wgp (ec) = %(Ccab - Cbca - Cabc )’ where Cabc

= —dfB(eye.).

While the orthonormal coframe determines the metric
and thereby the Riemannian geometry, the converse is not
the case. A given Riemannian geometry determines only an
equivalence class of orthonormal frames. From one frame
@ ¢, orthonormal with respect to g, we may obtain many oth-
ers by applying a position-dependent (local) rotation

0° =R",0°. (3)

Under such a transformation, the connection one-form com-
ponents transform inhomogeneously,

o, =R, (0",R™, +dR*%,.), (4)
while the torsion and curvature are tensorial.

The usual viewpoint is that the metric does not favor any
special orthonormal frame; that any such selection is purely
an ungeometric gauge choice. The gauge conditions we pro-
pose here, however, are constructed purely out of the above
outlined Riemannian geometry. They use only this Rieman-
nian geometry to select a certain preferred orthonormal
frame. They can be regarded as first-order differential condi-
tions on the connection coefficients «°,, or alternately on
C?,.. There is some resemblance to the Lorentz and Cou-
lomb gauge conditions used in electromagnetism.

The discussion of the gauge conditions could quite nice-
ly be carried out strictly in terms of Riemannian geometry.
The significance of the ideas can be better appreciated, how-
ever, in terms of a different language: teleparallel or Weitzen-
bock geometry.® This type of geometry is quite suited to our
goal: the selection of a favored global orthonormal frame. A
preferred orthonormal frame & ° may be used to define a new
parallelism. The new parallel transport is simply accom-
plished by keeping the coefficients of an object constant with
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respect to this preferred frame. In other words, the new con-
nection coefficients vanish in this special frame, which is re-
ferred to as orthoteleparallel (OT). Of course, the new con-
nection coefficients are generally nonvanishing in any other
orthonormal frame. However, since the new curvature two-
form vanishes in this special frame, it vanishes also in every
other orthonormal frame. This is tied in with the fact that the
new parallel transport is path independent.

Conversely, if parallel transport is path independent,
the curvature vanishes. There then exists a special orthonor-
mal frame in which the connection one-forms vanish. This
OT frame is uniquely determined up to constant (global)
rotations. It may be constructed by choosing any orthonor-
mal frame at a point and parallel transporting it to the other
points. Although the curvature vanishes, the parallel trans-
port is not at all trivial. It is characterized by the torsion. In
the OT frame, the torsion two-form is simply

6'=10°.60°N0°=d6"= —)C*,.0°N6". (5)

Teleparallel geometry is thus a kind of opposite to Rie-
mannian geometry; curvature vanishes and torsion charac-
terizes the geometry. Somewhat surprisingly, teleparallel ge-
ometry is much less restrictive than Riemannian geometry.
Indeed there are many ways to construct a teleparallel geom-
etry from a given Riemannian geometry. One need merely
choose any orthonormal frame and declare it to be an OT
frame. Thus one Riemannian geometry corresponds to a
whole equivalence class of teleparallel geometries.

In these terms, our gauge conditions select a certain pre-
ferred representative from each of these equivalence classes
of geometries. Stated another way, they determine a single
special teleparallel geometry for each Riemannian geome-
try.

Some further notation will be needed. We use i, as
shorthand for the interior product i, 8= B(e,,...) which
takes p-forms to p — 1 forms. It is convenient to use also the
dual basis for the Grassmann algebra

&= (1/3!);‘,“9“/\91)/\6":91/\92/\93=*1,
$o =il =160 0°NO = 26,, (6)
Gab = ip8a = Gapc 0 = *(6, \6,),

where {,,. is the three-dimensional, totally antisymmetric
Levi-Civita tensor with §,,; = + 1 and # is the Hodge dual.

jlIl. THE GAUGE CONDITIONS

The gauge conditions are discussed here in terms of the
teleparallel geometric quantities. The discussion may easily
be transcribed into Riemannian or strictly frame terminol-
ogy via Q°¢, = — C?%, =, — o°,. The conditions are
explicitly stated in terms of two quantities constructed from
6 ° regarded as an OT frame: a one-form

§=q,0°=0°,0°=i,©6°=i,d8°, €))
and a function *¢ dual to the three-form

g=6,N0°=g,0°Nd0° =10, 0°NO°NO°. (8)
The gauge conditions are simply that the forms sq, § are
closed,

d*q=0=djg. 9
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Note that this is the correct number of constraints on the
orthonormal frame; the first condition says that #¢ is con-
stant (our manifold is connected) and the second condition
provides two more restrictions.

To fix a solution, appropriate boundary conditions must
be chosen. For example, on R? the Cartesian frame satisfies
the conditions (9), but so does the spherical frame (except,
of course, at the origin). We are particularly interested in
applications to manifolds which are asymptotically flat in
the sense that, with respect to suitable asymptotic coordi-
nates, the metric coefficients differ from the Euclidean met-
ric by terms of order O(1/r), and the first m derivatives fall
off at order O(1/r"* ), for m<3. On asymptotically flat
manifolds, the boundary condition is that g vanishes; where-
as on the three-sphere, ¢ must be nonvanishing. Note that as
gis closed, it is locally exact. If  is globally exact (in particu-
lar when the first cohomology vanishes as we assume), it
determines a function up to a constant which may be suitably
normalized, e.g., at infinity.

Our attention was first attracted to these conditions
when we realized that they would allow a locally positive
representation for the Hamiltonian density and thereby per-
mit a new, strictly tensorial (in contrast to the Witten®
spinor method) proof 2 of positive energy for Einstein’s the-
ory of gravity. We have since noticed that they show promise
for other applications to Einstein gravity. In particular, they
mesh nicely with the standard initial value problem analy-
sis.” The conformal change of three-metric g— g has
proved to be very useful in the initial value problem of gen-
eral relativity. Under the corresponding conformal change
of three-frame 6 ° — /0 “, the quantities ¢, § become ¢*q and
§ — 2d In ¢, respectively. Consequently, on an asymptoti-
cally flat space where g vanishes, the gauge conditions (9)
are conformally invariant. Moreover, as already noted, since
q is exact, it defines (modulo a constant) a special function.
This construction may provide the best definition of the gen-
eralization of the Newtonian potential: the scale factor
which satisfies the super-Hamiltonian constraint equation.

IV. EXISTENCE AND UNIQUENESS

The restrictions (9) are “good” gauge conditions if for
any three-metric there exists a *“unique” (i.e., up to a con-
stant rotation) orthonormal frame 8¢ such that they are
satisfied. Rather than analyze the gauge conditions as re-
strictions on the choice of orthonormal frame, we have
found it easier to study them as conditions on a local rota-
tion. Thus given any orthonormal frame 8° we want to
show that there exists a unique local rotation such that 8
= R %, 0" satisfies

d+q'=0=4d7. 99
Explicitly we find

qd=6,Nd0"=q+6,AR™, dR*> NO°, (10)

§ =i, d0“=G+R*R",,0° (1)

Given 6°, the conditions obtained by substituting the ex-
pressions (10) and (11) into (9') constitute a nonlinear sec-
ond-order elliptic system for the rotation R 7.

For nonlinear systems, existence and uniqueness are dif-
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ficult questions. We examine the linearized conditions. In-
finitesimally, R®', = &%, + £%,., A4, s0

' =q—dAcA§caboa/\9b=q_ ZAC,cg

=g —2{d*4d+ AN*3} (12)
and
7 =3+ A4,.5%0"=q—+(d4,N6°)
=g—+(dAd—A4,do", (13)

where 4 = 4,6°.

Via these linearized equations, we shall show that the
gauge conditions (9) have unique solutions for geometries
within a neighborhood of Euclidean space. Let us first as-
sume that conditions (9) can be satisfied for a given geome-
try. A nearby geometry will certainly have an OT frame 8¢
for which d *q, dg are small. An infinitesimal rotation of
amount 4 will produce a 6¢ satisfying the desired gauge
conditions (9') if

drd»A4 +d+(AN*q) =d(1+q), (14)
d*dd —d«(4,dO% =dg. (15)

Applying * and using the codifferential § = ( — 1)? »d *
yields

d6 A —d*x(AN*q) =d( — i*q), (16)
5dA —5(A, dO®) = 5(*G). (17)

Adding gives a linear elliptic equation for the one-form 4,
LA: = A4 — 5(A, d6°) —d*(AN*q)

= 8(+q) + d( — 4*q), (18)

with the elliptic operator L being a perturbation of the nicest
possible operator: the Laplace—Beltrami operator,
A =db + bd. Given appropriate boundary conditions,
AA = p has unique solutions; Eq. (18) should also have
unique solutions, at least as long as d@° is not too large.
Formally, solutions to Eq. (18) may be constructed by
iteration. Thus consider the sequence of elliptic equations

A4° =5(*§) +d( —}*q), (19)
AT =5(A7dO") +d (4™ N*g). (20)

Any solution to each of these equations is unique, since our
vanishing first cohomology assumption means that there are
no harmonic one-forms. The operator A is self-adjoint. For
self-adjoint elliptic operators, uniqueness implies existence.
Consequently, each of the linear elliptic equations [ (19) and
(20)] then has unique solutions. The sumA=233_, 4"
formally solves Eq. (18). This sum will certainly converge if
d@* is sufficiently small. Consider, in particular, the case
where there is a one-parameter curve in the space of geome-
tries connecting our geometry with Euclidean space. If d@is
of order ¢, then 4™ is of order €™ * . Moreover, on an as-
ymptotically flat space, the boundary conditions are stated
in terms of the fall off rates df, g, §—O(1/72), and
A™->0(1/r**1). Consequently, the sum will certainly
converge asymptotically.
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A more technical argument can be based on the work of
Choquet-Bruhat and Christodoulou® for elliptic operators
on manifolds which are Euclidean at infinity. Briefly, with
d0° in the Sobolev space, H,; with differentiability s = 2,
and fall off parameter § = 0, the conditions of the theorems
in Sec. VI are met and we conclude that L:H; , - H, _, isan
isomorphism for geometries in a neighborhood of Euclidean
space.

Note that a solution to Eq. (18) also solves Egs. (16)
and (17) separately, as they are mutually orthogonal with
respect to the inner product (a,B) = f*a AS. Retracing
our deduction of conditions (16) and (17) leads us to con-
clude that the perturbed geometry also satisfies the desired
gauge conditions (9'). We conclude that the gauge condi-
tions (9) are good. They certainly have unique solutions, at
least for geometries which are in a neighborhood of Euclid-
ean space.

V. DISCUSSION

Our aim was to introduce and encourage investigation
of a certain set of natural gauge conditions for orthonormal
frames on a three-dimensional Riemannian manifold. The
gauge conditions (9) should determine a unique teleparallel
geometry, i.e., an orthonormal frame up to a constant rota-
tion.

The gauge conditions (9) are elliptic but nonlinear. We
have argued that they have unique solutions for geometries
that are in a neighborhood of Euclidean space. We know of
no counterexample and conjecture that they are of quite gen-
eral validity. Hopefully, a proof of existence and uniqueness
that would apply to much more general geometries will be
produced. We hope also that the global topological restric-
tion on the vanishing of the first cohomology will be investi-
gated.

The gauge conditions (9) have already proved valuable
in permitting a new proof of positive energy and show pro-
mise for applications to the initial value problem of general
relativity. Only future explorations can reveal their true
worth.
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A multivariable biorthogonal generalization of the discrete Hahn polynomials, ap + 1
complex parameter family, where p is the number of variables, is presented. It is shown that
the polynomials are orthogonal with respect to subspaces of lower degree and biorthogonal
within a given subspace. These properties are over the discrete simplex 0<x, + x,

+ **+ 4+ x, <A, where x,, X,,...,x, and A are non-negative integers. Some further properties of
the closely related multivariable continuous Hahn polynomials are also discussed.

1. INTRODUCTION

The discretized Jacobi polynomials that commonly bear
the name of Hahn' were actually introduced much earlier by
Tchebychef.?? Since their reintroduction by Hahn the poly-
nomials have found applications in many areas of theoretical
and mathematical physics, including genetics, group repre-
sentation theory, computational physics and techniques, as
well as others. The main utility of the polynomials lies in that
they satisfy an orthogonality relation over a discrete set of
points. Other special properties are discussed by Weber and
Erdelyi,* Karlin and McGregor,’® Bartko,® Levit,” Lee,® Wil-
son,’ Gasper,'® Koornwinder,'! and Nikiforov ef al.'* Fur-
thermore, Karlin and McGregor'® have presented a multi-
variable orthogonal (as opposed to biorthogonal)
generalization of the Hahn polynomials in the context of
linear growth models. In this paper we present a distinct and
not simply related family, the multivariable biorthogonal
Hahn polynomials: These are a (p + 1) complex parameter
family, where p denotes the number of variables. It is shown
that the polynomials are orthogonal with respect to sub-
spaces of lower degree and biorthogonal within a given sub-

space. These properties are defined on a discrete set of points
X1,X5,.--»%, Which take non-negative integer values on the
discrete simplex 0<x, + x, + *** + x, <A, where A denotes
the “discrete parameter,” also a non-negative integer. (Our
notation for the discrete parameter A differs from the cus-
tomary use of NV, which in this paper will denote the degree of
a multivariable polynomial.) In the special case p = 1 these
two families both reduce to the familiar single-variable Hahn
polynomials.

Before we introduce the discrete polynomials we discuss
some further properties of a closely related continuous fam-
ily. Recently, Atakishiyev and Suslov'* constructed a con-
tinuous analog of the Hahn polynomials by analytically con-
tinuing the discrete variable and parameter into the complex
plane; these were extended soon after by Askey.'® In a pre-
vious paper, '° the present author introduced a multivariable
biorthogonal generalization of the continuous Hahn polyno-
mials. In Sec. IT we deduce some symmetries of this contin-
uous family and show that in a special case they are pure real.
These polynomials are conveniently expressed in terms of
multiple Gaussian hypergeometric series'’ as follows:

]
F=Figis
7 (a, +b.), N4+A+B+c+d—1:—na [X (3eeey — My )
P:’f:,’f.".i." (prz,---,xp) — IN(A +d)N [ 1—[ k_kk] F( +c+ ny,ay + 1x, P ap + l.xp)
B K= n,! A +da,+by.5a, + b,
(1.1)
and also their counterparts
p (@, +by),,
Qabed . (xpxpy) = (—D¥e+iX)y | ] ——’;]
k=1 Ilk!
—N—c—d+li—n,b —ix;.;—n,,b, —i
xF( o T s = e 'x"), (12)
—N—c—iX + La, + b;;..;a, + b,
where Fis defined as
7615815036996 53 r (), (6
P(PES A )y @ G, 0
VD5 p L (7); = (6k)jkfk!
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and we are employing the familiar Pochhammer symbol
(@), =I'(n+ a)/T(a). Here, {j, } denotes the summa-
tion indices j,, js,-.., j, that run over all non-negative integers
and we are using the following shorthand notation:

P P P .
X=> x, N=> n, J=3 ji
k=1 k=1 k=1

P P
A= z a,, B= z b,

k=1 k=1

(14)

and the convention that 1/T°( — n) =0,n =0,1,2,... . If the
arguments of F are unspecified, it is to be understood that
they are unity: z; =z, = *** =z, = 1.

These polynomials form a biorthogonal system with the
weight function

,b,c,d
WX 13X 900X )

= fI I'(a, +ix )b, -—ixk)]

k=1

XT(c+iX)T'(d—iX), (1.5)

where the (2p 4+ 2) complex parameters a., by, ¢, d,
k = 1,2,...,p, identify a particular family of polynomials and
their weight function, whereas the set of p non-negative inte-
gers ny,n,,...,n, label the members of a given family. The
degree of a polynomial is simply given by N and, as usual, {
denotes the square root of — 1. The discrete parameter A
should not be confused with N, and when no ambiguity
arises we simply write P, (x), Q, (x), and w(x) for the poly-
nomials and weight function, respectively. The polynomial
P, (x)isof degree n, in the variable x, , @, (x) is of degree N
in x,, and both polynomials are of total degree N.

The family P, (x) is orthogonal with respect to the de-
gree, that is,

f dx, - f dx, P,(x)P, (x)w(x) =0, if N#M,
h o (1.6)
and similarly for @, (x),

Jw dx, - fw dx, @, (x)Q,, (x)w(x) =0, if N#M,
o o (1.7)

while in general these two families are biorthogonal:

Jm dx;--: JW dx, P,(x)Q,, (x)w(x) =h, ﬁ 8y
— ) K=
1 (1.8)

where 4, is a normalization constant. In Sec. II we obtain
alternate representations for these polynomials, from which
we deduce some symmetries. In subsequent sections we dis-
cuss the analog of relations (1.6)—(1.8) for the discrete fam-
ily of Hahn polynomials.

. SYMMETRIES OF THE CONTINUOUS HAHN
POLYNOMIALS

We begin by recalling several identities that will be of
use. The first,
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T+ 1D)/TE+j+ 1)
=(—[T(-& FH/T(-8)],

where £ is some constant and j is an integer, can be verified by
inspection. The second is the Chu—Vandermonde formula'®

(2.1

u (n) L'(n) T')
SN/ T(p—j) T(E—n+))
__T(yg+é-1 ’ 22)
Fp+&—n—1)
while the third is the multiple summation theorem!®
F (ki)
=IWMI'(yr—n—§— =) T(yr—mn)
XP(y—&1— " —§&,), (2.3)

where F £ is the p-variable Lauricella hypergeometric series
defined as

FE (& 1ol ps¥iXypensXy)
Jk
-5 [T o, 2] 42,
L} k=1 Jk- (7’)]

and the { j, } sum is over all non-negative integers.

To find an alternate representation for the continuous
Hahn polynomials P,(x) we begin by setting
N=1—-N—-—B—g §1= —Jibp = —Jp; and
¥ =A4 +din (2.3). Then we use (2.1) to obtain
FN+J+A44+B+c+d-—1)

I'(N+4+B+c+d—1)

_s [ ()| Evta s
{lzk} I:kl_—-.[l (lk)] (L +4 +4d)
I'(¥N+B +o)

I(N—L +B +c)
which, when substituted into (1.1), gives

= s 3 [f (1)) Lt v
1 k

(2.4)

(2.5)

Uik (1) Lk= v n U (j, +a, + b))
I'(j a ]

et ".+lxk)] (2.6)
I'(a, +ix;,)

TN +d+d) TW+B+o)

'L +4+d) T(N—L+B +c¢)
If we then interchange the order of the sums and translate
the summation indices j, —j, + /., we obtain

L4 nk) 1]
{Ik} kl;[] (lk nk!

P(x)=i"Y

'(N+4+d) T(N+B+c)

— 1)t
'L +4+d) T'(N—-L +B +o) ‘

XZ[ 2 (nk‘_lk) F.(nk +a,+b)
Ui} k=1 .Ik F(_]k+lk +ak+bk)

(j. + 1 +a, +ix,)
> (Jx k ‘k k ] (— 1) (2.7)
[(ay + ix,)
Using identity (2.1) to write
M. V. Tratnik 628



L+ +ae +ix,) and substituting into (2.7) yields

I'(a, + ixy)

=(—1)yth (—a, —ix, +1) P,,(X):,‘Nz[ﬁ (”k) Ll +a, +.lxk):|
r( —ak _ixk + 1 _jk —_ lk) ([k} k=1 [k nk!r(ak + lxk)

—(—1yth F(—a, —ix, +1)

F(_ak_t-xk+1_1k) ( + + ) ( - + +c
F(_ak_iXk+1_jk_lk) [ P (nk'—lk) F(nk+ak+bk)
=(—1)jkr(lk+ak+lx,() {%} k=1 _]k F(]k+lk +ak+bk)

T(a, + ix;)
C(—a, —ixpg +1 =1 —ji) M(—a, —ix, + 1 =1, —j)
]

Then, performing the { j, } summations by using the Chu-Vandermonde theorem (2.2) gives the alternate representation
p (b —ixg),, —N—B—c+ l:—nja,+ix;...—n,,a, +ix
Pn(x)=iN(A+d)N H____k__k__ ( . 14 1 P p. P)‘
A+d—n —b +ix, +1,.;—n, —bp +ix, + 1

k=1 nk!
For the biorthogonal counterparts @, (x) weset n =d —iX, §, = —ji,0, = —jpsandy=1—-N—c—iXin (2.3) to
obtain, in place of (2.5),

(N +c+d) ‘Z[ 2 (jk)] P(N—L +c+iX) T(L +d—iX)
k=1

(2.10)

= 2.11)
L(N—-J +c+d) {3 L] T(N—J +c+iX) I'(d - iX) (
Then, proceeding in a completely analogous manner we obtain the following alternate representation:
. . po(a, +ix.),,
0, (x) =(—=DMc+iX)y [ 11 ————]
k=1 nk!
d—iX:—nub,—ix;..;—n,,b, —ix
xF( _ e ete e ) (2.12)
—N—c—X+li—n—a—ix;+l.;—n,—-a,—ix, +1
From (2.10) and (2.12) we immediately deduce the symmetries
P2t (6iXpe®,) = (= DYPRSEE L (=X, = Xpey — X, ),
v ? (2.13)

be.d Ngybad,
Q‘,’,I,,f‘..,,p(xl,xz,...,xp) =(-1) ,,“:,z.f.,,p( =Xy, = Xgpees — Xp )5

which might have been anticipated since the weight function (1.5) is invariant under the transformation a,<«>b,, c—d,
X, — — X4, k=1,2,...p. From (2.13) we see that ifa, = b,, k = 1,2,...,p, and ¢ = d, then the polynomials have parity:

P(—x)=(—D"P,(x), Q.,(—x)=(-D"Q,(x). (2.14)

We also find from representations (2.10) and (2.12) thatifa, = 6%, k= 1,2,....p, and ¢ = d *, then
P,(x)=P}x*), Q,(x)=0%¥x*) (2.15)

thus for this special case the polynomials have pure real coefficients. If in addition Re(a, ), Re(b, ), Re(c), Re(d) >0,
k = 1,2,...,p, then the variables x, and the weight function are also pure real.'®
If we define a finite difference operator 6, as

6kf(x|"'xp)5f(x|"'xk +i/2“-xp) _f(xl...xk —i/2-“xp), (2.16)

then it is a relatively simple matter to deduce Rodrigues-type formulas from representations (2.10) and (2.12). For the first
family P, (x) we find the following unconventional form:

LA
Sk
=1

k

g _ n (a, +ix)T(b, —ix,)

[ e _,T(n /2 +a, +ix)0(n, /2 4+ b, —ixy) ] ’ (2.17)

T(NR2+A4A4+d+X—-iINT(N/2+B +c—iX +1iY)
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where Y is held fixed during the differencing and is set equal to X afterwards. For the second family we obtain the more
conventional Rodrigues formula

—1
Q,(x)=i" [F(c+ X)I'(d—iX) fI n \C(a, + ix, )T (b, —ixk)] [ l'p[ 62*]
k=1

k=1

x[r (ﬁ+c+ix)r (E+d—iX) 1 r("—"+ak +ixk) r(l'-"-+bk —ixk)] . (2.18)

2 2 K1 2 2

Applying the symmetries (2.13) to the original representations (1.1) and (1.2) gives a further representation for each
family, which we do not write down here.

In the special case of a single variable p = 1, Eqgs. (1.6) and (1.7) imply that both P, (x) and Q,, (x) form an orthogonal
system with the same weight function. These two families must then be identical apart from a possible change in normaliza-
tion. This can be demonstrated explicitly by using the transformation formula

F ( — né ;1) _T+8-6r©®) , ( —my—mn¢ ;1) (2.19)
7,8 L(n+8T(5—¢) vl+§—6—n

derived from Thomae®™ [or see Bailey'® (p. 21)]. Settingp =n+a+b +c+d—1,Eé=a+ix,y=a+b,and6=a+d

in (2.19) shows that P, (x) = Q, (x) in the special case of a single variable.

The weight function for a single variable has additional symmetries compared to the multivariable case: It is invariant
under the interchange of @ and ¢ and also under the interchange of b and 4. Then the single-variable continuous Hahn
polynomials are also invariant under these transformations apart from a possible change in normalization. In fact, from
representation (2.12) it is clear that the normalization does not change and thus

Pgred(x) = Pibod(x) = Pytet(x)  (p=1). (2.20)

Il. MULTIVARIABLE DISCRETE HAHN POLYNOMIALS

In this section we present the multivariable biorthogonal generalization of the discrete Hahn polynomials. These are a
natural discrete analog of not only the continuous Hahn polynomials, but also of the conformal polynomials of Lam and
Tratnik.?!

The weight function associated with this discrete family is given by

P Lxy+a,+D)] (A—-X 1
weo = | ] e % ] ( tB+1D) (3.1)
=1 Tlx,+1) rA—Xx+1)
while corresponding to the polynomials P, (x) we introduce
N+a+pB +p—n,—xp.;—n ,—x)
a,a a,B P P
2 4 aen > = ’ 3'2
Hn.n,--vnp (xla-xZ’ ,Xp A) F( —A:al + 1;.”;ap +1 ( )
which also have the equivalent representation
—HMA 1
H::::...:’B(xl,xz,...,xp,A) _ ( YY(A+a+B+p+ 1Dy
’ (—A)y
N+a+B+p—nx +a,+ 1;...;——np,xp +a,+1
F . (33)
At+a+B+p+1lia+1..a,+1

Expressions (3.2) and (3.3) are the discrete analogs of (1.1) and (1.1) transformed by the symmetry (2.13); if we proceed as
in (2.5)—(2.10), where we obtained an alternate representation for P, (x), we find the following corresponding expression for
the discrete family:

H‘:':ff.f:"'ﬂ(x,,xz,...,xp,A) _ [ po (X +ap + 1), ] F( —A—N—-a—-B—-p:—n,—x;.;—n, ——xp) . (3.4)
S [ (ax +1),, —Ai—n—x—a;.;—n,—x, —a,
Defining a finite difference operator D, as
Dy f(x; o x,)=f(x;x +100x,) —f(xx0x,), (3.5)
which one can show satisfies the identity
DI (x,x,) = _ﬁo ":) (= DPF e Xy + 1 —Ji %) (3.6)
P

it is a simple matter to deduce from (3.4) a discrete analog of the Rodrigues formula (2.17):
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r 1 r 1
H o e (XX, A):F(A+N+a+ﬂ+p+l)[ (@ +1 e+ D DZ‘]
' ra+1n k_IF(nk +a, + DT x, +a,+1)
raA—-N+X-Y+1) £ F(xk+ak+l)]
TA4+X—Y4+a+B+p+1) i T(x, —n + 1)

3.7)

where, as before, Yis kept fixed during the differencing and is set equal to X afterward. Corresponding to representations (1.2)
and (1.2) transformed by the symmetry (2.13), we introduce the following discrete analog of the biorthogonal counterparts:

—DH¥A-X 1 —N—fB:—nx;+a,+ L.;—nx, +a, +1
G“?m?”LanmJ,A)=( )« A+ Dy e P TR , (3.8)
nyng o, 4 (—A)y —A—-N-B+ X a+ .50, +1
with the equivalent representation
o,a, a3 _(—A+X)N _N_B:—‘nl xl) ) n,, —Xx
Gninicon” CirXreiXpB) === F\ \ ¥ N 41+ L, + 1 (3:9)
( A)N 1 s ythp
and the analog of (2.12),
—A+X p (X +a,+ 1),
G:I: ap,ﬁ(xhxz: 9x A) = ( + )N [ u . ]
' (—A)y K=1 (ap +1),,
XF( A—X4+B+1:—n,—x5.5—n, —x, ) (3.10)
A—X—-N+li—n—x,—as.;—n,-x,—a,) '
I
Then, from (3.6) and (3.10) one deduces the following Ro- ~ pa#<9(x)
drigues formula: , (a
, k +bk)n‘
a.az'an,B =IN(A +d)N H ]
G,,I,,!.,.,,p (X 5X9.-00X , A) Py
(A—N)! T(A—X41) XHe e le+d= ,(_a—tx,—A—d),
- - — a,b,c,d
Al TA-X+B8+1) Q7% (x)
[ﬁ T(a, + 1) T(x + 1) D“] — P4 ), ﬁ mp+mnq
T+ + DD e+ 1) - k=1
XGatb-terd-1(_g—ix,— A —d), (3.12)

[NN+A—X+B+D
T(A—X +1)

r I(x, +a, +1)

(3.11)
K=1 F(Xk —n; + 1)

the discrete analog of (2.18). These are polynomials of the p
variables x,,x,,...,x, that take non-negative integer values on
the discrete simplex 0<x, + x, + *** + x, <A, where A is
also a non-negative integer. The discrete parameter A, along
with the p + 1 complex parameters @,,,,...,@, 5, identify a
particular family of polynomials and their weight function.
The set of p non-negative integers n,,n,,...,n, label the
members of a given family that are restricted to
0<n, +n, + *++ + n,<A. Weare using the shorthand nota-
tion N, J, and X as in (1.4) and in addition we have defined
a=2{_,a,. The p + 1 complex parameters a,,a,,....a, .8
are excluded from taking negative integer values, but are
otherwise arbitrary. We shall simply write 4, (x), G, (x),
and w(x) for the polynomials and weight function, respec-
tively. The polynomials H, (x) and G, (x) are both of de-
gree N and as already mentioned, N<A.

The continuous Hahn polynomials are related to the
discrete family through the relations
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where in the rhs we are using shorthand notation to denote
the transformations a,—-a, +b, —1, B-c+d—1,
X, — —a, —ix;,andA—~A4 —d fork = 1,2,...,p. The equiv-
alence of representations (3.2)-(3.4) follows from (3.12),
the equality of (1.1) and (2.10), and the symmetry (2.13);
we have a similar equivalence for representations (3.8)—
(3.10).

One can also recover the conformal polynomials
from the discrete Hahn family by a limit transition. If we

16,21

simply  redefine the parameters a, =y, —1,
B=up, 1 — 1, and then replace x, by Ax, and take the
limit A — o one finds

lim H,(Ax)

A—oo

_ (_I)N(N+#p+l)
(2N +p— DLV +— 1)

x| I mirwe] pieo (3.13)
K=1
and
. 2 (— D" (k)
lim G,(Ax) = [ ———————] CH(x), 3.14
A— kl;ll r(nk +#k) (x ( )
M. V. Tratnik 631



where C#(x) and D% (x) are the conformal and dual con-
formal polynomials and the weight function is obtained in
the same limit if one also multiplies by A ~=~#:

lim A-2-fw(Ax) = H Xk 1] (1= X)#e+1~ 1,
Ao k=1
(3.15)

IV. ORTHOGONALITY PROPERTIES

First we demonstrate that the inner product of H,, (x)
with another polynomial of the same family H,, (x) vanishes
if N #M. From representations (3.2) and (3.3) and the
expression for the weight function (3.1) we have

> H,(x)H, (x)w(x)

{Xk}
Ck)( ) L, + 1)
{;}{zk} k—l (i +a,+1)

I(a+1) ]NN+J+a+B+m
F(y+a,+1)] TN +a+B8+p)
T@A+N+a+B+p+1)
FrA+J+a+B+p+1)
'M +L 4+a+p8 +p)
'M+a+p+p)
y (A;!L)! (A ;N)! (1) +L
% [" F(jk+xk+ak+1)]
{x.} k=1

(x, — L
NMA—X+B8+1)
ra-x+1

) (4.1)

where the {x, } sum is over the discrete simplex, as discussed
earlier. Equation (4.1) can be evaluated from (2.3) by set-
ting 1= —A+1L, Ex=jx+ L +a,+1, and
y = — A + L — f3,in which case (4.1) becomes, apart from
a multiplicative constant,

== [fiG)()

F(]k +lk +a, + 1)

F(]k +a; + l)r(lk +a, + 1)
NN+J+a+ﬁ+pWM4+L+a+B+m
FrJ+L+a+B+p+1)
X(—1)+L (4.2)

Without loss of generality we assume N> M, so that also
N> L; then, we concentrate on the { j, } sum:

("lk) L' +j +a,+ 1)]
{J} k-—l P(]k+ak+l)

TIN+J+a+B+p) (_ gy (4.3)
'L +J+a+B+p+1)
which apart from a multiplicative constant is expression
(2.5).'% As we discuss in Ref. 16, (4.3) can be written in the
form
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l
X 1—z,)™ (44
,,; ( k}_)l z, 6zk) k]:[‘( Z) (4.4)

where £, are some constants and we recall that N> L. To
reproduce expression (4.3) one uses the binomial theorem to
expand each factor in the product I1Z_, (1 —z, )" The
highest order derivative acting on I1£_ , (1 — 2, )" is of or-
der N — 1, so that at least one factor of (1 — z, ), for some k,
will survive in every term after the differentiations and then
will vanish upon setting z, = 1. Thus the sum (4.3) vanishes
whenever N> M and hence

Y H,(x)H, (x)w(x) =0, (4.5)

{xk}

if N#M.

In a completely analogous manner we find the equivalent
result for the biorthogonal family:
if N+#M,

z G,(x)G,, (x)w(x) =0, (4.6)

{x:}

sothat H, (x) and G, (x) are orthogonal with respect to the
subspaces labeled by N. However, this says nothing of poly-
nomials of the same degree. We demonstrate that these two
families form a biorthogonal system.

Using representations (3.3), (3.9), and the weight func-
tion (3.1), we obtain

Y H,(x)G,, (x)w(x)
{x}

_A=—NM! (A-MITA+N+a+B+p+1)

Al Al TN +a+B8 +p
my
<35 [ (3)(7
Lk (4} LR=1 k
I'e, +1)

I(a, +1) ]
F'(jp+a,+D) T +a.+1)
F'N+J+a+B +p)
rA+J+a+B8+p+1)
I'M+8+1)
rM—L +B8+1)

r'(j x a 1
XZ (Je+x +a,+ 1)
& Fx, -0, +1)

(_1)J+L

% rA—-X+8+1) , 4.7
ra—x—mM+L +1)

and if we set = —A+M, & =j, +1 +a,+1, and
= — A 4+ L — Bin (2.3), the above {x, } sum is obtained,
leading to the expression
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2 H, (x)G,, (x)w(x)
{x,}

P a-mN!
=[I r¢ +n]
i ree Al

F(M +B8+DTA+N+a+B+p+1)
(N +a+5+p)

<2210

(—1W“Tuk+a+ar+n]
I'(j.+a,+ l)r(lk +a,+1)
C(N+J+a+B+p)
rM+J+a+B+p+1)
Equation (4.8) is essentially equivalent to the analogous
expression for the continuous family, so the biorthogonality
proof in this discrete case follows in a similar manner.
First we use identity (2.1) to write
(= DTG+ h+ac+ D
=T(j +a,+ DI( —Jx —ay)
X[P(—je =l —a)] ™"

(4.8)

(4.9)

Then, the {/, } summations are performed using the Chu-
Vandermonde theorem (2.2), which gives

> H,(x)G, (x)w(x)
{X‘)

[ & Dl +DI(a, +1)] (A— A

_Lﬂ T(m +a,+1) AlA!

(IM+B+DIA+N+atB +p+1)
F(N +a+B+p)

Ry
X (—=DY ]
{12‘} k=1 (g — e — my)!

NN +J+a+B+p) (— 1)
'M+J+a+B+p+1)

(4.10)

If now we redefine the indices j, —j, + m, and then use
identity (2.1) to write

n!
(ng —my —ji)!
ﬂk! I-\(_’zk+mk+jk)

= (— 1% (411)
(n, —m))! T (—n+m)
the inner product becomes
> H,(x)G,, (x)w(x)
{Xk}
_[ L4 I'(a, + D) (a, + 1)ng! (A —-N)!
v Timy + o + D) (n, —mp)! AlA!

F(M +B8+ DA+ N+a+B+p+1)
F(N +a+8+p)
XZ nk+mk+Jk)]
G LE=1 F(_'nk +mk)]k
><I‘(N+M +J +a+pB +p)
reM +J +a+B8+p+1)

(4.12)
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The { j, } summations can be performed by again using iden-
tity (2.3), now with the parameter values
n=N+M+a+8 +p, £ = —n +my, and
y=2M +a+ B + p+ 1, which yields

> H,(x)G,, (x)w(x)
{x}

r o T(a, + D(a, + n,!
[ =1 F(mk +ak+1)(’1k ]
1 (A —N)!
(M—N)  AA!
% I'M+B+DINA+N+a+B8+p+1)

(N+M+a+B+p)T(N+a+B+p)
(4.13)

which is clearly zero unless n, = m, for every k; that is,

—m)!

z H,(x)G,, (x)w(x) =h, ﬁ Oy
) K=1

where the normalization constant is given by

(4.14)

P =[ » F(ak+1)r‘(ak+1)nk!](A_N)g
"l T ta +1) AlA!

FN+B+DI(A+N4a+B+p+1)

Q2N +a+pB +p)T(N +a+8 +p)
(4.15)

V. DISCUSSION

In the special case p = 1 expressions (3.2), (3.3), and
(3.11) reduce to known representations of the single-vari-
able Hahn polynomials. For a single variable Egs. (4.5) and
(4.6) imply that both H, (x) and G, (x) form an orthogonal
family with the same weight function. In fact, it follows from
(3.12) and the equality of P, (x) and Q, (x) for p =1 that
for a single variable H, (x) = G, (x). Equations (3.7)-
(3.9) for p = 1 are then further representations of the single-
variable Hahn polynomials.

An analogous multivariable extension of the Meixner,
Krawtchouk, and Meixner-Pollaczek polynomials will ap-
pear in a future publication. Currently under investigation
are similar generalizations of the Wilson and Racah polyno-
mials and their g analogs.
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Minkowski space-time is characterized in terms of affine structure and a property of isotropy
with respect to the path of a single freely moving observer. It can then be shown that the
property of isotropy applies for all freely moving observers, and that the associated isotropy

mappings generate the orthochronous Poincaré group.

i. INTRODUCTION

Minkowski space-time .# is assumed to be a four-di-
mensional affine space. The derivation of the remaining
structure is based on properties related to the path of a single
freely moving observer. The assumed properties may be stat-
ed in the following physical terms.

(i) Freely moving observers move on paths according to
Newton’s first law.

(ii) Space-time is isotropic with respect to one freely
moving observer.

(iii) Action at a distance is not instantaneous.

The Euclidean geometry of position space and the con-
stancy of the velocity of light are not assumed, but are ob-
tained as corollaries to the main results. In Theorem 1, it is
shown that the set of all paths through a given event is an
ellipsoidal cone. The proof is based on a characterization of
ellipsoids in terms of isotropy about a single point as given by
Busemann.' The ellipsoidal cone structure corresponds to
the usual Minkowski space-time, which is coordinatized in
the usual way. It can then be shown that isotropy mappings
generate the orthochronous Poincaré group. This group of
motions can then be used to generate a set of coordinate
frames for which position space is Euclidean and the speed of
light is constant and equal to unity.

There is a long tradition of characterizing geometries
and space-times by properties of symmetry and free mobil-
ity. In the case of geometry, this is the celebrated Riemann-
Helmholtz-Lie space-form problem, whose solutions are
given and reviewed by Busemann' and Freudenthal.? The
analogous space-time problem has been investigated by Bu-
semann,** Freudenthal,® and Mayr,® who make extensive
use of Lie group theory, and also by Aleksandrov,” who as-
sumes from the outset that space-time is affine. Aleksan-
drov’ and Busemann® consider a symmetry property which
Aleksandrov® describes as “isotropy of the light cone™ (see
also Refs. 9-11), together with additional conditions, to
show that the light cones are ellipsoidal cones in an affine
space. Freudenthal® and Mayr® use a property of “free mo-
bility.” Pimenov'? discusses “‘affine space-times” with a
property of “mobility of frames.”

Characterizations of Minkowski space-time, using
properties of symmetry together with properties of the paths
of freely moving observers, have been proposed by several
authors. Alexandrov'® uses a property of “reflection in the
path of every observer.” Schutz'*'’ uses a property of iso-
tropy similar to that of the present treatment, but character-
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izes Minkowski space-time indirectly by first demonstrating
that its velocity space is hyperbolic. The axiomatic system of
Szekeres'® is stated in terms of freely moving observers and
lightlike paths, and has an axiom of isotropy and two other
symmetry axioms. Walker'? discusses cosmologies of “fun-
damental particles” which satisfy two axioms of symmetry,
one of which is a property of isotropy similar to that of the
present treatment. A useful survey of the literature on char-
acterizations of Minkowski space-time and the Lorentz
group is given by Guts.'®

In the present exposition, Minkowski space-time is also
characterized by properties of the paths of freely moving
observers. The concept of isotropy (which resembles Axiom
X of Walker'”) may be considered from the point of view of a
single “fixed” observer, to whom the rest of space-time ap-
pears to be isotropic.

Itl. CHARACTERIZATION OF MINKOWSKI SPACE-TIME
A. Definitions

A space-time .# = (&, 7 ) isaset of events & together
with a set Z of subsets of & which are called (inertial) paths
or timelike lines. We will say that a space-time is four-dimen-
sional and affine if it can be represented with a four-dimen-
sional affine space 4 * where the events of € correspond to
the points of the space, and the set of paths &7 corresponds to
a subset of the set of straight lines. Individual paths are de-
noted by the symbols Q,R,S,... . Events which belong to a
path are denoted by the path symbol together with a sub-
script; for example, the events Q,, Q,, O, belong to the path
Q. A path Q and an event e¢Q specify a plane pl[ Q,e] which
contains a subset of paths “in one-dimensional rectilinear
motion.”

Given a timelike line Q and two half-planes with edge Q,
we say that an automorphism 8 of .# which leaves Q and all
its events invariant, and which maps the first half-plane onto
the second, is an isotropy mapping with invariant timelike
line Q. If, for a given timelike line Q and any two half-planes
with edge Q, there is an isotropy mapping with invariant
timelike line Q, we say that the space-time .# is isotropic
with respect to Q. If .# is isotropic with respect to every
timelike line, we say that the space-time is isotropic.

Given a path S and an event egS, the subset of events of
S which can be joined to e by single paths is called the reach-
able subset of S from e, or simply the reachable set, and is
denoted as S(e). The subset of events of S which can not be

© 1989 American Institute of Physics 635



joined to e by single paths is called the unreachable set and is
denoted as S\ S(e). If the unreachable set S\ S(e) contains
at least two distinct events and is connected (with respect to
the usual order topology on S), this may be interpreted in
physical terms by saying that “action at a distance is not
instantaneous,” or simply by referring to “noninstantaneous
interaction.” If the reachable set S(e) is open (with respect
to the usual order topology on S), this corresponds to “there
being no fastest path between S and e.” Both of these condi-
tions together are equivalent to the statement that the “un-
reachable set is a closed interval,” which is stated in
Theorem 1 as condition (iii). An example of a space-time in
which these properties are not satisfied is Galilean space-
time, in which each unreachable set consists of a single event,
and, in a limiting sense, “interaction is instantaneous.”

As well as timelike lines, two other types of lines will be
considered: lightlike lines are straight lines which pass
through e and the events which bound the reachable set
S(e), while spacelike lines are straight lines which pass
through an event e and the nonboundary events of the un-
reachable set S\S(e). Lines of all types will be denoted by
upper case letters; when referred to an affine coordinate sys-
tem, each line has a parametric equation of the form

X; = Xiiniiany +AW;  (=0,1,2,3),

where the four-component direction vector w, is called a
JSour-velocity vector. We will use the index conventions that
italic letters i, j,k,... range over the integers 0,1,2,3, while
greek letters a,B,7,... range over the integers 1,2,3, and re-
peated subscripts imply a sum in accordance with the Ein-
stein summation convention.

B. Characterization theorem

The main result of the present paper is contained in the
next theorem, which gives sufficient conditions to character-
ize Minkowski space-time.

Theorem 1 (Minkowski space-time): If, (i) .# is a four-
dimensional affine space-time and the set of paths & con-
sists of equivalence classes of parallels, (ii) .# is isotropic
with respect to one given path Q, and (iii) each unreachable
set is a closed interval, then .# has a set of affine coordinates
such that the set of paths &7 is characterized by four-velocity
vectors which satisfy the inequality

2 2 2 2
wy — wy —w; —w; >0,

and such that the four-velocity of Q is (1,0,0,0). That is, the
four-velocity vectors of paths lie within an ellipsoidal cone.

Remark: Lightlike lines and spacelike lines have four-
velocity vectors which satisfy the corresponding equality
and reversed inequality.

Proof: (a) Each isotropy mapping with invariant path Q
induces an affinity of A *. Since each isotropy mapping maps
2 onto itself, it follows by a result of Hegerfeldt'® that each
isotropy mapping is an affinity.

(b) Definition of the set of parallels . The set of
straight lines through Q, is a three-dimensional projective
space with each line being a *‘point” of the space. Any plane
through Q, contains a set of lines through Q, which are the
points of a “straight line” of the projective space. Condition
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(iii) implies that the set of timelike lines " is a set of points
with the property that any “line”” which meets 2~ must meet
it in an “open segment” whose complement is a nontrivial
closed interval. Thus by a result of Kneser,?® 7" is an open
convex subset of the projective space of lines through Q,.
Now, considering 4 *, in each plane which contains Q, there
are two lightlike lines through @, and two lightlike lines
through Q, (see Fig. 1). A pair of nonparallel lightlike lines
through these events meets in some event ae& which can be
joined to Q,, by a timelike line (since 7" is convex); moreover
there is a line A parallel to Q such that acA. Thus in each
plane which contains Q there are two such parallels, one on
either side of Q; each of these two parallels corresponds to
the intersection of two lightlike lines—one through Q, and
the other through Q,. Any two timelike lines which pass,
respectively, through @, and @; and which are parallel, re-
spectively, to lines of 7" on opposite sides of Q, meet in an
event through which there is a parallel to Q; since 7 is
convex, this parallel is between the previously mentioned
pair of parallels generated by the intersection of lightlike
lines. In each plane, the set of all such parallels (including
the pair defined by the lightlike lines) is connected, contains
Q, and is bounded by the pair of parallels which were defined
by the lightlike lines. This procedure applies to each plane
through Q; the set of all such parallels is denoted by J%".

(c) The set of parallels %" is an ellipsoid. Since 7" is
convex, the set of half-lines (corresponding to the timelike
and lightlike lines of 7”) is separated into two components
by any of the supporting “planes” (hyperplanes). Hence the
convexity of both components implies the convexity of #".
Furthermore, 7 is convex and each line (plane) containing
Q has two distinct boundary points (lightlike lines), so the
set &~ of parallels is closed and therefore bounded. By part
(a) above, any isotropy mapping @ with invariant path Q
induces an affinity # of the set of parallels (to Q), and so ¢
maps % bijectively onto itself. Let us denote the boundary
of ¥ by €. Then the preconditions of the characterization
of ellipsoids given by Busemann' are satisfied. It follows that
the set of parallels of ¢, interpreted as points, form an ellip-
soidal surface and hence the set of parallels %", interpreted
as points, form a solid three-dimensional ellipsoid.

(d) Coordinatization of the set of parallels. Since %" is an
ellipsoid, the three-dimensional affine space of parallels (to

FIG. 1. The set of parallels %" of
the proof of Theorem 1.
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Q) can be coordinatized with a set of Y, coordinates
(a = 1,2,3) such that the set of all parallels of 7" satisfy the
inequality

i+ +)5<], (1)

where the equality corresponds to the parallels of the bound-
ary ¢.

{e) Coordinatization of the events of .# . The events of
# can now be coordinatized with a set of X; coordinates
(i =0,1,2,3) in the following way: each event lies on some
parallel with coordinates (y,,y,,y;), so we define the coordi-
nates X, (a = 1,2,3) for the event to be the same as for the
parallel. The line Q has coordinates (y,,y,,¥5) = (0,0,0) and
its events have already been indexed with an affine param-
eter, so for each event Q,€Q we define x;, = ¢, and then the
coordinates of Q, are (2,0,0,0).

On each plane through Q, there are two bounding paral-
lels in ¢ such that

Vi+y 4y =1 (2)

We consider one such parallel A and [as discussed in part
(b) of this proof] there are lightlike lines which pass
through the events (1,0,0,0) and (3,0,0,0) and which meet
at an event a€A; we specify that the x; coordinates of a are
(2,y,,72:¥3), and for the lightlike line which passes through
(1,0,0,0) and through a(2,y,,y,,y;) we specify the event co-
ordinates x; with the (four) equations

(XX 1, X2,%3) = (1,0,0,0) + (l,y,,p,y5), ueR. (3a)
These equations specify the x, coordinate at one event on
each parallel to Q in the plane which contains Q and A. Now
take a lightlike line through the event (3,0,0,0) parallel to
the previous lightlike line. Let the event at which this line
meets A have the coordinates (4,p,,9,,5). Then this line has
the parametric equations

(x()yxlyxz,x:«)) = (3’0’0’0) +,U(1,y|,yz,J’3), ,UE]R (3b)

These equations specify an x,, coordinate on a second event
on each parallel to Q in the plane spanned by Q and A. Thus
each parallel has been equipped with an affine parameter,
and hence the plane has been given an affine coordinatiza-
tion.

Since each plane through Q passes through some
bounding parallel of % [satisfying Eq. (2)], it follows that
the entire affine space 4 * is equipped with an affine coordina-
tization.

(f) Equations of timelike, lightlike, and spacelike lines.
Any line in 4 * has an equation of the form

X; = Xiiniviay + MW, HER 4)

(for i =0,1,2,3), where u is a line parameter and w;, is a
constant four-velocity vector. Equations (2) and (3) imply
that for lightlike lines

wi —w —wi —w? =0, (5a)
hence for timelike lines
wy —w} — w3 —w?>0. (5b)

The remaining lines are spacelike lines which must therefore
satisfy
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wi —wl —w) —w?l <0. (5¢)
QED.

1Il. THE ORTHOCHRONOUS POINCARE GROUP

It can be shown'® that the set of automorphisms of the
light cone [Eq. (5a)] is the Lorentz group augmented by
dilatations.?' Thus each Lorentz transformation which has
an invariant path is an isotropy mapping. Two special types
of isotropy mapping are: (i) Lorentz transformations which
leave the path Q invariant—these correspond to orthogonal
transformations of ““position space,” and (ii) “reflections in
timelike lines.” Lorentz boosts may be generated from the
composition of mappings of type (ii), and then translations
may be generated by the composition of boosts.

It is straightforward to show that these motions gener-
ate the orthochronous Poincaré group. Thus the property of
isotropy applies for all freely moving observers and the asso-
ciated isotropy mappings generate the orthochronous Poin-
caré group.”*

IV. CONCLUSION

Minkowski space-time has been characterized by as-
suming affine structure, isotropy with respect to a single ob-
server, and noninstantaneous interaction. It then follows
that the property of isotropy applies with respect to every
observer, and that isotropy mappings generate the ortho-
chronous Poincaré group.
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The evolution equations that describe, in appropriately “coarse-grained” and “slow” variables,
the evolution of the envelopes of N nonresonant dispersive waves, can be reduced to the
“universal” form (3/dt + v, 3/9x) u, (x,t) = u,(x,t) ZX _ B, (x,2). In this paper the
special case with 8,,,, = (v,, — v,) B,,, which is integrable by quadratures, is investigated. The
subclass of localized solutions (i.e., vanishing as x— + oo ) gives rise to a novel solitonic
phenomenology. The class of solutions that are asymptotically finite contains a richer solitonic
phenomenology, including those of novel type (which move with the speeds v,,, and can have
any shape) and more standard kinks (which can move with any speed, and have standard
shapes). The class of rational solutions, and the integrable dynamical systems naturally
associated with these solutions, are also investigated; these dynamical systems include, and
extend, known integrable systems. In this paper the treatment is confined to 1 + 1 dimensions;
at the end, together with some other generalizations, a partially solvable multidimensional

extension is reported.

I. INTRODUCTION

It has been recently pointed out that the nonlinear evo-
lution PDE’s that describe the interaction of N dispersive
waves in the regime of weak nonlinearity have a universal
character, and are therefore likely to be both widely applica-
ble and integrable."? In particular, the standard equations
that describe the nonresonant interaction of N dispersive
waves have the form

(i +v, —‘—9-—)\1’,, =iV, (x,t) i X lq’m |2’
ot ox m=1

v, =V, (x1). (1.1)

Here x and ¢ are appropriately “‘coarse-grained” and “‘slow”
space and time variables [our consideration in this paper is
limited to the (1 + 1)-dimensional case]; the N real con-
stants v, are the (different) group velocities associated with
the N dispersive waves under consideration, and without
loss of generality we assume hereafter that

UV, <Vp,py, =12, ,N—1; (1.2)

the N dependent variables ¥, are the complex amplitudes
accounting for the (amplitude) modulation of the N disper-
sive waves due to the (weak) nonlinearity; and the N2 con-
stants a,,, are generally complex.! Of course in (1.1), and
throughout this paper [unless otherwise indicated; see, e.g.,
(1.2)], the index 7 takes the values 1,2,...,N.

An interesting case is that in which the imaginary part of
a,,, is proportional to the difference of the velocities v, and
v

Imea,, = (v, —0,)8,, (1.3)

because the nonlinear evolution PDE’s (1.1) are then C-
integrable,’ namely, their solution can be obtained by qua-
dratures. Purpose and scope of this paper is to analyze the
solutions of (1.1) in this case (1.3). As shown below, these
solutions display a rich and remarkable phenomenology,

B, real;
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that can be exhibited in explicit detail thanks to the C-inte-
grable nature of (1.1) with (1.3).

The paper is organized as follows. Section II summar-
izes tersely the solution technique.! Section III deals with
localized solutions, namely, solutions of (1.1) with (1.3)
such that

+ o

f dx|¥, (x,1)] < . (1.4)
As we show below, this case gives rise to a new type of soli-
tonic phenomenology, with the following features. Only soli-
tons are present (no background or radiation); every solu-
tion, in the remote past and future, factors into N separate
solitons (see below). Each separated soliton has only one
wave present, and travels with the corresponding velocity,
say

u, (x,t) =86,,u,(x—v,t) (1.5)

[through the rest of this section we denote by u, (x,?) the
renormalized squared modulus of ¥, (x0),
u, (x,t) =2B,|¥, (x,t)|*]; the function u, (y) is arbitrary
(localized ). Hence these N solitons have fixed speeds but ar-
bitrary shapes. The collision of two solitons produces a
change in the shape of each of them; the new profile of each
soliton after the collision, say i, (y), is determined by its
profile before the collision, say &, (»), according to the uni-
versal formula

"y -1
i,(y) =t‘tv(y)(1 +aepr dx z‘tv(x)]) ; (1.6)
with the parameter a given, in terms of the integrals over the
profiles of the two colliding solitons, say

n + A + oo
b”=f dx ,(x), bv=f dxi,(x), (1.7

— -

by the formula
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a=exp(—b,) -1, if v, <v,, (1.8a)
(1.8b)

In the remote past and future, every solution factors into N
separated solitons,

a = exp( —i)v)[exp(g,‘) —17, if v,>v,.

v (xt)=ut(x—v,t), =+ o; (1.9)

of course the mth soliton is to the right of the (m + 1)th
soliton in the remote past, and to its left in the remote future
[see (1.2)]. Hence the final outcome obtains from the con-
figuration in the remote past after all the solitons have over-
taken each other. The profile of each soliton in the remote
future, u\*’(p), is related to its profile in the remote past,
ul (), by the universal formula

ult () =uf,"(y)(l +a,

ad -1
Xexp[f dx u'~ ’(x)D ,

with the constant @, determined by the integrals over the
profiles of the solitons in the remote past,

(1.10)

+ o
bf,":f dxu’=’(x), (L.11)

according to the formula

a, =exp( zn: b~ ))

m=1

N
+exp(—~ Z bf,,")—exp(b,‘,") — 1.
m=n+1
(1.12)

This final outcome corresponds of course to what would re-
sult from a sequence of pair soliton collisions, see (1.6)-
(1.8); note, however, that it is independent of the localization
of the solitons in the remote past [other than their order,
which is determined by (1.2) ], even though this determines
the sequence of pair collisions, or the eventual occurrence of
multiple collisions (whose relevance depends of course also
on the widths of the soliton profiles, both initially and as they
get modified by the interactions through the time evolu-
tion). It is this last feature that, in our opinion, justifies the
use of the term “soliton” to describe this phenomenology.
Section I'V deals with solutions that tend asymptotically
(x> 4 o) to finite values (rather than vanishing). This
class of solutions features, in addition to a soliton phenomen-
ology analogous to that described above, another kind of
soliton, of more standard type. These new solitons, which of
course also move with constant speed and shape when they
are isolated, involve more than one wave; they are genuinely
nonlinear. Moreover, their speed V can take any value other
than the v,’s, V #uv,, while their shape is fixed. The proto-
type of this kind of soliton is the kink involving fwo waves,

u, (x,0) =8,,p,/{1 +exp[(p, —p,) (x — ¥Vt —x,)]}

+ 8P /{1 +exp[(p, —p,) (x — Vi —x,) 1},
(1.13)

where the (real) parameters x,, p,, and p, are arbitrary
(##V,p’u #pv)’ and
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V= (pv, —p,v,)/(p, —P,)- (1.14)
It should be noted that also in this case the solution generally
contains only solitons (no radiation), as demonstrated by its
behavior in the remote past and future, when it separates
into the sum of distinct solitons.

In Sec. V we consider the special class of solutions of
(1.1) with (1.3) such that the square moduli |¥,, (x,¢)|* are
rational functions (of both x and ). We also discuss the
finite-dimensional integrable dynamical systems (which
turn out to generalize known integrable dynamical sys-
tems®) that are naturally associated with such solutions.

Finally in Sec. VI we outline some future developments
of these researches.

Il. METHOD OF SOLUTION

We set

¥, (x,1) = [@,(x,1)]"* exp[i6, (x,)]. (2.1)
Here we assume that the quantities #,, (x,¢) are real and non-
negative, and the quantities 8, (x,?) are also real [and of
course defined mod(27)].

Then (1.1) with (1.3) yield

N

(g; + v,,%)e,. (60 = 3 (Rea,, )i, (50,

g .
il — ,t
(a:“" ax)""(x )

(2.2a)

N
=20, (60 Y W = 0,)B ity (x,1). (2.2b)

m=1
The explicit solution of (2.2a) reads
~ d N
6,(xt)=6,(x—uv,t) +J- dt’ z
0 m=1
X(Rea,, )i, [x —v,(t—2"),t"]. (2.3)
Here the n functions 9,, (x) are arbitrary; in the context of
the Cauchy problem, they are determined by the initial con-
ditions
8, (x) =6, (x,0),
that are clearly implied by (2.3).
The functions #,, (x,t) that appear in the rhs of (2.3) are

the solutions of the nonlinear system of evolution equations
(2.2a). It is clearly convenient to set

u(x,t) =u(xt)/(28,,),
so that (2.2b) read

(2.4)

(2.5)

(i+v i)u (x,t) =u, (x,t) i (v, —v,)u, (x,t)

3t n ax n 2 n 1 e m n m ’ .
(2.6)

Our attention hereafter will be focused on this system of non-

linear evolution PDE ’s. Note that, to the extent that this sys-

tem is related to (1.1) with (1.3) via (2.1), one should limit
consideration to solutions of (2.6) such that

B.u,(x,t)>0. (2.7)
To solve (2.6) it is expedient to set
u,(x,t) =w,(x—v,t)/F(x,t). (2.8)
Then (2.6) yields
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N
F.(xt) = — z U, W,, (Xx-0,,1), (2.9a)
m=1
N
Fo(xt)= Y w,(x—uv,0. (2.9b)
m=1

The compatibility of these two equations, F,, = F,,, is evi-
dent.
Hence the general solution of (2.6) reads

X — Uyt

N
u,(xt) =w,(x— v,,t)([C+ z

m=1+Jx,

dx'w,, (x') ]),
(2.10)

where the two real constants (x and ¢independent) Cand x,,
and the N real functions w,, (x), can be chosen arbitrarily.
It is easily seen that (2.10) implies

X N
w,(x)=Cu, (x,O)exp[f dx' Y u,(x',0)}; 2.11)
Xo m=1
this formula provides an explicit expression of the functions
w, (x) in terms of the initial data u,, (x,0).

The formulas (2.11), (2.10), and (2.3) with (2.4) and
(2.5) provide, via (2.1), the explicit solution of the Cauchy
problem for (1.1) with (1.3); the two constants C and x,
may be chosen at one’s convenience (see below).

In the following we discuss the behavior of certain
classes of solutions. Our treatment will focus on the solu-
tions of (2.6), as given by (2.10) and (2.11).

Let us end this section with two remarks.

The system of nonlinear evolution PDE’s (2.6) is clear-
ly invariant under the transformations x-—ax, t-at,
u,-u,/a (scale transformation), with x;, 7, and @ arbi-
trary constants (@ #0). It is moreover invariant under the
(Galileo) transformation v, —v, + vy, X—Xx — Ugt; hence we
may hereafter assume, without loss of generality, that all the
velocities v, are positive,

O<v, <, < " <oy (2.12)
The system of nonlinear evolution PDE’s (2.6) implies
that the quantities
N
V.(x,t) = z w,) u,(x,t), r=0,12,.,N, (2.13a)

m=1

satisfy the equations

aVr aVr+l
AT = VY, = V¥, r=012 N - 1.

(2.13b)

Note that for » = 0 this yields the local conservation law

av, . av,
A BTLAA Wy |

at + Ix
while V' (x,?) is, as implied by (2.13a), alinear combination
of the N V,’s with r =0,1,2,...,.N — 1,

(2.13c)

N—-1
Va(x,t) = z YV (x,t). (2.13d)
r=20

The quantities ™ are evaluated in Appendix E.
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lil. LOCALIZED SOLUTIONS: A NOVEL SOLITON
PHENOMENOLOGY

In this section we discuss the localized solutions of
(2.6), characterized by the condition to vanish asymptoti-
cally at both ends (x— + o ), or more precisely by the con-
dition to be integrable,

+ o
J- dx u,(x,t) =b,(1),

1b, (1)} < o0. (3.1b)
It is sufficient (see below) that this condition, (3.1b), hold
at any one time, to hold for all time.

It is then expedient to set C= 1 and x, = — oo, so that
(2.10) and (2.11) read

(3.1a)

u,(x,t)
N X — 1 —1
=w,,(x—v,,t)(1+ z dx'wm(x’)) ,
m=1 — o
(3.2)
x N
w,(x) =u, (x,O)exp[f dx’ 2 u, (x',O)]. (3.3)
-~ oo m=1

In fact, the second of these equations is a special case of the
more general formula

X N

w,(x—v,t) =u, (x,t)exp[f dx’' Z U, (x’,t)],
— o m=1
(3.4)

that can be easily derived from (3.2) (see Appendix A).
Note that this equation implies that the nonlinear evolution

equations (2.6) possess the N (nonlocal) conserved quanti-
ties

+ o X N
Ch =J dx u,,(x,t)epr- ax' ¥ u, (x’,t)]. (3.5)

m=1

More generally, conserved quantities are also provided by
the more general formula

+ oo
C,= f dx F, [u,, (x,1)

(3.6a)

X N
Xepr dx' z u,,,(X',t)”,

m=1
where the functions F, (z) are arbitrary [except for the con-
dition
F,(0) =0, (3.6b)

as required in order that the integrals on the rhs of (3.6a)
converge].
Note moreover that (3.5) implies the relation

N N
S = exp[ Y b1,
n=1 n=1
with the quantities b, (¢) defined by (3.1a). Hence the sum

3.7

N N + oo
B=3Y b, (=3 dx u, (x,t)

n=1 n=1J-w

(3.8)

is a constant of the motion; as can also be evinced directly
from the local conservation law (2.13c¢).
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Let us now introduce the functions #{*’(x) via the for-
mula

lim [u,(x+v,86) —ui®’(x)] =0,

t— + o

whose consistency with (3.1)—(3.3) is obvious (see below),
and whose significance is perhaps best understood by rewrit-
ing this formula, (3.92a), in the following equivalent, if less
rigorous, form:

(3.9a)

u, (x,8) - ul®(x-v,1). (3.9b)

t— +

It is moreover convenient to define the 2N constants

+ e
bf,i’zj dx ul*)(x); (3.10a)
there clearly hold the relations [see (3.12)]
b{t’= lim b,(1). (3.10b)

t— + oo

It is now easy (see Appendix B) to obtain the formula

ultx) =ul" ’(x)(l +a,

X -1
Xexp[ —-J dx' uf,"(x’)]) )
T (3.11a)

u£'+)(x) =i_]n{an +exp[f dx’ uf‘_}(x')]]’
dx -w
(3.11b)
with

n N
a,,—_—exp(E bf,,—’)+exp(— Y bf,,‘))
m=n+1

m =1
—exp(b{™7) — 1. (3.12a)
In writing this formula, and throughout this paper, we con-

ventionally set to zero the value of a sum if its lower limit
exceeds its upper limit; hence, (3.12a) implies in particular

N
ay=exp| 3 bf,,"]—-exp[b}v“’], (3.12b)
m=1
as well of course as
N
a,=exp| — ¥ bf,,"]——l. (3.12¢)
m=2

Let us emphasize that, to obtain this formula, we have
used the condition (1.2) (see Appendix B).

It is easily seen that (3.11b) implies, via (3.10a), the
formula

b =In{[a, +exp(b{~)]/[a, + 11}
namely, via (3.12a)

(3.13a)

b{+) =ln”exp( i bf,,_’)

m=1
N n
+exp(— > bfn")-l][exp(z bf,,")
m=n-+1

m=1
N ~1
+exp(— S bf,,_))—exp(bf,")] ],

(3.13b)

+ 1
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b;+>=1n[1 + [1—exp( —bf,")][eXp("i‘ bfn_’)

m=1

(3.13c)

N
+exp(— > b‘m")—exp(—bi")]

X[exp(zn" bf,,—))
m=1
N —1
+exp(— > bf,,")—exp(bf,_’)] ]
m=n+1

(3.13d)

To understand the significance of these remarkable for-
mulas, itis appropriate to first consider the N = 2 case. Then

a,=exp(—bi=)—1, (3.14a)
a,=-exp(bi ) [exp(b{~) —1], (3.14b)
b{=b{"+p (3.15a)
byt =bi"" -5 (3.15b)
B=1In[exp(b5~’) +exp(—b{~")
—exp(b{™’—b{7")]. (3.15¢)

Note incidentally that the last three formulas imply the rela-
tion

b4+ b =b{"4+b{), (3.16a)
which is clearly a special case of the more general formula

ibu) i (-
n= 2 by

n=1 n=1

(3.16b)

that follows from (3.13); and which is itself clearly a conse-
quence of the time independence of B [see (3.8) and
(3.10b)].

The second fact that is instrumental to understand this
phenomenology is the observation that the recursion rela-
tion

X -1
frr@=r (147, exp[ - ax f,o])

s=01,.2,..., (3.17a)
fii1(x) =iln{n, + exp[f dx’fs(x')”,

dx cw

s=0,12,.., (3.17b)

can be solved to yield

—1
’

fi(x) =f0(x)(1 + a; exp[ — f dx’ﬁ,(x’)])

s=0,1.2,., (3.18a)
fi(x) = —;— ln[as + exp[f dx’ﬁ)(x’)”,
X — o0
s=0,12,.., (3.18b)

as can be easily verified; namely, the functions f(x),
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s=0,1,2,..., defined by the recursion relations (3.17), all
have the same functional form,

() =p(xa,), s=012,..,

p(xa) =ﬁ,(x)(1 +a exp[ - f dx'ﬁ)(x’)])
o (3.19b)

with the constants a, determined by the recursion relations

(3.19a)

—1
3

s =T + (1 + 7]5)(15, ap = 0, S=0,1,2,...,
(3.20a)
whose explicit solution reads
s—1 s—1
a=3Y7 ] (Q+n), s=012... (3.20b)
r=0 q

=r+1
Let us recall that, by convention, a sum vanishes if its lower
limit exceeds its upper limit; and by the same token we as-
sume, here and hereafter, that a product takes the value uni-
ty if its lower limit exceeds its upper limit; so that (3.20b)
yields @, = 0 and @, = 7, [consistently with (3.18a) and

(3.17a)].

Note that, with the definition

+ o

B, = dx f,(x), s=0,1.2,.., (3.21a)
we obtain {from (3.18b)]

B, =n{[a, + exp(By) ]/(a, + D}, (3.21b)
and from (3.17b)

B.yr =In{[n, +expB,)]/(n, + D} (3.21c)

We are now in the position to describe the general be-
havior of the localized solutions of the system of nonlinear
evolution PDE’s (2.6).

In the remote past (~ — oo ) each function u,, (x,¢) has
the form u¢ =’ (x — v,?) [where each u’~’(y) is a localized
function, which can be assigned arbitrarily]; hence each of
them travels with its own constant velocity v,, without
changing its profile; and since the velocities are different
(and |t| is large), these profiles are widely spaced, with
1, (x,t) localized farther to the left, then u, _, (x,2) to its
right, then u, , (x,#) and so on [see (1.2)]. Note that this
picture is consistent with the evolution equations (2.6),
since these nonlinear evolution equations reduce to the lin-
ear wave equations (d/dt + v, d/9x)u, (x,t) =0 when-
ever their right-hand sides vanish, as is the case when the
functions u,, (x,t}, m = 1,2,...,N, do not overlap.

As time progresses, the waves u, (x,¢) associated with
larger values of n [which were in the remote past located
more to the left, and which move faster towards the right; see
(2.12)], catch up with the waves associated with smaller
values of » and overtake them; in the process, the nonlinear
character of the evolution comes into play, causing different
waves to interact as they cross each other.

The final outcome of the process (namely, the picture in
the remote future, 1~ + ) shows again N widely separat-
ed waves, each traveling with its own constant velocity with-
out change of shape, u, (x,t) ~u!*’(x — v,t); but now the
wave u,, (x,t) is farther to the right, followed by u,, _ , (x,f)
and so on; and as time proceeds further, these waves contin-
ue to separate and do not interact any more.
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The effect on each wave of its interaction with the other
N — 1 waves (which it has overtaken, or by which it has been
overtaken) is to change its profile from u{~’(x — v,?) to
ul*’(x —v,t), according to the formulas (3.11) and
(3.12). Hence the profile in the remote future, u{*’(y), is
essentially determined by the profile of the same wave in the
remote past, 47’ (»); the influence of all the other waves is
only felt through the constant a,,, see (3.11), whose value is
given by (3.12) in terms of the integrals b {,~’ of the profiles
of the N waves in the remote past [see (3.10) and (3.9)].
Note in particular that the final effect does not depend on the
localization of the waves in the remote past, nor on their
velocities v, ; it depends only on their ordering in the remote
past and future [as determined by the inequalities (1.2)],
and on the integrals b { = of their profiles in the remote past
(the values of these integrals is of course independent of the
localization of these profiles and of the velocity with which
they move).

The final outcome we have described may of course re-
sult from a sequence of § N(N — 1) essentially distinct pair
crossings, the effect of each of them being then accounted for
by the formulas (3.14) and (3.15) [or, equivalently, (1.6)-
(1.8) ], and their combined result being calculable according
to the formulas (3.17)—-(3.20). The fact that the final out-
come is independent of the order in which such pair en-
counters occur is a nontrivial feature of these formulas; the
diligent reader may wish to verify this in the N = 3 case,
where two distinct sequences of pair encounters are possible,
namely those characterized, sequentially in time, by the fol-
lowing orderings (from left to right) of the three waves:
(321) - (312) - (132) - (123), (321) - (231) - (213)
— (123) (of course throughout such a computation the
changes in the values of the integrals over the profiles result-
ing from each encounter must be taken into account). Note
that the order in which the different encounters occur is de-
termined by the initial localization of the waves as well as by
their velocities; and these parameters determine as well
whether the interaction indeed develops only through a se-
quence of pair encounters, or instead also features multiple
encounters (this depends moreover on how wide is the pro-
file of each wave).

Let us emphasize again that the independence of the
final outcome from these features of the actual time evolu-
tion is remarkable; it justifies (in our opinion) the use of the
term “solitons” to denote these localized solutions.

Note however that the effect of the collisions on the
solitons is not merely to shift their positions; it induces a
change of profile. One might wonder whether, for some spe-
cial profile, this change might reduce to a shift in position;
the results of Appendix C imply that, for localized solutions,
this cannot happen.

Our discussion so far has been mainly focused on the
time evolution of the solution from the remote past to the
remote future; but these findings are of course also relevant
to understand the time evolution in the framework of the
Cauchy problem, namely in terms of data given, say, at the
initial time ¢ = 0. The relevant formulas are (3.2), (3.3),
(3.9), and (B2), (B3) with (Bla) and (3.3). The outcome
is sufficiently clear, in terms of the preceding discussion, not
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to require any additional elaboration.

Let us end with some quantitative comments.

If all the functions u' =’ (x) [or equivalently, in the con-
text of the Cauchy problem, all the functions %, (x,0)] are
non-negative, it is easily seen that the same is true for all the
functions #{ *’(x) or indeed, more generally, u, (x,t). It is
moreover easily seen that @, > — 1 [see (3.12a); and note
that in this case all the b |~ ”’s are positive], and therefore
the functions '+’ (x) are regular for all real values of x [see
(3.11a); we assume of course all the functions #! ~’(x), or,
equivalently, u, (x,0), to be regular to begin with]. More
generally, the fact that the functions #, (x,?) are regular
(and non-negative) for all real values of x and ¢ is an immedi-
ate consequence of (3.1)-(3.3), under the hypothesis that
all the functions u,(x,0) [or, equivalently, u'{~’(x)] are
themselves regular and non-negative. Note on the other
hand that, while a,, is positive, @, is negative [see (3.12b)
and (3.12¢)].

If instead some of the initial data u, (x,0) are nonposi-
tive [as it would be appropriate if some of the parameters 3,
in (1.3) were negative; see (2.7) ], then it might happen that,
even though all the u, (x,0) are regular, all the functions
u, (x,t) become singular at some finite time 7, [this would
occur through the vanishing of their denominator, which is
common to all of them; see (3.2) or (2.8)]. It is, however,
clear from (3.2) that this phenomenon may, but need not,
happen; for instance if only one of the u,, (x,0) is nonpositive
while all the others are non-negative, say u,(x,0)<0,
u, (x,0) >0 for n#v, then the inequality

+ oo N X
f dx|u, (x,O)fexp[ D f dx'u,, (x’,O)] <1

m=1
(3.22)
is clearly sufficient to exclude the emergence of any singular-
ity at any, future or past, time {see (3.2) and (3.3)].

IV. KINKLIKE SOLUTIONS

In this section we consider solutions of (2.6) that tend
to finite values asymptotically,

lim [u,,(x,t)] =u,(+ oo,t).

X— 4+ o
The simpler instance of this kind is the uniform (space-
independent) solution,

4.1)

u,(x,t)=u,(t). (4.2a)
It reads
N —1
u,(t)=p u,,(O)( 2 u,, (0)exp[p(v, —v,,,)t]) s
m=1
(4.2b)
N N
P=3 u, (0 =3 u, (0. (4.2)
n=1 n=1

The fact that this solution contains the N arbitrary constants
u, (0) implies that it is the most general of its kind. It is easy
to obtain this solution setting u, (x,0) = u, (0) in (2.10)
and (2.11).

Another simple solution is the traveling wave

u,(x,t) =u,(x— Vr). (4.3a)
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It reads

i, () —ad, [ ay ]
u,(y a exp——(vn_V)

N -1
— M4 L A D .
(4.3b)

Here the overall speed V is arbitrary, except for the restric-
tion

V#£v,; (4.3¢)

and the N + 1 constants @ and 4, are also arbitrary. Note
however that, for any given V, the solution (4.3b) depends
effectively on N arbitrary constants, since a change of scale
of the constants 4, does not affect it.

This solution may, but need not, become singular at
some real value of y, due to the vanishing of the denomina-
tor. For instance, the restrictions

v, — V)A4,,>0, m=12,..N, (4.3d)

are sufficient to guarantee that this solution be regular for all
(real) values of y (we assume of course that all the constants
a, V,A,,, and v,, are real).

In Appendix D we indicate how this solution has been
obtained, and we show that it is the most general solution of
its kind.

Special cases of this solution are obtained if some of the
constants A4, vanish. In particular, the simpler nontrivial
solution is obtained if only two of these N constants do not
vanish, say 4, = 0 if n5#£u,v. It reads

u,(y) =0, if n#u,yv, (4.4a)

i, (y) =p, /A1 +exp[(p, —p) ¥ —yo) ]}, (4.4b)

i, () =p, /{1 +exp[(p, —p,) ¥ —yo) ]}, (44c)
where we have set

Yo=(p, —p,) 'In[(p,A4,)/(p. 4], (4.5a)

p,=a/(v, — V), p,=al/lv,—-V), (4.5b)
implying

V=, —pv,)/ (P, —p,). (4.5¢)

As we will see below, this solution is the prototypical one
representing a kink. Note that it is certainly regular (if y, is
real), and that it has the following asymptotic values:

4,(—w)=p, #,(+0)=0, (4.6a)

U,(~»)=0, u,(+ «»)=p,, (4.6b)
provided

p,>p,>0. (4.6¢)

Note that these asymptotic relations are special cases of the

general formula, applicable to the solution (4.3b),

#,(— w)=90,,p., if A,#0 and 4, =0 for m<u,
(4.7a)

if 4,70 and 4,, =0 for m>w.
(4.7b)

Here we are of course using the notation (4.5b), and we have
moreover assumed that ¢ is negative, a <0, so that the re-

ﬂn( + w) =6nvpv!
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strictions in (4.7) (which imply v > u), together with (1.2),
imply (4.6¢).

Note that (4.7) implies that the traveling wave solution
(4.3b) has a kinklike shape; only one of the waves does not
vanish to the left, and another one to the right; generally
these are characterized by the extreme (i.e., largest and
smallest) values of the index n, among the waves which are
effectively present.

For ¥V =0, the formulas (4.3) provide the (most gen-
eral) static solution of (2.6).

Let us now exhibit a third class of solutions, that encom-
passes those discussed thus far. It is obtained by setting in
(2.10)

w, (x) =W, (x) + ) 4,, exp(p,,x), (4.8)
with the constants 4, and p,, arbitrary and the functions
W, (x) vanishing {or, more precisely, integrable) at both
ends,

+
C, = f dxw,(x), (4.9a)

le,] < o0. (4.9b)

Hence this solution reads as follows:

u, (x,t) = [17),, (x—v,t) + ZA,,, exp[ P, (x —v,1) ]]

N —~
x(Ao+ > {W,,(x—u,,,t)

m=1

+ E (A"" )eXP[pm,(x - vmt)]])_ 1’

Pmr
(4.10a)
with
N Amr
4o=C—- Y ¥ ( )exp(pm,xo) (4.10b)
m=1 r mr
and
W, (x) =f dx' i, (x'). (4.10c)

The asymptotic behavior of this solution as x—» + o is
easily ascertained from these formulas, taking into account
the exploding or vanishing asymptotics of the exponentials
and the vanishing or constant asymptotics of the functions
i, (x) and W, (x); it is clear from such an analysis that the
generic solution of this kind is asymptotically limited. In-
deed, if all the parameters p,, are different among them-
selves, then clearly

un( :t °°’t) =6nv(1)P(i)9 (4-10d)
(—);

where p'* is the largest of the p,,’s and p~! is the smallest,
and v'*, v/ are the corresponding values of the index 7.
By the same token it is easy to analyze the behavior of
this solution in the remote past and future. To this end it is
expedient to set x = y + Vi, and to analyze the behavior of
the solution for fixed values of y and ¥, and for diverging ¢
(graphical techniques, analogous to those employed, in an
analogous context, in Ref. 4, may prove expedient to per-
form such an investigation). It is clear that the generic solu-
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tion of this type yields, in the remote past and future, a solu-
tion whose profile is a sequence of regions where one of the
u,’s has a constant nonvanishing value and all the others
vanish, say

u,=6,,p,. (4.11a)

Two adjacent regions, one characterized by the solution
(4.11a) and the other, say, characterized by

u,=08,.p,., (4.11b)

are separated by a kink that travels with the constant veloc-
ity (4.5c) and interpolates (as a “boundary layer”) among
these two constant solutions, according to the formulas
(4.3a), (4.4), and (4.6). A different (but easily computable;
see below) shape of the boundary layer may also occur, if its
velocity coincides with one of the v, ’s.

Note that the solution (4.10) might, but need not, be
singular for real values of x and ¢; assuming all the functions
v,, (x) to be regular [as suggested by (4.9) ], this question
hinges of course on the possibility that the denominator in
the rhs of (4.10a) (which is common to all the u,,’s) vanish.

The motivation for focusing on the solution (4.10) is
because such a solution is clearly yielded [see (2.10) and
(2.11)] by the Cauchy problem with initial data u, (x,0)
having the asymptotic behavior (x »sew,s= + )

#,(%,0) =u,(s0,0) + ¥ B exp( — |gi’x))
+olexp( —p*“x)], s=+, (4.12a)
with

N

Y= u,(50,0), s=+.

n=1

(4.12b)

Of course, if p'*’ is negative and p'~’ positive, no exponen-
tial corrections appear in the rhs of this asymptotic formula
[namely, all the coefficients B (Y wvanish; in general,
B’ =0 if p'"*'<0, B> =0 if p'~’>0; this case is
treated below].

The fact that (4.12) yield (4.8)-(4.10) [via (2.10)
—(2.12)] is easily verified; note however that the quantities
Pnrand A4, in (4.8), although uniquely defined by the initial
data u,, (x,0), depend generally on fine details (of the
asymptotic behavior) of these functions; this may cause the
solutions to depend sensitively on the initial data. Moreover,
a generic choice of the parameters p,, and 4, in (4.8) is
generally far from being yielded by a generic choice of the
parameters u, (sw,0), B, and ¢ in (4.12a). Since the
relevance of these facts has been elaborated in some detail
(in a different, but analogous, context) in Ref. 4(b), we for-
sake any further discussion of these points and we limit our
treatment here to an analysis of the solution of (2.6) yielded,
in the context of the Cauchy problem, by initial data »,, (x,0)
that are positive and yield no exponential corrections in
(4.12a),

u, (x,0)>0, (4.132)

u,( £ «,0)>0, (4.13b)
N

=3 u,(+ «,0)>0, (4.13¢)

n=1
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lim {[u,(x,0) —u,( + »,0)]Jexp(p'*'x)} =0.
X— + o
(4.13d)

Then the formulas (2.10) and (2.11) [or (3.2) and (3.3)]
may be replaced by

N X — Ut —1
u,(x,t) =w,(x — v,,t)( Z dx' w,, (x‘)) ,
m=1 — o0
(4.14)
X N
w,(x) =u, (x,O)exp{p‘”’x +f ax' ¥
— © m=1

X [ (X',0) —u,, (— oo,O)]}-
(4.15)

Note that the consistency [both among themselves and with
the asymptotic behavior (4.1)] of these expressions is im-
plied by the exponential vanishing of the functions w, (x) to
the left,

lim [w,(x)exp( —p'7'x)] = u,( — »,0), (4.16a)

X+ — 00

and their exponential divergence to the right

lim [w,(x)exp( —px)] =u,( + »,004, (4.16b)

X—= + o

N
A= exp{f) dx’ z [4,(x,0) —u,(— «,0)]

m=1

© N
+f dx’' Z [, (x,0) —u, (+ oo,O)]]. (4.16¢)
o

m=1

It is now clear that these formulas imply the following
special (nongeneric!) case of (4.8):

w, (x) =, (x) +4, exp(px), (4.17a)
A, =u,(+ «,0)4, (4.17b)

of course with @, (x) integrable at both ends [see (4.9)].
The corresponding expression of u, (x,t) is obtained from
(4.14),

u, (x,t) = {w, (x —v,0) + 4, exp[p(x —v,0) ]}

N X — Ut
X (mzl {f_ 3 dx' ,,(x')

A, -1
+(p(+))exp[p‘+)(x—vmt)]}) . (4.18)
It is easily seen that these formulas imply
u,(sw0,t)
=pPu_(5,0)
N -1
><( S U, (so0,0)exp[p® (v, —v,)¢ ]) ,
m=1
s= +. (4.19a)
For s= +, this expression is obtained from (4.18),
(4.13c), (4.9),and (4.17b); fors = — ,itis obtained direct-

ly from (4.14), (4.16), and (4.13c). The consistency of this
formula at ¢ = 0 is easily verified [via (4.12b)]. Note that
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this expression, (4.19a), satisfies, as it should [see (2.6) and
(4.1)], the system of ODE’s

N
U, (s0,8) =u,(50,8) Y (U, =V, )ty (500,8), 5= £

m=1
(4.19b)
[see (4.2a) and (4.2b) ], as well as the conservation law
N N
PO= Y u,(50,0) = Y u,(s,8), s=+. (419%)
n=1 n=1

Let us now investigate the behavior of this solution,
(4.18), in the remote past and future. To this end we set

lim [u(y+ Vi,6)] = u'*’(p), (4.20)
t— 4 oo

and we find

u,” () = 8,40+, for V<uy, (4.21a)

ul = (9) = Bonton ()
'y -1
><(J~ dx wN(x)) , forV=uv,, (4.21b)

for V>uy; (4.21c)

(4.22a)

ul ) =640,

u, W (p) =6,,p' ", for¥V>u,

'y -1
ult ) =5,,,w,(y)(f dx wl(x)) , forV=u,
) (4.22b)

wH(y) =6,p 7", (4.22¢)

To obtain these results we have of course used the inequal-
ities (1.2); (4.21a) and (4.22a) follow from (4.18),
(4.13¢), and (4.9); (4.21b), (4.21c) and (4.22b), (4.22¢)
follow from (4.14), (4.16), and (4.13c). The functions
w,(y) and wy () are of course given, in terms of the initial
data u, (x,0), by (4.15).

Hence, in the remote future, only the wave with n =1
does not vanish, and it has to the left the constant value p¢ ~,
to the right the constant value p'*’; the two regions where
u,(x,t) (for t= + o0 ) is constant are separated by a bound-
ary layer that travels with the constant velocity V' = v, and
whose shape is given by the formula (4.22b) [it is easy to
verify that this formula has the limiting values p‘*’ as y
tends to + oo; this follows from (4.17a), (4.13c), (4.9},
and (4.17b) for y—» + o, and from (4.16) and (4.13c) for
y— — o ]. Note the consistency of these results with those
implied by (4.19), namely,

u,(+ 0,4+ )= 5,,“0("'), (4.23a)
u,(— o0, + ) =8,p" (4.23b)

In the remote past the results are analogous, with the
index n = 1 replaced by n = N.

Note that knowledge of the behavior of the solutions in
the remote past (or, for that matter, in the remote future), as
given by these equations, is insufficient to determine the so-
lution for all time; this is in contrast to the case of localized
solutions (i.e., vanishing as x— + oo ), treated in Sec. IIL
This fact provides another indication of the sensitive depen-
dence of the time evolution (especially the long time behav-
ior) on the initial data.

for V<uv,.
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Let us end this section with a treatment of the case when
p* is negative and p'~’ positive,
(4.24a)
P70 (4.24b)
The formulas (4.14) and (4.15) are then again applicable,

and they moreover imply that the function w, {x) vanish
exponentially at both ends,

P(+)<O,

lim [w,(x)exp( —p'"'x)] =u,( — «,0), (4.24c)

X —

lim [w,(x)exp( —p™x)] =u,( + «,0)4.

X— 4+ o0
Here p'*’ and p'~’ are of course always related to the initial
data by (4.12b), and A is defined by (4.16c).

In this case therefore the analysis of the behavior of the
solution (4.14) becomes analogous to that given in Sec. III,
except for the modifications implied by the differences that
distinguish (4.14) from (3.2) and (4.15) from (3.3). We
feel therefore justified in reporting the relevant formulas (in
self-explanatory notation ), without elaborating on their der-
ivation or on their significance,

(4.24d)

,liin [up + V1.0)) = u' 2 (); (4.25)
for V=uv,,
N 'y -1
ul ) =w, (y)( z C +J- dxw, (x)) ,
mor o (4.26)
ul" (= ) =8, (4.26b)
ul N+ ) =0 (4.26¢)
for V>uvy
u, 7 () =8,,p'7); (4.26d)
for V<uvy, V#u,,
u,”(y) =0 (4.26¢)
for V=u,,
n—1 'y —1
uf.“(y)=w..(y)(2 Cm +f dxw,,(x)) ,
m - (4.27a)
UtV (— o) =8,p", (4.27b)
U+ w0)=0; (4.27¢)
for V<u,,
u(p) =6,p7 (4.27d)
for V>u,, V+#v,,
uy*’(y) =0. (4.27e)

It is easily seen that the expression (4.27a) may be related to
(4.26a) as follows: for n < N,

—1
’

ul () =ul- ’(y)(l +a, epr-y dx uf,"(x)])

(4.282)
n—1 N N -1
a, ———( > oem— Y c,,,)( > c,,,) ; (4.28b)
m=1 m=n+1 m=n+1
forn=N,
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uly V() = w7 ()

"y -1
x(l +ay exp[J dx u}.,"(x)]) ,
o (4.292)

{4.29b)

n—1
ay =( S cm)(cN)“.

m=1
In this formula the quantities ¢, are of course defined as
follows:

+ e
c"=J. dx w, (x).

For n < N, they can be related to the integrals over the ex-
pressions (4.26a) of u! =),

(4.30)

+ o
b;—>=f dxul~(x), n<h, (4.31)

as follows:

N—1
c, =cN[exp S bf,,"] — exp

N—1
R |
m=n+1

(4.32)

[note that (4.26b), (4.26¢), and (4.24b) imply that u{~’ is
integrable if n < N]. Hence the quantities a,, [see (4.28) and
(4.29) ] can also be expressed through these quantities:

a, =exp| ¥ bf,,_)]—exp[bf,,"]—l, n<h,
m=1
(4.33a)

N=1
ay = exp[ N bi ’} —1 (4.33b)

m=1
Note that these formulas do not contain the (undefined)
quantity b {~’; and that, for n < N, they are obtained from
(3.12a) by setting b ™’ = + .

- A main finding of this section is the crucial role played
by the values (and in particular the signs) of the quantities
p'~) and (especially) p'*), defined, in the context of the
Cauchy problem, by (4.12b), or, more generally, by the for-
mula (4.19¢) applicable at any time. Note that these quanti-
ties may have any value, even if each of the initial data
u, (x,0) has a constant sign, consistently with the condition
(2.7); provided not all these signs are the same, and the
functions u,, are not all localized, namely, do not all vanish
asymptotically [see (4.1) and (4.12b) or (4.19¢)]. And itis
also possible (although, of course, not generically) that,
when these conditions prevail, p'~ or p'+ (or both of them)
vanish.

V. RATIONAL SOLUTIONS AND RELATED DYNAMICAL
SYSTEMS

In this section we discuss rational solutions of (2.6), and
related integrable dynamical systems.

The existence of such solutions is immediately implied
by (2.10); indeed this formula yields, for any polynomial
choice of the functions w, (x),

J

w,(x) = 3 A,x*, (5.1)
k=0

the following rational solution of (2.6):
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u, (x,t) = 2 A (x—v, )5 [F(x,)]7", (5.2a)

F(x,t) =A, + 2 z

m=1

do=C— Z Z[k+1] ot

m=1

](x v, )1 (5.2b)

(5.2¢)

And of course, in the context of the Cauchy problem, the
initial (rational) datum u, (x,0) that is obtained by setting
¢t = 0in (5.2a) reproduces the solution (5.2), that is rational
(both in x and ¢) for all time.

With these rational solutions of (2.6) one can associate
an (integrable) dynamical system via the positions

U, (x,t) =u,(c0,t) + an,(t)[x

ji=1

&1 (5.3)

Indeed, it is easily seen that the insertion of this ansatz in
(2.6) yields the following evolution equations for the quanti-
ties u, (0,), p,,; (), and §; (#):

N

ED = v.p,(D),

n=1

(5.4a)

N
> Py =1, (5.4b)

n=1
X0
N

= 3¢

m=1

N 5
+ 3 W, —v) Y [EO-&®O]
m=1 k=1

X [pnj(t)pmk(t) +pnk (t)pmj(t)] ’

Vpw — V) [, (o0,0)p i (8) + 1, (o0,8)p,; (1) ]

(5.4c)

N
U,(0,t) =u,(x,t) z (v, —v,)u,(w,?). (5.4d)

m=1

Here, and always below, the superimposed dot denotes time
differentiation, and the prime appended to a summation
symbol indicates omission of the (singular) term with k =j
(likewise for products; see below).

The ansatz (5.3), with (5.4b), is of course consistent
with the solution (5.2); in particular, the number of poles J
coincides with the degree of the polynomial (5.2b),

J
F(x,t) =Y f(1)X. (5.5)
ji=o0

To express the dynamical system (5.4) in a more inter-
esting form, it is convenient to restrict attention to the sub-
case with

(5.6)

[note the consistency of this restriction with (5.4d) ], and to
introduce the quantities

u,(c0,t)=0

N
R;y(t) = 2 (vn)’Pnj(t), r‘_‘oyly-"yNy

(5.7a)
n=1
so that [see (5.4a) and (5.4b) ]
R,(1) =1, (5.7b)
Ry (1) =&(D), (5.7¢)
and
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Ry (1) = z Y™ R, (1). (5.7d)

The last formula is obtained from (5.7a); the constants y™

are computed in Appendix E. In particular, for ¥ = 2,

Y = —vw, ¥ =v,+0, (5.8a)
and for N =3,
) = vwws PP = — (00, + vy0s + 030,),
(5.8b)

3
7’5)—U1+U2+U3

Using these formulas, the dynamical system (5.4) can
be reformulated in the following (more appealing) form:

7
z §k _1(2§§k_R2]_R2k)’ _]——12, ’J’
- (5.92)

2 §k)—l(§_’Rrk +§k /B

r+],j _Rr+l,k)1

j=12,..J,
with

r=23,.,N—1, (5.9b)

=y +7/(N)§, + z ™R, j=12,.,J.
(5.9¢)

Here the dynamical variables are the J &’s, j=1.2,.,J
andthe (IN—2)R,;’s,r=2,3,.,N—1; j=12,.,J.
In particular, for N = 2 the system reads

J - . v v
§} = kz ’ (é:: _§k)_![2§;§k — (y +32)(§j +§;<)
=1
+ 2uy0,], (5.10a)
J i .
§ = /;—"1’ (& — &7 —v) (i —v2)
+ (& =) (& —v)], (5.10b)
and for N =3,
. J
&= ") b —m — ), (5.11a)
k=1
J
N = kZI' & — [5177k +§k7h — 2y
— VP& +E) — v+ 1)), (5.11b)
where we have set
R, () =7,(D). (5.11¢c)

It is therefore seen that, for N = 2, the dynamical system
(5.9) reproduces a known integrable system®; while for
N = 3 (and, a fortiori, for N > 3), it yields integrable systems
which are (to the best of our knowledge) new. It may also be
easily verified that the system (5.10) is contained in (5.11);
indeed the special solution of (5.11) characterized by the
relation

7, = (v, + vz)g‘j — vy, (5.12a)

[whose compatibility with (5.11) is easily verified by equat-
ing (5.11a) to (5.11b)], clearly sends (5.11) into (5.10).
Incidentally, the position

n,=ak; +b (5.12b)
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is compatible with (5.11) only if
a=v;+ Uy (5.12¢)

[in which case (5.12b) yields (5.12a)], or in the other two
cases that are obtained from (5.12¢) by permuting cyclically
the three indices 1, 2, and 3.

Note that in the system (5.9), the N constants ¥ may
be chosen arbitrarily; the corresponding quantities v, are
then identified (see Appendix E) as the N roots of the poly-
nomial of degree Nin v

b= —uu,

(5.13)

2 Y(N)v

py(v) = Al

Clearly the system (5.9) features the following conser-
vation laws:

} ..

3 & =0, (5.14a)
]-—1

)_j R,=0, r=23.N—1 (5.14b)
ji=1

It is easily seen that the system (5.9) has no real equilib-
rium configuration [if ¥§" #0, namely, if none of the v,’s
vanishes; see (E6a)]. Indeed insertion of the position

W =E, &=0, j=12,.J (5.15a)
R, (=R, R,=0, j=12,.J; r=23,..N—1,
(5.15b)
in (5.9) yields
" - — — —
z ' (é} "‘§k)_l(Rrj +R,;) =0,
k=1
j=12u,J0; r=23,.,N, (5.15¢)

namely [multiplying by ", summing over r from 2 to N
and using (5.9¢), (5.15a), and (5.15¢) with r = N]

J - —
A 3G -ET =0 j= 12

k=1

(5.15d)

Clearly these relations cannot be satisfied if all the §J s are
real [indeed, if all the £,’s are real and £, ; is the largest, or
smallest, of them, all the terms in the sum (5.15d) have the
same sign].

The system (5.9) may instead possess (similarity) solu-
tions in which each £; moves with its own constant speed,
and the quantities R,; are constant,

E() =50+ v, (t—1),
R,()=R,, R,(t)=0.

The quantities v, and R v
(J — 1) (N — 1) equations

(5.16a)
(5.16b)
must then satisfy the

e

kil’ (v, —vi) ' 2vv, —I_sz —R,,) =0,
j=12,..J—1, (5.16¢)

30 = R+ 9By Koy = R ) =0,
j=12,.J—-1 r=23.,N—1, (5.16d)

with

649 J. Math. Phys., Vol. 30, No. 3, March 1989

_ _—y(N) +7’(N)‘V + 2 ,},(N)RU, _]= 1’2’1
(5.16¢)

[the equations (5.16¢c) and (5.16d) with j = J need not be
enforced, since they are automatically implied by the oth-
ers].

Note that, for =1, all these £’s coincide [see
(5.16a)].

For instance, for J = 2, these restrictions become simply

2v,v, —R,, — Ry =0, (5.17a)

VlirZ + VZer - Rr+ 1,1 —Rr+ 12 =0,

r=23,.,.N—1, (5.17b)
with

_ ' N—1 _
Ry=v"+v"v,+ ¥ ™R, j=12 (5.17c)
r=2

and in particular, for N = 2 [see (5.10)],

(vi —v)(Va—0y) + (v, — ) (v, — 1) =0, (5.18)
and for N = 3 [see (5.11)],
vy, =, — 7, =0, (5.19a)
Vil + V2l — 2¥0 — Vi (Vi + v2) — 72(7, + 7,) =0.
(5.19b)

Clearly the relation (5.18) admits a one-parameter family of
solutions for the two unknowns v, and v,; while the two
relations (5.19) admit a two-parameter family of solutions
for the four unknowns v,, v,, 7,, and 7,.

The solution of the Cauchy problem for the system
(5.9) is given by the following result (derived in Appendix
F): the quantities ;(t), j=1,2,...,J, are the J roots of the fol-
lowing algebraic equation of degree J in x:

é#n [x_gk(o)_vnt]

ggf i I X -&O],

Xo k= 1,k #j
(5.20a)

X — Uut

an Ilm&

where x, is an arbitrary constant (independent of n),

N

H,[ Um ]
’

m=1 LV, — VU,

and the quantities Q,, are given, in terms of the initial data, by
the formula

By = — (5.20b)

0, =4 &(0) + Z A R, (0) (5.20¢)

with the constants A ™ given, in terms of the v,’s, in Appen-
dix E. In particular, for N =2,

AP = AP =1/(v, —vy) (5.21a)
and
Q,=APEW©), n=12, j=12.J, (521b)
and for N =3,
AP = —( 23: v,,,) fI’(u,,—v,,,)'l, n=123,
ot o (5.22a)
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3
A = | A —-v,,)" Y, n=123,

m=1

and [see (5.11c)]
Qy =A% &(0) +23 7,(0),

(5.22b)

n=123, j=12,.,J
(5.22¢)
For J=2 and J = 3 the trajectories £;(#) can be ob-
tained in explicit form, by solving (5.20a); this is left as an
exercise for the diligent reader. Here we limit ourselves to
indicate how to obtain, for.any J, the asymptotic (¢— 4 «)
values ¥ of the velocities £; (¢). Clearly these values are the
roots of the algebraic equation of degree Jin ¥,

N N J
Jz ,u,,(V—v,,)J= z Z an(V—vn)J’

n=1 n=1j=1

(5.23a)

that is obtained from (5.20a) by replacing x with ¥# and
letting ¢ diverge. Using (F10c), (F10b), and (F9b), this
equation can be conveniently rewritten as follows:

J N

S Y py(0)(¥V—uv,)’ =0, (5.23b)
i=1n=1

J.l J N

> > (D(—)*V"" S )P, (0)=0. (5.23c)
j=1k=0 n=1

If J < N, this equation reads simply [see (5.7a)-(5.7¢c) ]

J J
£ (Jeorrr § mor

k=0 j=1
For J> N, this equation remains valid provided the R,; (¢)’s
with k > N are defined by the natural extension of (5.7a); but
then the quantities R,;(0) with k>N that enter in (5.24)
must be expressed in terms of the quantities R,;(0) with
n < N. The relevant formula to do this is of course [see (E7),
and (5.7a)-(5.7¢) ]

(5.24)

N—-1

N
Ry =3 ¥ (0,)A R;(0),

s=0n=1
j=12,.J, k=01,2,. (5.25)
[for k < N this formula becomes an identity; see (E11)].

VI. OUTLOOK

In this final section we outline some generalizations and
extensions of the results reported above.

A trivial extension of the system (2.6) is obtained via
the change of dependent variables

U, (x’t) =fn [an (x,t)], (6.13)
that yields

N
=8 [, (0] D> (W — U)o [l (x,8)], (6.1D)

m=1

with

&W =W/ =1/[dInf,(y)/dy]. (6.1c)
A case of special interest is obtained for f, (y) = exp(a,»),
8.(y)=1a,.

A less trivial extension of (2.6) [or, equivalently, of
(2.2b) ] is obtained by replacing the discrete variable rn with
the continuous variable k,
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a3 d
k) —
(at o )ax )"(k’x’t)

- u(k,x,nf dk [k ") — v(k) ] Ak Yulk x0).
(6.2)

Here v(k) and f(k) are given functions; f(k) might have
compact support, or in any case it should guarantee the con-
vergence of the integral in the rhs. The solution of this non-
linear integrodifferential equation is given by the formula

u(k,x,t) =wlkx —uv(k)t]/F(x,t), (6.3)
that yields for F(x,t) the two compatible equations

F,(x,t) = —fdkv(k)f(k)w[k,x—v(k)t], (6.4a)

F, (x,t) =fdkf(k)w[k,x— v(k)t]. (6.4b)
Hence
x — v{k)t
F(x,t) =1+ fdkf(k) dx' w(k,x'). (6.5)
Xo
From (6.3) with ¢ =0 and (6.5) there also obtains
F(x,0) = exp[f dx'J dkf(k)u(k,x’,O)], (6.6)
Xo

implying, via (6.3) with ¢t =0,

w(k,x) = u(k,x,O)exp[fx dx'f dk’ f(k ’)u(k',x',O)] .
" (6.7)

The two formulas (6.7) and (6.3) with (6.5) provide the
solution of the Cauchy problem for (6.2), with u(k,x,0) the
imput datum.

A variation of the system (2.6) with (2.12) that can be
easily solved is the Cauchy/boundary value problem, which
seeks to determine the solution u, (x,¢) for x>0 and >0, in
terms of u, (x,0) given for x>0 and u(0,¢) given for ¢>0.

Finally we mention a multidimensional extension of
(2.6) [or, equivalently, (2.2b) ], that can be partially solved.
It reads

(;% + v,,-V)u,, (x,2)

N
=u,(x8) > [(v, =V, )a,]u,(x1), (6.8)

m=1
with the v,’s and a,,’s given constant vectors (in d-dimen-
sional space). It is then easily seen that a class of solutions
(that is, however, far from including all possible solutions)
is provided by the ansatz

u,(x,t) =w,[a,(x—v,)]J/F(x,t), (6.9)

where the functions w, (¥) are arbitrary (but depend only on
a scalar variable), and the denominator F(x,r) satisfies the
compatible equations

N
VF(x,t) = z AW, [a,(x—v,0], (6.10a)
m=1
N
F(x)= — 3 (,V,)w,[a,(x—v,0], (6.10b)
m=1
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and can be therefore easily computed in terms of the func-
tions w,, [for instance by integrating (6.10a) along some
convenient path].

APPENDIX A: DERIVATION OF (3.4)

The derivation of (3.4) from (3.2) is easy; we report it
here for completeness.

The starting point is (3.2), which can be rewritten as
follows:

u,(xt)=w,(x—uv,t)

-1

N X
x(l + ¥ dx' w,, (x' — v,,,t)) (A1)
m=1J - o
Hence
N
Y u,(x,0)
m=1
d N
={—|In|1 + dx' w,, x’—vmt)]. (A2)
(dx) [ m2=l —» (
This yields

X N
J dx' 2 u, (x',t)

=1

X

ln[1+ Z dx w,, (x' —v t)] (A3a)
namely B
14 z B dx' w,, (x')
m=1
N
=exp[[ ax' ' u, (x’,t)]. (A3b)
— x m=1

The insertion of this formula in (3.2) yields (3.4). Q.E.D.

APPENDIX B: DERIVATION OF (3.11)

In this Appendix we derive (3.11).

It is easily seen that (3.3) and (3.1) imply that the func-
tions w, (x) are integrable,

+ o
f dxw,(x) =c,, (Bla)

(B1b)

Note, incidentally, the consistency of the notation used here
with that employed above: see (3.5).

These formulas, together with (3.2), (3.9), and (1.2),
imply the formulas

1€, ] < 0.

n-—1 X —1
ult(x)=w, (x)(l+ S oem+ dx w, (x)) ,
m=1 —
(B2)
ul = (x)

N X -1
=w,,(x)(1 + Y cn +f dx’ w,,(x')) )
m=n+1 -

(B3)
From (B3) we obtain
651 J. Math. Phys., Vol. 30, No. 3, March 1989

fx dx' ul = (x")
e N
=ln{[1 + Z

Con +f dx’' w,,‘(x')]
n4+1 —

x(14 3 )}

yielding
f dx' w,(x')

= [l + m=ﬁ::+lcm]{exp[fj i dx’' uf,"(x')] — 1],

2y

(B4)

(B5a)
N
w,,(x)=uf,"(x)[l+ 2 cm]
m=n+1
Xexp[f dx' ul~ ’(x’)}. (B5b)

The insertion of these expressions in (B2) yields the
formula

uy ™ (x) = uy " (x)

x(l +a, exp[ —f dx’ uf,“’(x’)])_

(B6)
with

[Se- $

m=1 m=n+1

cm](l + i

-1
c,,,) . (B7)
m=n+1
The formula (B6) coincides with the formula, (3.11), we set
out to prove; there remains to show that the expression (B7)
of the constants a, coincides with (3.12).
To this end we set x = oo in (B5a) and, using the defini-

tions (Bla) and (3.10a), we get

N
c,,=[1+ 2 cm][exp(bf,")-—l]. (B8)
m=n+1
This formula yields, for n = N,
cy=exp(by ) —1; (B9a)

and all the preceding ¢,’s can be computed recursively. The
result can be easily expressed in compact form,

N
¢, = [exp(b{~’) — 1]exp D b,‘,,“’], (B9b)
m=n+1
N N
¢, =exp| Y bf,,_’]—exp[ 3 bﬁ,,"]. (B9c)
m=n m=n+1

This last formula yields the relations

n—-1

Y Cm =e€xp zb‘

m=1

N
]—exp S bf,,—’], (B10a)

(B10b)

i c =exp[ i bf,,“’]—l.

m=n-+ m=n+1

The insertion of these two expressions in (B7) yields
(3.12). Q.E.D.
Note the consistency of the formulas (B9) with (3.7).
For completeness let us also report the expressions of ¢,
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in terms of the b {,* ”’s [ whose derivation is analogous to that
of (B9)],

n—1
c, = [exp(bit’) — l]exp[ D bf,,*’],

m=1

(Blla)

n n—1
¢, =exp| > bf,,“]—exp > bf,,”], (B11b)

m=1 m=1

implying of course

v v pu—1
S e, =exp| ¥ bf,,*’]—exp S bf,,“], veu — 1.

m= m=1 m=1
* (B12)

Note finally that the formulas (B9a) and (Blla) can
also be obtained, more directly if less rigorously, by integrat-
ing (3.4) overx from — oo to + oo [see (Bla)] in the limit
t— F o [see (1.2) and (3.1a), (3.10b); and recall that, in
these limits, the function u,(x,t) is localized around
x = v,t, so that the different functions u,, (x,?) are widely
separated, i.e., they do not overlap].

APPENDIX C: SOLUTION OF A FUNCTIONAL
EQUATION

In this Appendix we solve the functional equation

.HX—ﬂaH=ﬂk%l+aﬂ4—:fwdfﬂf4)q.
(1)

We assume of course that the function f(x) vanishes as
X— — o0, 80 that the integral in the rhs of (C1) converges.
It is convenient to set

F(x) =f dx' f(x'), (C2)
and to integrate (C1) to yield

F[x —y(a)] = In[{exp[F(x)] + a}/(1 +a)]. (C3)

We now set

a=c¢, (C4a)

y(a) =¢/p+ 0(e%), y(0)=1/p, (C4b)
and obtain from (C3), in the £-0 limit,

pTF'(x) =1—exp[ — F(x)]. (C5)
This ODE is easily integrated,

F(x) =In[1 4+ c "exp(px)]. (C6)
Here c is an arbitrary constant, and the condition

p>0 (€7

is required in order that F( — o ) vanish [see (C2)].
It is now easy to check that the expression (C6) does
indeed satisfy (C3), with

y@ =p~'In(1+a)

[whose consistency with (C4) is obvious].
In conclusion, the general solution of the functional
equation (Cl1) reads

S(x) =p/[1 + cexp( — px)] (C9)

with ¢ and p arbitrary constants and y(a) given by (C8).
Here p is constrained by the condition (C7), and c is also

(C8)
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required to be positive in order that f(x) be regular for all
real values of x.
Note that (C9) with (C7) implies

fl+ o) =p>0. (C10)

APPENDIX D: TRAVELING WAVE SOLUTION

In this Appendix we indicate how to obtain the traveling
wave solution,

u,(x,t) =u,(y),
y=x-—",

(D1la)
(D1b)

of (2.6). Here Vis any given constant (¥ #v,,; see below).
The system (2.6) yields

N
w, —Wa, =aua, z (v, —v,,)i,.

m=1

(D2)

Note that the general solution of this nonlinear system of N
ODE’s must contain N arbitrary constants.

We now set

u,(y) =4, exp(a,y)/F(y), (D3)
with the 2N constants 4,,, ,,, and the function F(y), as yet
undetermined. Then (D2) yields

w, — Na,F(y) — (v, — V)F'(y)

N
=Y (v, —v,)4, exp(@,y).

m=1

This suggests the assignment
a,=a/(v, — V), (D5)

with @ an undetermined constant. Then the N equations
(D4) yield two equations:

N
Fm:EA”ﬂva’
m=1 m

(D4)

(D6a)

y a
aF(y) + VF'(p) = 3 vn,A, exp[ 2 V]. (Dé6b)
v

m=1 m

It is easily seen that these two equations are compatible,
being both solved by the same expression

—1 N ay
Fpy=a™'y (v, —NA, exp - . (D7)
m=1 m
Insertion of this formula in (D3) yields
- ay
,(y)=aAd,ex
(y p[ vm - V]
N ay —1
X v, — V) A, ex .
(rnE:l ( p[ v, — V])
(D8)

This solution contains the ¥ + 1 arbitrary constants 4,, and
a, of which only ¥ are effectively relevant since the overall
scale of the constants 4,, does not affect the solution (D8)
(without loss of generality one could set to unity one of the
constants 4,,, say A, = 1). Hence (D8) provides the gen-
eral solution of (D2).

Throughout this discussion we have implicitly assumed
that V differs from all the velocities v,

Vv, n=12,.,N. (D9)

F. Calogero 652



If instead ¥ coincides with one of the v,’s, say,

V=uv,, (D10a)
then clearly a (trivial) traveling wave solution of (2.6) reads
u,(x,t) =96,,4,(x—v,t), (D10b)

with #, (y) any arbitrary function.

APPENDIX E: EVALUATION OF v) AND v'’

The constants 7, (we omit, for notational simplicity, the
superscript N) are defined by the relations

N

y.=3 ) x,, r=01.,N, (Ela)
n=1
N-—1

In= D V) (E1b)
r=0

Here the N v,’s are assumedly given (all different), and the
N x,’s (or, equivalently, the N y,’s, r =0,1,...,N — 1) are
arbitrary.

From (Ela) with » = N, and (E1b), we obtain

N

N—1
2 (Un)N'xn = Z }/ryr'
r=0

n=1
We now replace p, in the rhs [using (Ela)] and ex-
change the order of the two summations, getting

(E2)

N N—-1
3 s |oo" =" neo]-o (E32)
n=1 r=0
namely,
N—1
W)Y — S ¥,.0,) =0, n=12,.N. (E3b)
r=0
This implies that the polynomial in v of degree N
N—1
@) =v"— 3 v (E4)
r=0
has the N roots v,,. Hence
N-—1 N
o — S rv= I —v.. (E5)
r=0 n=1

It is thus seen that the quantities y, coincide with the symmet-
ric invariants of the set {v,}. In particular,

N
7’0=(_)N~1H vn’

n=1

N
Yn_1 = 2 vy,.

n=1

(E6a)

(E6b)

The constants A,, (we omit again, for notational simpli-
city, the superscript V) are defined by the equations

N
yo=3 )%, r=0L.,N—1,

(E7a)
n=1
N-—-1

X, =Y An¥, n=12.,N. (E7b)
r=0

Here, as above, the N v,’s are given, and the N x,’s (or,
equivalently,the N y,’s,r = 0,1,...,N — 1) are arbitrary (ac-
tually in our case y, = 1; but this has no relevance to the
calculation of the 4,,’s).

Insertion of (E7a) in (E7b) yields the formula
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N—1
2 /{’U‘(vm )r = 6nm’ h,m = 192’-"’N' (E8)
r=0

Hence the (Lagrangian interpolational) polynomial of de-
gree N— linuy,

N—1
gyl ()= Y 4,7, (E9a)
r=0
has the following explicit representation:
o L v—u,,
gl = ] . (E9b)
m=1m+#n U" - Um

We have therefore shown that A, is the coefficient of v" in the
polynomial (E9b).
In particular,

N v,,
/in0= H’ ]y
m=1 Um_vn
N
ln.N—-l'_" H’(U"—Um)_l,

m=1
3 N —1
Aun—2 = —( h v,,,)( 11" .- v,,,)) . (E10c)

m=1msn

(E10a)

(E10b)

Finally note that, summing (E7b) multiplied by (v, )?
over n and comparing with (E7a), we obtain the formula
N

> 0,4, =8,, pr=012..N—1

n=1

APPENDIX F: SOLUTION OF CAUCHY PROBLEM FOR
(5.9)

In this Appendix we indicate how to solve the Cauchy
problem for the system (5.9). We limit our treatment to
providing an explicit formula that reduces the computation
of §;(1),j = 1,2,...,J, to the solution of an algebraic equation
of degree J; the derivation of the corresponding expressions
for R,;(¢2), r=23,..,N—1; j=1.2,...J, is left as an easy
exercise for the diligent reader.

The solution is of course achieved by exploiting the con-
nection [via (5.3) with (5.4b), (5.6), and (5.7)] of (5.9)
with (2.6), and using the solution of the Cauchy problem for
(2.6) [see (2.10) and (2.11)].

At t=0 (5.3) with (5.6) yields

(El11)

N Pnj(o)

n ’0) = —~ — - (Fl)

“ (x j;l x—§j(0)
Via (2.11) and (5.4b) this yields
J P (0 ] J {x—é'k(o) ]

a(X) = —_— —_

Wn X j;l [xo—é'j(o) k:ll-l;éj Xo — &4 (0)
(F2)

The positions £;(¢) of the poles of u,(x,t) coincide [see
(5.3)] with the zeros of the denominator in the rhs of
(2.10),

pnj(o)

N N x—vmtd
LA S S x’
nzl jgl [xo - §,(0)] an

F(x,t) =1+

4 x' — &y (0)}
k=11_,Ikaéj[xo—§k (9
Fl&1),t]1=0, j=12,.,J (F4)

These formulas provide the solution; but some further
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elaboration is in order. First, we note that, for =0 [using
(5.4b)], (F3) becomes

J

F(x,0)=1+ [ H [xo—
k

§k(0)]-']

J

J X
x> | ax ]

j=1Jx, k= 1,k #j

[¥' =80 ]; (F5)

and (F4) implies that this quantity must vanish for
X = § p (0)’

1+ lj [xo—§k(0)]_']

7 [E0) J
xS ax [ [¥-é&©®]=0. (F6)
J=1x k= 1,k #j

Note incidentally that this identity is easily verified, since

S ] [x—ék(0)1=(§;)kli[l[x—§k<0>].

J=1k=T1Lk#j

(F7)
Now from (F6), (F3), and (F4), and using (5.4b), we get
E(1) — vt J
Z an;(()) dx [ [x—£&©0]=0,
n=1j=1 k=1,k#j
§= 1,2,...,J. (F8)

To render this formula more suitable to solve (5.9), it is
moreover convenient to express the quantities p,;(0) in
terms of the quantmes R,;(0). The relevant formula,

Pry(0) = E A R,(0), (F9a)
r=0
is obtained by inverting (5.7a); the coefficients 4 (¥ are
computed in Appendix E. Note that, via (5.7a)—(5.7c) this
equation may be rewritten as follows:

Puy(0) =AY + A& (0) + z AP R, 0).  (Fb)
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The insertion of (F9b) in (F8) now yields [after using
(F6)]

N N 60 —U,.
z 2 an(O)f [x_‘gk(O)]
n=1j=1 j
z K H [£:(8) — vt — £, (0)], s=12,.J,
n=1
(F10a)
with
@y =25 £,(0) + Z AP R, (0), (F10b)
h,= AW (F10c)
Finally note that, since for > 0,
Z AN = (F1la)
n=1
[see (E11)], (F10b) implies the identity
Z Q= (F11b)

Hence the lower limit £,(0) in the lhs of (F10a) can be
replaced by any arbitrary quantity, say x,, that does not de-
pend on the index n.

This completes the proof of (5.20).
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The Green’s function for the sum of the Coulomb and Aharonov-Bohm potentials is
calculated exactly in the path integral formalism. The energy spectrum is deduced.

1. INTRODUCTION

We calculate the Green’s function relative to a particle
of charge ¢, submitted to a potential that is the sum of the
Coulomb and Aharonov—Bohm potentials.

The vector potential A of Aharonov-Bohm is defined in
Cartesian coordinates as A = F(xj — yi)/27 (¥ — 2%), and
in spherical coordinates (r,6,¢) as

A, =A,=0 and A, =F/2nrsin6,

where F is the flux created within a very thin and infinitely
long solenoid, directed along the 0z axis. A punctual charge
( — e) islocated at the origin of the axis system. The action §
of this compound system that has a reduced mass g, is writ-
ten as follows:

T T , '
Szf ZLae) d‘=J (L/u‘rz +E A+ ﬁ) d.
0 0 2 c r

(D

The potential under consideration belongs to the class of
noncentral potentials that has been studied very recently in
the algebraical group approach,' in the functional integral
formalism with parabolic coordinates,** as well as through
the Schrédinger equation.” In this paper we show that this
system with a velocity depending potential may also be
solved in spherical coordinates through the path integral for-
malism.

Il. PROPAGATOR

In the Feynman functional integral approach, the pro-
pagator may be written formally in Cartesian coordinates
and in standard notation® as follows:

K(epil) = [ @302y D20

. T
Xexp[LJ- .fcl(r,i')dt]
i Jo

3“’ IN/2N—1 d d
= lim [——] Ix. dy, dz,
N-w J L2irtie ;gl i
i X ..
#i j=1
where
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S(J,J—l)—"[Ax2+Ay2+Az2] += [A () Ax

+4,(F) Ay, +A,(rj)Az,]
é'ee
[X +y2 +22]1/2

represents the action corresponding to the elementary time
interval [#,_,,;]. We used the following usual notations:

e=t—t_,, T=Ne=1t,—1t,
= r{ty), 1, = r(f,), U = u(fj),
Auy=w; —u;_y, ;= (u;+u;_,)/2.

Taking into account the equality,®
(e'/e)At = e F/2mc,
the propagator K(r,,r;;T) of (2) may be written in the usual

spherical coordinates, x =rsin 8 cos ¢, y = rsin 6 sin ¢,
2 = rcos 8, as follows:

K(l'f:ri;T)
ki L """ r2sin 0, ar, do, d
‘N‘_"lﬂzmﬁe] I 7 sin 6, dr, d6, ¢,

Xexp[ﬁ 2 [’2['?“?-: =275
8;_, cos (A¢)))]

X(cos ; cos 6, _ | + sin 6, sin

e’e eFA¢ ”

2re

(3)
Let us use the Fourier expansion,'?

<+ o
z I, (z)e™4,

m= — o

and, for small ¢, the two following equations:
cos(A@) =cos(A@ + a€) + aeAd + 1 a’€

and the asymptotic behavior'! of the modified Bessel func-
tions,

(2)=(55) w25 5]
ml = )=t——) exp|-——m"——]|.
€ 2m € 2 4

By integration on the angular variable ¢, the propagator (3)
may then be dgcomposed into partial kernels

explzcos(A¢d)] =

+ o0 eiM(¢/— )
K(rf,ri;n = 2

m= — co

Km(rjsej’risoi;np (4)
with
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Km(rf90f9ri0i;T)

_ 1 i u |V
- 2.2 o : 1/2 Lm ;
(rirysin @, sin 6,)"'% N-w 2imtie

N N—1
<11 (rjrj_l)”2 II 4r; 46,

j=1 ji=1

XN Ag,
X exp [% 3 [Z‘E[Ar2—+-4rr_l sin’ 2’ ]

j=h

_ RM— 1/4)e

e'ee
—— 4 — ) (5)
2uF } sin® 6; 7, ”

7
where

= (m— eF/2m#c)? .

Let us symmetrize this expression (5) with respect to the
middle of the interval [j, j — 1]; let us expand the measure
up to order 2 in Ar,

N N AP\N=1
I -2 H dr,d6, =] ¥ .(l—gl’—) I1 d4r, d6;,

j=1 i=1 f j=1

and the action 4( jj — 1) up to order 4 in Au;,

e M 2, 22 2 (M2 —1/4)e
A j—D=E{Ar2 4572007 - —Z =
bJ 2e Jj J Zu?jsinz 7,

eee 1.
+ 25 Llariner+ 2003

J
By means of the McLaughlin—-Schulman procedure,'? let us
introduce a pure quantum effective centrifugal potential, by
making the following substitutions:

ar e Ar2A92—>——-(lﬁ—€) A6} (’ﬁf).
7 AL #\n
The partial kernel (5) then becomes
Km("f»af;rngi;T)

1
= lim f [
(r2r;sin @, sin 8,)'/? N« ) |2infie

i ¥ [ 7 -
Xexp {— L (A 4+ PAG?
p[f,,;, S (A7 + 7 )
3 M?—1/4 !
+(ﬁ~_,’2(~ ,2{)+2)e”. (6)
8ur 2u¥; sin’ 6 7
At this point we notice that the separation of the radial and
angular variables » and & is not possible.

{ll. GREEN’S FUNCTIONS AND ENERGY SPECTRUM

In order to make the integration on the angular variable
6, we introduce the energy E by means of the Green’s func-
tion [Fourier transform of the propagator (4)],

Gteyei) = [~ arexp( L)K@ ()
Let us utilize the Duru-Kleinert procedure'® of reparame-

trization of the paths, by making use of the time transforma-
tion - s defined by
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dr
ds
or, in discrete form,
1 =T7FI(1— ArZ/4F ), 5.
Taking into account the constraint T = §§ ds 7(s), the
Green’s function is rewritten as

=r(s), (8)

€=T;11; T =5

lm(¢f

+ 4
——-—_J‘ dSP"’(rf,ef,l‘,,a,,S),

e
2
9

G(rpr E) =

m= — oo

where
PE(r,0,1,,6;;5)

1 . i u 1
S ]
(sin 6, sin 6,) "2 N~ J 24\ 2imhir; ) ¥,

ArZ\N=t1
X1+ —Z dr, do.
( 47f)j1;11 Y

S (10 222 )
Xexpl— 1+ — AG:
p[ﬁ,-; [2¢.( T\ T

2 2
_ﬁ_ﬂﬂ_ﬂﬂHW+m]”
8u 2u sin® 6
(10)

represents the new kernel.

Let us replace the terms that appear in the measure and
in the action, by reutilizing the McLaughlin-Schulman pro-
cedure, with the following substitutions:

AP LR (ifir/p), ArRAO?-F (i#r/u)?,

This leads to a pure quantum correction ( — (#/4u)7;).
Thus the separation of the variables » and 8 is possible and
the expression (10) is decomposed into a product of radial
and angular kernels,

PZ(l'f,Gpl‘,-ﬁ,-;S)

= [1/(sin 6, sin 6,)"/*] P7(r,r;S)P5(6,,6::5),

(11)
where
P S 1 172 1 -~
(rfyrn )_Nljr:o AL ( ) _;';.jl_-—-Il ’:I
Py [p AT
Xexp[ﬁ ; {2 =
) #
+(E7f+eer,- _E)Tj”’ (12)
and
i (Sfp;
P7(6,0;8) = J 26(s) exp[—f [i 6?2
ﬁz(M2 1/4)] ] (13)
2u sin® 6

This latter kernel can be calculated. It can be deduced from
the calculus of the rigid rotator propagator,'*'
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P?(Gfﬂ;;s)
. . < 2M|)!
= (sin 6, sin 8,) "/ ( M )(L‘f__
(sin 6, sin §;) nE::O n+ M+ "
: 2
xexp[—i (n+ |M| +1/2)*#S
#i 2u
M1 e (cos 6,)P I 4 (cos 6)). (14)

Letusinsert (14), (12),and (11) into (9) and let us go back
to the former temporal variable ¢, utilizing Eq. (8). In this

time transformation'® sz,
ds 1.
dt rin’

we take into account the pure quantum correction that re-
sults from the McLaughlin-Schulman procedure. The
Green’s function (7) then becomes
G(r,r;E)
-L ¥ E(n+|M|+ )

r; rf m= —o n=0
n 4 2M ) T

n! 2

XPM! .\ (cos 6,) f dTexp( ziT)

X{J- @r(t)exp[ij‘ f(r,'r)dt”,
i Jo

PM! .\ (cos 6,)

(15)

_

2
S'(j,j_1)=i(,}_,j_l)2_6[8_f’__

Jli—1

+2AM|+1)2—1] — 4e’e}+'u 4,

where

.Y(r,'r)=f~'r2—i[(2n+2|M|+1)2_1] +i‘;,
2 8,ur2 r

is the radial Lagrangian of the hydrogen atom submitted toa
centrifugal potential.

Let us make a last space-time transformation
(r,t) ~ (u,5') defined by'®

r=u? a _ 412(s"),

16
P (16)

or, in discrete form,

42 2
rp=1u;, rj_=u_,

— ! ’ p—
e=4(s;, —5;_Duu;_, = dousu; .

Let us symmetrize the measure,

N ﬂ 172 N—1 d
j1=-I1 (Zlﬂ'ﬁf) jgl ’:’

1/2N-—-1
du,,
(4u uf)”2 ,I:I, (Ztﬂ-ﬁa ) ,-I=11 “

and the action .S’ relevant to the propagator shown in (15),

{@n+2M|+1)2 -1} - 22

T
Au?

4
0'111

and let us apply one last time the McLaughlin-Schulman procedure that consists of replacing (u/80;) (Au}/ji}) by
( — 3#%0;/8u). The Green’s function (15) can then be put into the following form:

1\ (n+2[M | ™

G(rpr;E) = )3,2 > i\n ( + M|+ 5) p > PM!p (cos 6,)PLM! . (cos 6))
Aol S” i I # 1
XJ ds 'eaeems f@u(s’)exp[— [J ds’[ = ((Zn +2M |+ 1) — —) + 4Eu2”] .
0 #i Lo 2 u 4
(17)
The Green’s function of the potential under consideration can finally be calculated,'” and gets,
py_ 2 HO 1\<n+2lM|>' Y
G(r,r;E) = u ;( + M| +—= p o P w (cos 6))
1(4e'e/ﬁ)S'
pouu,
XPMI . (cos @ )J- ds’ {—-———I,, ( ) [ u? t(wS’ ”
MR sn@s) M \ i (s ) P g (4 Hpeot@S?)
where § uw® = — 4E.
This Green’s function can also be expressed by means of the Whittaker functions'®
_ n+{M|+1/2 1 im(dy— ¢
GlrprsE) =3 (=1 (n+2MDIT(n+M|+p+1)e
o~ wr;ry n! T2n+2M|+1) 27
X P, +|M| (cos 6, )Pn-+—|M| (cos &) M—pn+[Ml+l/2(—%r)wp,n+|M|+l/2(%)' rf)’ re>ris
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where p = — 2¢e'e/4i.
The energy spectrum can then be deduced from the
poles of the Euler’s function I'(n + |M | + p + 1),

n+|M|+p+1= —n', with #'=0,1.2,..,00,

or
E= — pe”e’ .
22 (n+n' + M| +1)?
Let us notice that if the flux Fis quantized, that is to say, if
F = (27fic/e’') X integer, then |M | is integer and the spec-
trum thus obtained, is exactly that of the hydrogen atom. In
this case, there is no Aharonov-Bohm effect.

IV. CONCLUSION

‘We have obtained in spherical coordinates, the Green’s
function associated with the sum of the Coulomb and Ahar-
onov-Bohm potentials, utilizing simple space-time transfor-
mations. The solution is much more simple in parabolic co-
ordinates,® but since the spherical coordinates are more
commonly used, itis necessary to know how to treat this type
of noncentral potentials, also in spherical coordinates.

Let us finally note that the Green’s function of the Cou-
lomb problem, with magnetic charges, obtained by Klein-
ert!® via the Kustaanheimo-Stiefel transformation, the vec-
tor potential created by the magnetic monopole being

A =glz/r(¥ — 2)1(xj — yi),

can be obtained in spherical coordinates, according to the
same method.
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The quantum dynamics of time-dependent Hamiltonians of the kind H(#) = U(£)H(0) U(z)*?
is studied in the framework of generalized coherent states. It is shown that the quantum and
the classical dynamics are isomorphic and that the phase of |#(#)) is simply the classical
action. In adiabatic approximation it is easy to extract Berry’s phase from this. A discussion of
generalized coherent states (CS’s) necessary to deal with excited states is given; in particular
for SU(2), SU(1,1), and E(2) their structure is completely characterized, showing that the
deep connection with geometric quantization extends to these generalized CS’s. This technique
may be employed to estimate higher-order correction to the adiabatic approximation.

I. INTRODUCTION

There has recently been an increasing interest in Berry’s
phase, because of the remarkable variety of applications,
ranging from quantum mechanics of molecules’ to the more
fundamental connection with Wess—Zumino terms and, in
general, with anomalies.” In a number of examples it has
been realized® that the Hamiltonian can be described in
terms of some Lie algebra and Berry’s phase can then be
calculated either group theoretically or by coherent-state
techniques. In the present paper we expand this idea by pre-
senting a systematic treatment of Hamiltonians of the form

H(t = UnHO) U, (D)

where U(¢) takes values in any unitary irreducible represen-
tation & of some Lie group G and H(0) is some generator in
its Lie algebra g. [A slightly more general form, namely
H(t) =A(UMHO)U(T, A(t) >0, can always be re-
duced to Eq. (1) by redefining the time scale. ] We will write
U(r) = D(g(1)), where £ —g(t) is some path in G. The rel-
evant case for discussing Berry’s phase consists of restricting
H(0) to belong to some Cartan subalgebra hCg which im-
plies that the spectrum of H(¢) is discrete. The parameter
space that defines H(¢) is then identified in the coset space
G /H, H being the Cartan subgroup with algebra h.

Our main issue will be the following: the quantum dy-
namics generated by H(¢) is given exactly by some path in G,
ie.,

Texp{ — iJ-H('r)dT] =D (w(t)), w(r)eG, (2)
(¢}

where w(¢) satisfies a system of ordinary differential equa-
tions (essentially the Hamilton’s equations of a correspond-
ing classical system). This fact has the consequence that
starting from any eigenstate |n) of H(0) at ¢ = 0, the state at
time 7 is a generalized coherent state®® Z(w(t))-|n) whose
phase relative to a specific choice of coherent state vectors
[i.e., Eq. (12)] is just the classical action along the path
{w(t)|2eR}, that is,

w(t) t
d() =f 0—f h(w(n))dr. (3)
w(0) 0
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Here 0 is the connection form whose curvature o is a two-
form that can be considered as a classical symplectic struc-
ture on the parameter space G /H; #(w) denotes the classical
Hamiltonian with respect to w.

Notice moreover that  is in general dependent on the
initial state |n). The connection 0 clearly gives an invariant
phase $0 when it happens that w(T) = w(0) for some T.
All this holds exactly, but we can easily get the adiabatic
approximation too; this consists simply of substituting w(#)
for g(¢) in ® and replacing the exact evolution operator
D(w())by Z(g(1))e’™. In this case we will see that the same
dependence on the initial state of 8 will be obviously shared
by Berry’s phase. Corrections to the adiabatic approxima-
tion can be easily evaluated [see the Appendix for the de-
tailed calculation of the displaced harmonic oscillator, where
c(t) takes the role of g(#) and z(¢) that of w(¢)].

The clue to these results will be the idea that a unitary
irreducible representation of a (compact semisimple) Lie
group can always be described in a basis of coherent states
(CS’s) that establish a map CS: Q. %" from a classical
phase space () into the space %" carrier of the representation
4. The restriction to compact groups is dictated by simpli-
city; our results extend to the noncompact case with no sub-
stantial modification, at least for the case of discrete series
representations (which correspond to Hamiltonians bound-
ed from below). Our results can then be applied to simple
models described by Hamiltonians of the form:

H(t) =} (ap* + B(pg + 9p) + v4?),
H(t) =} (ap® + B(pq + qp) + vq* + x/4°),

both of which imply the group G = SU(1,1). Except for the
particularly simple case of Hermitian symmetric spaces,
however, it is in general necessary to introduce spaces of
holomorphic differential forms, the so-called 8-cohomology
spaces.

Our results have their roots in geometric quantization; it
is well-known that geometric quantization leads naturally to
coherent states.®” What is less known is that the higher rep-
resentations that are cut out by imposing a polarization are
related to the generalized coherent states built over nonex-
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tremal weights. This result will be proven for SU(2) and
SU(1,1) and it would be nice to find its extension to groups
of rank greater than one.

The paper is organized as follows: in Sec. II we discuss
the dynamics generated by H(¢) and show how the phase of
the state is given by a classical action. In Sec. III the problem
of spin coherent states built over any eigenstate | jm) of J; is
solved and the corresponding Berry’s phase is shown to be
given by the classical symplectic structure o on the sphere S *
with fo = 47m; at the end of this section the straightfor-
ward extension of the formalism to the case of discrete series
representations of SU(1,1) is sketched. Section IV contains
our conclusions and in the Appendix we give the detailed
calculations for the Hamiltonian (a' — c(#))(a — €(2)).

Il. DYNAMICS OVER LIE GROUPS

Let G be a compact semisimple Lie group, g its Lie alge-
bra, H a maximal torus in G (a Cartan subgroup), h its Lie
algebra; also let & (G) be a unitary irreducible representa-
tion of G in a Hilbert space %~ with maximal weight A (cor-
responding to a vector |0)e.%"). Let the Hamiltonian be giv-
en by

H(t) = 2@DHO)YD (gD (4)

for some path ¢ —g(#)eG with H(0)e h. Hereafter we simply
drop & and use the group element symbol to denote its own
representation.

The quantum dynamics generated by H(¢) is given by
the time-ordered exponential

w(t) = Texp[ — if H(T)dT] . 5
0

By expanding w(¢) by Trotter’s formula or by applying
Magnus’ formula,® namely

T
w(t) = exp[ — iJ H(t)d:
0

T t
—if f [H(t),H(t')]dtdt'+~-}, (6)
2D Jo

it follows that w(¢)eG, which shows that the quantum dy-
namics is given by a path on the group that can always be
calculated by solving a system of ordinary differential equa-
tions. To prove this last assertion, let us introduce the basis
of coherent states {|z)} labelled by complex coordinates
(21,25---sZ, ) Which parametrize the coset space G /H. Here
{|z) } represents a set of minimal uncertainty states labelled
by the points of G /H which is a classical phase space when
endowed with its Kirillov-Kostant two-form.”® All vectors
in " are represented by polynomials in (z,,2,,...,2, ) and all
generators of G act as first-order holomorphic differential
operators. This means that the Schrédinger equation is of the
form

e }k‘,ﬁk(z,t) %, + Bo(z,0) 9, (7N

where the coefficients 5, (z,¢) are uniquely determined by
H(t). Any linear first-order differential equation like Eq.
(7) can be solved by the method of characteristics, namely '
the general solution is given by an arbitrary relation
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Y(1,l,,.,1,)=0 (8)
among the first integrals of the associated (ordinary) system
d d
d¢ =i= e = zn =idt. (9)
Bo¥ B B.

The first integrals can be chosen as I, (z,¢) = z, (0) and the
solution is formally given by

T
P(z,T) = exp’if Bo(1,2(z(0),t ))dt ]¢(z(0),0), (10)
0

where z(0) must be reexpressed as a function of (z,7) after
having computed the integral. The flow z(¢) represents the
projection on G /H of the path w(¢)'eG given by Eq. (6).
Now let |1, = 0) = |0), i.e., the highest weight in the repre-
sentation. Then

[t ) = w(2)|0) = explia(?))|z(2)), (11)
having introduced the coherent state basis
_ U(g)|0)
z) =g 0)y=A ——>"——, (12)
= (0|U(g)|0)

with 4" = |(0]U(g)|0)|. Here geG and z is the complex co-
ordinate of the coset space {gH}. The normalization adopt-
ed here is a very general recipe to fix the phase convention of
the CS basis for any semisimple Lie group.® By the Schro-
dinger equation we get

(13)

a()|z(n)) = i% z(t)) — H(t)|z(1))
or

(1) = — (z(OJH(®) |2(8)) + <z<t) ]dit

z(t)). (14)

From the general theory it is known that the diagonal matrix
elements of H(¢) in the CS basis coincide with the classical
Hamiltonian evaluated at z(); to evaluate (z[_d |z}, we recall
that® (z|£ ) = exp(f(z,$) —1/(zZ) — } §(£,5)), f being the
Kahler potential that defines the symplectic structure on G /
H. The phase of |¢(¢)) is thus given by

t z(1) af ’
a(t) = —f h(z(7),z(r))dr + Im[f ——dz] s (15)
0 0 az

which is just the classical action along the path z(z). Clearly
we identify the geometrical term of the phase
Im{f(df/3z)dz} with Berry’s phase. The same calculation
also works if we start from an arbitrary coherent state |z,) at
t = 0. In the adiabatic approximation one can avoid solving
the differential system [Eq. (9)] and just set w(t) = g(2).

What happens if we start from an excited state, i.e., from
a nonextremal weight? The dynamics is of course the same,
but the identification with the classical action is slightly dif-
ferent. This has been worked out in detail for the case of rank
one, namely SU(2) and SU(1,1) will be discussed in the
following section; the nonsemisimple case E(2) is presented
in the Appendix.

11l. SU(2) and SU(1,1) COHERENT STATES FOR A
GENERAL WEIGHT

We consider the spin j representation of SU(2), namely
(U@Y(2) = (Bz + a)¥Y((az — B)/(Bz + @), (16)

G. Giavarini and E. Onofri 660



g=(_g g) () = z:/)kz,

the vector |jm) being represented by z/~ ™. Now consider
the family of CS built over |jm):

(17)

U(g)|jm)
Z(my ) =N — —> (18)
e (jm|U(g)|jm)
the normalization factor being in this case

N = Ad(z,0))(1 +22) 7/, where d(zz)=|(z—2')/
(1 4 Z'z)| is the invariant distance on the two-sphere and

j—1m] /7 i
o= S W e

k=0

(19)
We have the following theorem.

Theorem 1: The reproducing kernel is given by

, . LLHEEY A+ Gy
= A(d(¢, . — = .
(g(m) |§(m)> ( (§§ )) (1+§§)1(1+§:§:)J (

20)

Proof Let {=g0 and {'=g"-0; we -calculate
(jm|U(g)U(g’)|jm) as the coefficient of z/~ ™ in the poly-
nomial (z|U(g)'U(g’)|jm), according to Eq. (16). After
dividing by the normalization factors coming from defini-
tion (18) we get the result by simple algebra. <

The time evolution under w(¢) is the same as in Sec. I1,
but now the phase a(?) must be evaluated using the new
reproducing kernel. The factors A do not contribute to a and
we get

zdz

z(t) L
a(t) = m-Im{f -—_] —J‘ (H)dr.
20 (1 4+2Z2) o

We thus obtain the connection form of classical spin m. The
(H ) term is given by diagonal matrix elements of H(¢) in the
new CS basis. It turns out that it is still given by the classical
Hamiltonian with classical spin m. To understand this mi-
gration of classical spin from j to m we prove the following
theorem.

Theorem 2: The representatives (z,,,, |#) in the CS basis
12(m ) are given by

2h)

Ymy (2)=(14+22) 7"V, |\ V2 Vid(2), (22)
where
a 2kz
=9 _ , 23
“Toz 14z (23)

#(z) is a polynomial of degree 2/, and the normalization is
given by

w2 = [ (@221

{[dz] denotes the invariant volume on G/H = §?).

Theorem 3: The vectors {b(m) (2)=(1+z2)"Y,, (2),
with #,,, given by Theorem 2, span the invariant subspace
with Casimir j(j+ 1) of the prequantized orbit™!' Z,
through the point (0,0,m) in the coadjoint representation of
SU(2).

Proof of Theorem 2: Let us compute (z,, |¢), with
|2(m) ) given by Eq. (18). The raising operator J, acts as

(24)
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d /3z when acting on polynomials ¥(z) of Eq. (17). Apart
from a normalization factor we get

(Zmy 1Y = A" G " U@R)T|)
=¥ (%)j_m(U(g)w)(z)lz:o
= (5) @5 )

Setting { = B/ @ we get
(2o |9) = H a2 (14 6772 B W,

Now the point is that one can roll the factor (1 + ££) ~ ¥ to
the left of @ /3¢ converting it to the operators V,,
(1+80? a; (1420 %= (1 + 2,
Taking into account the contribution of 4" one gets the final
form of Eq. (22). <
Proof of Theorem 3: First, we note that to compare the
functions of Theorem 2 with functions defined over the orbit
& my We absorbed the factor (1 + ££) ~ ™ in order to have
the correct normalization pertaining to the prequantized
& (my- The Casimir operator in the Hilbert space built over
O . by the prequantization procedure is given by

& = —(1+Ez)2(£-— 2mz ) a
dz

1+zz/ 97

[having subtracted tl~1e ground state m(m + 1)]. We have
to prove that €, ¢, =[j(j+1) —m(m+ 1)1¢,,.
Since % ,, = — (1 4 22)?V,, (3 /0z), the result follows by
iterating the commutation relation

Cgmvm+1 = - (1 +EZ)2vmi_vm+l
az

=vm+1(cgm+1 +2(m + 1))
obtained using
(14+22)V, =V, (1 +22)?,

(1+zz)[ ]——2k

Eventually we reach & ; on the right which annihilates ¥(z)
and the additive terms cumulate to j(j+ 1) — m(m + 1).
In particular for m = O this is just a hard way to calculate
spherical harmonics! <

In other words, the coherent states built over [jm)
“live” in the prequantized orbit with spin m where they span
an excited Landau level, in the language of Ref. 11, i.e., at the
right level with quantum spin j. It is thus clear why the diag-
onal matrix elements over these coherent states fee/ the clas-
sical spin m. This has been noticed in a special case by
Klauder and Skagerstam® in the case of spin 1. In particular,
this implies that in the case m = 0 the diagonal matrix ele-
ments of any Heg vanish and, unlike the standard case
m = j, they do not identify H as an operator, which is bad for
the CS basis, but it is just right for the calculation of Berry’s
phase (which indeed vanishes).

All the results obtained in this section can be readily

G. Giavarini and E. Onofri 661



converted to the case of discrete series representations of the
noncompact group SU(1,1). In this case the coset space G /
H is the upper sheet of the two sheets hyperboloid. The index
J representation now is given by

(U@)Y)(2) = (—Bz+a) " “Y(az—B)/( — Pz + a)),

where

-5 9

and ¥(z) is a function analytic in the disk D = {z: |z| < 1}
properly normalizable in the orbit & ;,.° The reproducing
kernelin thiscaseis (z|¢ ) = (1 —zz)/(1 — E£Y/ (1 — zE)2.

Constructing the CS built over {jm)|m =, j + 1,...} as
previously done in the SU(2) case we have

(11— 81 —¢E'y

’ = Ad(.EN)) === TN
<§(M)|§ (rn)) A( (§§ )) (1_§§')}+m(1_§§’)1—m

where as expected

mT(j+m+k) (m —j)xzk

Alx) =
“o kII(j+m) k

and d(z,2') = |(z — 2') /(1 —Z'2)| is the invariant distance
on the hyperboloid. The extension to this case of the theo-
rems already proven for SU(2) is immediate.

IV. CONCLUSIONS

It appears that the quantum (time-dependent) Hamil-
tonians considered in this paper are of a very special kind;
they are in a sense ““generalized” free systems in a given dy-
namical group G and time dependence does not constitute a
serious problem. Actually, the quantum dynamics is isomor-
phic to the classical one, so these systems are necessarily very
stable also at the classical level; since an invariant distance is
defined in phase space (K &hler metric), these systems can be
ergodic but not mixing. In our opinion, it is thus dangerous
to exercise our intuition only on such examples, because they
may turn out to be too special. Nevertheless, a remarkable
number of systems can be described in this way, and our
effort has been to give a general technique to study them.
One result to be noticed for these systems is that Berry’s
phase can be defined even independently of the adiabatic
approximation (as pointed out by Aharonov and Anan-
dan),"? but it unveils itself for what it really is, namely the
piece § p dq of the classical action on the coset space G /H.
The algebraic approach to these systems also clarifies what
should be considered as the effective parameter space of the
system in consideration. In fact, since the time dynamics
involves an infinite series of successive commutators of the
form [---[H(2),H(t')],...], as shown explicitly by Eq. (6),
it is the full Lie algebra which is relevant for discussing Ber-
ry’s phase, even if the Hamiltonian depends explicitly on a
reduced number of parameters."?

Finally, it will be interesting to explore what happens to
our results (in particular Theorem 3) when dealing with
groups of higher rank and weights with multiplicity greater
than one; it is known that non-Abelian connections should
be considered in this case.'*
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APPENDIX: THE DISPLACED HARMONIC OSCILLATOR

Let H(t) = (@' — c(2))(@ — ¢(¢)) where a',a are ordi-
nary bosonic operators and c(¢) is any continuous curve in
the complex plane. Obviously, we have H(¢)

= U(t)a'aU(t)" with U(t) = exp{c(¢)a’ — c(t)a}, which
is a translation. The group acting in this example is the
Euclidean group E(2) generated by a'a, a, a'. We calculate
the quantum dynamics both in the interaction picture and by
the method of characteristics. It holds that

w(r) = Texp’ - if (a'a — c(m)a —¢(r)a'
(1}

+ |c('r)]2)d7'} . (A1)

Applying the interaction picture, we have to compute
T
Texp[if (c(t)ae " + E(t)a*e")]dt,
(1]

which is easily calculated by the continuous Baker-Haus-
dorff formula.® The result is

w(t) = e® e~ fra‘aeg( tHa— E(na*’ (A2)
where

§(t)=iJ“c(1')e‘"dT, (A3)

° t &(2)

P(1) = —L |c(7')]2dr+lm[ A £ dE]. (A4)
If the initial state is a coherent state |z,)
=exp(Z,a’ — z,a)|0), we get

w(1) |zo) = O+ IO 7 £(1))e"). (AS)
By setting z(¢) =(z, — £(¢))e” we readily find

w(t)|20) = |2())-explia(t)}, (A6)

a(t) = —flz(t) —c(n))*dt + Im{fi dz] . (A7)

which is of the general form of Eq. (15).

The same result can be obtained by the method of char-
acteristics. Since a—d /9z,a" -z, the Schrédinger equation
is just

. oY ( J _ )
L =lz—c(D) ——=7F(¢ A8

Iat (z c())az o) |y (A8)
and Eq. (9) reads in this case

P — (A9)

z—c(t) c()(z—c(D)W
with first integrals
I(zt) =e "2+ &,
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Lz, ) = ¢-eXp[§ze— "y EE+ ifzc dt + iJEé’ dt] ,

which yields the same result [with & given by Eq. (A3)].
Notice that in the SU(2) case z(¢) satisfies a Riccati equa-
tion whose general solution cannot be given in closed form.
Going back to the displaced harmonic oscillator, if the initial
state is some coherent state built over an excited state
|Zocny ) = € ~%4|n) we still can apply Eq. (A2) to get the
same result as before, except for an additional phase ¢ =™
coming from the expectation value of H(¢). In fact, the re-
producing kernel {z,,, |, ) for the CS built over |n) coin-
cides with the standard one of the Glauber coherent state,
except for a prefactor depending only on |z — ¢ |2, which
does not contribute to the connection form. The explicit cal-
culation yields

(2w [€m ) =E |z — £ ™D, (A10)
where

s = LMY, o (__1_ 2)

_(X)_k;ok!(k)( x*)*exp 5 x2y.

As a consistency check, notice that Eq. (A10) can also be
obtained by Eq. (20) according to the contraction
SU(2)=E(2).>"
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It has been proved that if an involution ™ exists in a subring of continuous linear maps in a
locally convex topological vector space .~ with the property (£4)* =£" 4+, and4+* 4=0
iff 4 = 0, then there exists in .%’ a Hermitian scalar product ( , ) such that * is the adjoint
operation with respect to { , ). The existence of a corresponding Gel’fand triple SC HC .*"

has been shown.

I. INTRODUCTION

It is often silently assumed that the collection of ob-
servables describing measurable quantities concerning a
physical system are represented as operators in an inner
product (or scalar product) space, which can be seen as a
member of a Gel’fand triple. However, there arises a natural
question whether this geometrical structure is indeed deter-
mined by a structure of the collection of observables. And if
it is so, then what are the conditions that imply this struc-
ture? Taking it one step further, one may ask what is an
algebraic and topological characterization of abstract alge-
bras over the field of complex numbers (which the observa-
bles are believed to constitute) to make them represent-
able as the algebras of so-called extendable operators in a
Gel'fand triple.! In this general approach it is necessary to
find the underlying representation space. However, the usu-
al technique, extending the Gel’fand—Naimark-Segal con-
struction is in many cases not applicable, unless the space of
positive functionals (if they can be defined at all) is rich
enough. Therefore in our paper we consider a first approach
to this general problem, assuming from the very beginning
that our algebra already consists of operators in a locally
convex topological vector space. Under this assumption we
prove that the algebraic condition providing the desired
Gel'fand triple is the existence of an involution in the alge-
bra, such that for any operator 4, 4 *4 = 0 if and only if
A =0, i.e., the involution is proper.?

This kind of result is known® for operators in Banach
spaces, and the proof presented by Kakutani and Mackey
can be partially adapted to our “unbounded” situation.
However, a limitation impossible to overcome is connected
with the necessity of our assumption that the involution * is
antilinear when restricted to the complex numbers. Namely,
the continuity of the associated automorphism of the field of
complex numbers does not follow from our condition, even
in the infinite-dimensional case, as it happens for Banach
spaces.’

From the physical point of view the existence of an invo-
lution in the algebras of observables has been well estab-
lished. Although there is no direct interpretation of the oper-
ation of involution, it is clear that it may be connected with
the time relations in a physical system, with the time reversi-
bility, and with representation of field operators in the quan-
tum field theory. Also the property of being proper can find
an easy physical justification, e.g., nilpotent observables can
be excluded from the description of the physical system.

It is worthwhile to mention that the extendable operator
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“-algebras, even though their involution is proper, need not
be Rickart ‘-rings.? Thus our result provides mathematically
interesting and tangible examples of a very general type of *-
ring, yet closely connected with the Hilbert space operator
algebras.

Now we shall introduce some definitions needed.

Let H be a Hilbert space, and let L, denote the lattice of
all closed subspaces of H. Then L, is orthocomplemented in
a natural way. However, if instead of L,, we consider the
(not complete) lattice Lf} of finite-dimensional subspaces of
H, then the orthocomplementation can be defined only in a
relative way.

Definition 1.1: A lattice L of subspaces of a vector space
% is called relatively orthocomplemented if (a) every inter-

valin L,
[0,L ] ={QeL: 0<Q<L},

is an orthocomplemented lattice with the (relative) ortho-
complementation map

1 [0L]-[OL],

ie, if L,<L,<L, then 1,(L,)<l,(L,), and
Ll (K) =K, L, (K)AK=0, L, (K) VK = L for every
Ke[0,L]; and (b) the family of relative orthocomplementa-
tions {1, },... is compatible, i.e., if L,<L,, then for every
Lel0,L,],

L (L)AL, =L, (L).

We say that L,,L,€L are orthogonal to each other if there
exists LeL with L,,L,<L, and L,<1, (L,). Then we write
L\L,.

In what follows we shall consider lattices L of subspaces
of a vector space . such that L% CL.

For relatively orthocomplemented lattices we have the
following extension of the von Neumann theorem.*

Theorem 1.2: Let .% be a vector space over C', and let L
be a relatively orthocomplemented lattice of linear sub-
spaces of % such that {a) L contains all finite-dimensional
subspaces of ., i.e., L% CL; and (b) if M,NeL and one of
them is finite dimensional, then M + N = MV N. Then for
every nonzero s,c.% there exists an involutive automor-
phism © of the field of complex numbers C', and a @-sym-
metric ®@-semisesquilinear form ( , ) on ¥ X .% such that
(5050) = 1, and (x,y) = 0if and only if {(x)L{y), where (z)
is the (one-dimensional) subspace spanned by ze.¥. [We
recall that (, ) is anondegenerate ®-semisesquilinear form if
O((x.p)) = x), {ax,By) = a{x,y)O(f),and {x,x) =0
iff x =0.]
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Proof: Let FeL , be finite dimensional. Thus FeL. If
Lel, , and L<F, then LeL, too. We have

F=1,(L)VL=1,(L)+ L.

Lets,c.”. Denote by # the class of finite-dimensional linear
subspaces of % such that s,eK for all Ke.#, and dim K>3.
By the von Neumann theorem (see Ref. 4, p. 61, Theorem
4.6) there exists an involutive automorphism ®,. of C' and a
@ -semisesquilinear form (, ) in ¥ X % for every Fe#
such that for any L<F,

1.(L) = {ueF: {(u,x) =0 for all xeL},

and (sp,5,)r = 1. Now let F,,F,e¥ with F <F,. Then
{,)r|rxr, gives the same orthocomplementation on
[O’Fl] as ( ’ )F,9 and <SO’SO>F, = (SO:SO>I-‘3 =1. By the
uniqueness {, ), |rxr, =¢,)p, and Op = O .

Sinceforany L,, L,e%, L,V L, , there exist a unique
automorphism ® on C' and a unique ®-semisesquilinear
form {, ) on the whole ¥ X .¥ which are extensions of all
@, and (, ) 5, respectively. a

Remark 1.3: If 7 is a Banach space, dim . > o, and L
consists of closed subspaces, then % is isometrically isomor-
phic with a Hilbert space, with the scalar product (, ),and ®
is the complex conjugation. However, the problem of conti-
nuity of @ is still open for general locally convex spaces, e.g.,
for Fréchet spaces.®™

Il. RING CHARACTERIZATION OF GEL'FAND TRIPLES

Let us consider the triple ®CHC®’ (the so-called
Gel'fand triple), where @ is a locally convex topological vec-
tor space, ¢’ is its strong dual, H is a Hilbert space, and the
embeddings are continuous injections. If AcL(®P), then 4
can be regarded as a (in general unbounded) linear operator
in the Hilbert space H, with a dense domain D(4) contain-
ing®. IfPCD(4°),A": &P, and 4 *|4 is continuous in
® (a number of conditions providing this property can be
found in Ref. 1), then we can define 4 * =4°|,. Then
A *eL(®). The elements 4cL (P ), for which the involution
A— 4™ is well defined, form a subalgebra 9 of L($), the so-
called extendable maps algebra (cf. Ref. 1). The involution
* has the following properties.

(i) (A4)* = A" A *,forany AeC', where A * is the com-
plex conjugation of 4.

(i) (A+B)*=A"+B and (UB)* =B*4 .

(ili)4*4=0ifand only if 4 = 0.

Since all elements of A have the common dense invar-
iant domain &, then the above properties easily follow from
the properties of the operation of taking the adjoint of an
operator in a Hilbert space.

Suppose now that we are given a locally convex topolog-
ical vector space .#. Itis of interest whether the space % can
be included in a suitable Gel’fand triple. In quantum me-
chanics, common invariant domains are seen through the
collection of unbounded operators (observables) defined on
them. The space @ has the interpretation of the test function
space or, in other words, of the initial state space, in the
language of Dirac’s formalism of quantum mechanics.
Therefore it seems essential to reconstruct the Gel'fand tri-
ple structure out of the properties of the algebra of observ-
ables.
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We present now our main result solving this problem,
which seems to be interesting also in a wider mathematical
context (cf. Refs. 5 and 6).

Theorem 2.1: Let % be a locally convex topological vec-
tor space, and let X CL(.#) be an algebra over C' with the
following properties. (a) % contains all elements of L({.%)
with rank 1. (b) Aninvolution * is defined in 9 with proper-
ties (i)—(iii).

Then for every nonzero s,e.# there exists on ¥ X .% a
sesquilinear nondegenerate form (, ) separately continuous
inits arguments and such that * is the conjugation operation
in 3 with respect to (, ), i.e., for every 5,z€.¥ and A€,
(As,z) = (5,4 Tz}, and (s,,5,) = 1.

Proof: We shall prove the theorem in a few steps using
several lemmas. The idea of the proof'is similar to that in Ref.
3; however, some points must be proved independently. To
make the paper self-consistent we give here the full proof.

Let ¥ C¥. Denote

%"= {4eW: CA =0 for all Ce¥ },
¢! = {4eN: AC =0 for all Ce% }.

Following Ref. 3 we say that a set € C ¥ is a right anni-
hilator if € = (€)= €.

Lemma 2.2: A subset ¥ C is a right annihilator if and
only if there exists in L, a closed subspace M such that

€ ={4eN: 4.7 C M}

Proof: Let € C¥ and ¢ = %". Define the following
(closed) subspace of .#:

(€)= N KerB=M,. (D
Bet!

Then for all 4e% and all Be€' we have B4 =0 and
BAY ={0}, ie, A CKerB. Thus A% implies
A CM, , thatis,

€ C{deM: A7 C M, }.

Now let A€ be such that 4.# C M., . Then for every Be% ',
BA =0; thus 4% = €. Hence € D{4eW: A CM,}.
This proves the sufficiency of the condition.

Now let MeL . Define

V(M) ={A4eN: A CM} = %,,. (2)

Naturally v(M) C € ". Suppose that there exists 4% " not
in v(M), i.e., there exists x,€.% such that 4x,¢M. Since M is
closed, then there exists a continuous linear functional f€.%"
such that f(4x,) =1 and f{,, =0 (see Ref. 7). Define a
linear operator C by the formula Cs = f (s)Ax, for every
s€¥. Then clearly Cedl. For every Pev(M) we have
CPs = f (Ps)Ax, = 0,1i.e., CP = 0 [since by the definition of
v(M), PsesM)]. Thus Ce%' Hence CA=0 and CAx,
=0=f(A4x,)Ax, = Ax,. There is contradiction. Thus
Aev{M), and eventually

VM) =Cpy=(C )" =%" a

Lemma 2.3: The lattice L of right annihilators in the
algebra % is orthocomplemented. The orthocomplementa-
tion map is given by the formula

L3¢ -1(€)=%*"eL,where ¢ * ={C*: Ce¥ }.
Proof: First note that if € is a right annihilator, so is
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1(%) by property (ii). Further, since ¥"=% and
AT =4, we have H(¥))=%. Finally,
1(€) A€ = {0} because of property (iii). O

Lemma 2.4: The maps defined in Egs. (1) and (2) have
the properties

(a) prv=idy ,
(b) v-¢ =id; .
Proof: (a) Let MeL ,.. Compute
M, = (¢-v)(M) =¢({CeA: C¥CTM})= N KerB.
Bev(M)!

Clearly MCM,. Indeed, if meM and BC =0 for every
Cev(M), then, in particular for C = Proj,, (the projection
onto the one-dimensional subspace {(m), with Proj,,m
= m), we have Bm = 0; thus meKer B. This holds for all
Bev(M)'. To prove that M, C M assume that there exists

me N KerB,

Bev(M)!

with méM. Then again there exists a functional f€.%"’ such
that f|,, =0 and f(m) = 1. Set Bs = f (s)m. Then Be¥,
and for every Cev(M) we have BCs = f(Cs)m = 0. Thus
Bev(M)'. Hence Bm =0 = f (m)m = m, which yields a
contradiction. Thus meM. In other words, (¢-v) (M) = M,
ie, ¢ v=idg .

(b) Let € CU be a right annihilator. Compute

€, = (v-¢)(‘£)=v( N KerB)

Be!

=[Ce%[: cCsC N KerB].

Bee!

For each Ce%¢ we have BC = 0 for Be%’; thus C.¥Ker B,
i.e., € C%,. On the other hand, if Ce% ,, then for all BeC’,
BCY ={0}, ie., Ce¥"=%. Hence €, =¥, and v-¢
=1id, . O
Notice that the collection L of all right annihilators in 2
forms a lattice with the usual operation of inclusion and the
meets and joints defined as follows: for € ,, % ,€L,
CNEC,=C ,NE, and €, VE,= (€ ,UE,)"
On the other hand, the collection L of closed sub-
spaces of % is also a lattice with the usual lattice operations
M AM,=MNM,and M\VM,= (M, + M,) (the clo-
sure).
Lemma 2.5: The maps ¢ and v defined in (1) and (2)

are lattice isomorphisms.
Proof: Let € ,,% ,€L, and let € ;<€ ,. Then

M =¢6(¢,)= N KerBCM,= N KerB.
Bt} Bet')
Similarly, for M,,M,cL , with M, <M, we have
v(M,) = {CeA: C¥ M }IC{CeWN: C¥CTM,} =uv(M,).

Thus ¢ and v are mutually inverse order-preserving maps
between Land L -, and hence they are lattice isomorphisms.

As the corollary to the above lemmas we have the fol-
lowing.
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Lemma 2.6: The lattice L ;- is orthocomplemented, with
L(M) = ¢(Lv(M))).

Now it follows from Theorem 1.2 that there exists an
automorphism @ of the field C', ®* = id, and a ®-semises-
quilinear form {, ) on # X .7, such that the orthocomple-
mentation in L - is given by the formula

W) ={ue?: {u,x) =0 for all xeL},

where LeL .

Since the kernels of the linear maps . 35— (s,z) are the
closed subspaces L({z))eL, for every ze.#, then these
maps are continuous. Hence the form (, ) is continuous in
the first argument. At the same time ®-linear map j:.¥’ — .’
is well defined by the formula

J(2)(8) = (5,2), with 5,ze.%. 3)

It is easy to observe that j is an injection.

Lemma 2.7: Let 5,2, and let P, and P, denote the
projections on {s) and {(z), respectively (obviously
P, P,c%N). Then for any Ae¥, (As,z) =0 if and only if
P AP, =0 (equivalently P4 P, =0).

Proof: Assume that (4s,z) =0. Take xe.”. Then
(4P .x, P,x) =0, and thus

AP.¥C N KerQ=L1(P,%).
QE{P2+}'I

In particular, since P " e{P " }", we have
P AP, =0.

Conversely, if Pt AP, =0, then AP,e{P " }", and for
any Be{P}", BAP, =0. That is, AP,.¥ CKer B. Even-
tually, (4s,z) =0. a

Lemma 2.8: For every A€, denoting by 4 ' the algebrai-
cally transposed operator 4, i.e., 4 ‘eL(.*’), we have

Aj=jAr,

i.e., (4s,z) = (5,4 *z), for all 5,2 .¥.

Proof Let ze.#, and A€, Define V9 = Ker (4 ') (2)
and V) = Ker (j-A*)(z). From Lemma 2.7 it follows that
V9 = V9. Thus the functionals (4 '-j)(z) and (j*4 *)(z)
are proportional. Without loss of generality we can assume
that the algebra % has the unit I. Because then I* =1I and
I' =1, we have, for some £,£ 'eC',
X+A4)j2)=E7T+A1)2)=E£j(2) +&j A" (2)

=j(2) + £'j-4 T (2).
Thus if j(z) and j-4 *(z) are linearly independent, then
&=¢' = 1. If, however, j(z) and j-4 * (z) are linearly de-
pendent, then let us take an element Be? which has that
property. Then B'-j(z) = j-B * (z), and moreover

(B+A4)j(z)=jB* (2) +&A7"(2)

=§"j BT (2) +§"j A7 (2),
for some £ "€C'. But by the linear independence of j* B * (z)
andj A " (z),wehave £’ = £ " = 1. Thusfor every ze.# and
every Ae¥, we get (4'+j)(2) = (j-4 ") (z), that is, (A4s,z)
= (5,4 *z), for all 5,ze.%. a

Finally, for any £eC' and 4€¥, by property (i) and
Lemma 2.8 we have (£4)" =£"A " =@(£)A ™; thus
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O(&) =£°, i.e., the automorphism @ is the complex conju-
gation in C'. It follows that the form ( , ) is Hermitian,
continuous in both arguments, positive, and nondegenerate.
This ends the proof of the theorem. O

Corollary 2.9: If the space . is bornological and reflex-
ive (thus complete), then the injection j is a positive embed-
dingj: ¥ - %" in the sense (cf. Ref. 1) that (a) jisa strongly
continuous antilinear map, and (b) j is positive, i.e., for ev-
ery s€.%, j(s)(s) > 0iff s5£0.

Then there also exists a Hilbert space H, being the com-
pletion of ¥ with respect to the norm ||s|| = {s,5)"/? such
that ¥ C HC ¥, and the embeddings are continuous. That
is, there exists a Gel'fand triple such that the involutive
structure of the algebra 2 is compatible with the Hilbert
space adjoint operation.'=®

lll. CONCLUDING REMARKS

Our result follows from a rather strong assumption that
(EA)* = £°A4 *. Without it not much is known. In particu-
lar, if the space .% has the Schauder basis, then the construc-
tion analogous to that in Ref. 3 can be carried out. However,
there are simple examples, such as the sequence spaces @ and
&, in which the result fails. There is no positive embedding
©C¢ = o'; hence there is no adequate Gel'fand triple. Al-
though ¢ C/,Cw in a natural way, it is easy to give simple
examples of a situation in which neither “direction” is possi-
ble. The problem needs further study (cf. Refs. 5 and 6). On
the other hand, the problem of algebraic characterization of
extendable map algebras also remains open.

Finally, let us observe that, if it happens that
A = L(%), i.e., the involution * is defined on the whole
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ring of continuous linear maps in .%, then % is a Hilbert
space.

Theorem 3.1: Let . be a bornological reflexive L.c. top-
ological vector space, which is metrizable or whose strong
dual is metrizable. Assume that in the ring L(.¥’) of contin-
uous linear maps in % there exists an involution * satisfying
conditions (i)—(iii). Then .% is topologically isomorphic to
a Hilbert space H, and the involution * is given by the ad-
joint operation in the set of bounded linear operators in H.

Proof: Since the space ¥ is reflexive, then each
UeL(.#") is of the form U= A", for some AcL(.%). Let
g€J’; then there exists Ue(.#’) such that geUj(.¥). But
then g= (U-j)(s) = (j'4 *)(s), for some se.¥, and
AeL(”). Thus g&j(.%), i.e., the injection j: ¥ — %" is sur-
jective. Now by the closed graph theorem’ j gives rise to a
homeomorphism, since j~ ' is closed. In particular, the em-
beddings in the Gel’fand triple ¥ C HC %’ are also homeo-
morphisms. The result follows. a
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The quantum inverse scattering method is used for the study of a nonlinear N-wave resonance
interaction system. The Yang-Baxter relations are solved to get various commutation relations
for the scattering data operators. The energy spectrum of the quantum Hamiltonian for the
model is determined and the existence of the quantum bound states is analyzed. In the classical
limit, the corresponding r matrix is found, and the well-established correspondence between
the classical solitons and the quantum bound states is examined. Finally, the integrability of
the same model but with both fermion fields and boson fields is discussed.

I. INTRODUCTION

There has been considerable recent interest in the study
of completely integrable nonlinear evolution equations exhi-
biting soliton behaviors. In particular, the discovery of the
inverse scattering method makes it possible to find a wide
class of two-dimensional nonlinear evolution equations,
such as the KdV equation, the nonlinear Schrédinger equa-
tion, and the sine-Gordon equation.'™ As is well known, the
Hamiltonian systems corresponding to these equations have
an infinite number of conservation laws that are in involu-
tion with each other. Recent developments show that the
quantum version of the inverse scattering method may be
established (for review, see Ref. 5). Now this method has
been successfully applied to study many completely integra-
ble models in (1 4 1)-dimensional quantum field theory
and in two-dimensional lattice statistics. Nevertheless, it
provides a unified and elegant formulation for many tech-
niques previously developed in different branches of one-
dimensional mathematical physics, including Baxter’s com-
muting transfer matrix technique in two-dimensional lattice
statistics,® the Bethe—Ansatz technique for the (1 + 1)-di-
mensional quantum field theory,” and the construction of
infinite number of conservation laws in completely integra-
ble models.® Therefore, the quantum inverse scattering
method (QISM) has been a power tool for getting explicit
results from completely integrable systems. In a recent pa-
per, Kulish® studied the quantum, nonlinear, three-wave
resonance interaction model in the framework of the quan-
tum inverse scattering method. At the classical level, its inte-
grability is well known for a long time. ' The same model but
with two fermion fields and one boson field has also been
carried out by Wang and Pu.'' All these results show that the
quantum, nonlinear, three-wave interaction models with
three choices of statistics proposed by Ohkuma and Wa-
dati'? are completely integrable. In the present paper, we
show that the quantum N-wave resonance interaction sys-
tem is also completely integrable via QISM. To do so, the
Yang-Baxter relations are solved and the energy spectrum
of the Hamiltonian is determined. Further, the same model
but with a different choice of statistics is discussed.
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Il. THEORY

The system discussed in the present paper is given by the
Hamiltonian

= ﬂ,&’k i o
+ 2

i<j<k
Here, w;(x) and w; (x) are boson fields that satisfy the
usual equal time commutatlon relations,

+
€ (Wwp Wy + Wi Wi

wy ) |dx. (1)

[w; (), wu N ] = {w; (), wd (MN] =0
[w; (x), wis )] = 848;8(x — ), (2)
ijkl=12,.,N.

This system describes the fundamental processes represent-
ed by

Wy + Wy & wy .

i<j, k<l

For simplicity, we restrict ourselves to considering the case
in which the bound states occur in all fields. For the group
velocities v;;, we have

(Ujk"“ ,'k)(v,'k—v,'j)>0, l<]<k

The corresponding equations of motion for the system can be
cast into the Lax form (see Appendix A for the details). The

auxiliary linear problem in QISM can be put in the form

—(—;Z-T(x,x(,[/l) = :L(x,A)T(x,x0|4):, T(xpxo|A) =1,
x

(3)
with

L(x,A) = MZa,e,,
{

+ \/Ez Ve — @, (W, + Winem),

l<m
a,>a,>..>ay, c<0,

where A is the spectral parameter, and w;(x)
= w; (x,t = 0). Here ¢,,,, is an N X N matrix, with elements
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being zero except that the element of /th row and mth col-
umn is equal to unity. In terms of the parameters from (3),
the group velocities v; and the coupling constants € in (1)
are given by

b — b, — bj, € = (v — v il

' a,—a icBy

In order to obtain the commutation relations for the scatter-
ing data operators, we rewrite Eq. (3) in a lattice form

(4)

T, (A) =:L;(AT;(A):, T (A)=T(x;, x0|4), (3
where
Li(A)y=Y (1 +idbda)e; +c 3 \Ja,—a, (Wimenm

i la<m

+
+ wlmjeml) .

Here A is the small lattice spacing and w,,,; = w,,, (x;). In
Eq. (5), we have neglected the terms of order A% Thus the
Yang-Baxter relations are given by

R(A—p)L;(A) @ Lj(p)) = (L;(p) @ L;(D)R(A —p) .

(6)
It is easy to check that the R matrix has the form
R(A— -k ey ®e,,
A —u) ],—,u—ic%.: n
A—p
+——>) ¢, ®¢,,. (7)
/{—,u—icg ; :

We note that the Hilbert space of quantum states of the sys-
tem under study is the tensor product of N(¥ — 1)/2 Fock
spaces for boson fields,

H= 8 H,, jk=12,..N,

with  the  pseudovacuum  being  defined by
wy (x)|0) =0, j<k, jk=1.2,..,N. The expectation value
of L;(1) ® L;(u) between the pseudovacuum is

W(/{y/‘) = 2(1 + i/lAal + i:uAarn )ell ®€pn

Im
+AcY (a,—a,)e, ®e,, . (8)
l<m

To make it possible to take the continuum limit, let us intro-
duce a normalized monodromy matrix T'(A) defined by

T(A) = lim ¥V = "(A)Ly(A) L _y, (DY YA,

N— oo
(9
where

V(A) =Y (1+iiAa))e, . (10)
I

Then, the Yang-Baxter relations for 7(4) can be written as
R, (A—p)(TA)@T(w))=(T(n)® T(A))R_(A—p),

(1)
where
R,(A—p)y=U7'(nA) RA-—w) U, Ap,
Ao (12)
R_(A—p)=U_(uA) RA—p) y 1A,
A—p
with
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U, (Ap) = lim W “NAR(PM A e VW),
— o0 (13)
U_(Ap) = Isim (V¥ e V¥u)W —M(A,u) .

After a tedious but straightforward calculation, we have

1
R, (A—-pu)=—--YNe¢,®e
+ H /1_”21: u®ey

+ iﬁa(/l - #)znlm € ®e,,
Im

A—p+ic
Ty .5 e ®e,,
(/t—y+ie)2,<2m’ !
1
+mlz €n ® € (14)
1, l<m,
Nim = oa I=m’
-1, I>m.

Here the § function appears as a result of the formula

lim exp(ixN)/(x — i€) = 2imd(x).

N—-w
From this we obtain the commutation relations for the scat-
tering data operators. In doing so, we use the notation

T(A) = ZAfelz + z (Bl + Comem) - (15)

l<m
The explicit results are given in Appendix B.
Let us now discuss the scattering states for the model.
From the Neumann series for 4, and B,,,, we have
4,10y =10}, B, |0)=0, l<m, Im=12..,N.
(16)

The commutation relations between 4, and C,,, show that
the state

i

01 Cm@AI™I0), Im=12,..N,

l<ma=1

is an eigenstate of 4,. The corresponding eigenvalues g, are
given by

(17)

SRV Ry §
[24

aw=T i

i=la=1 /{_/{‘(;’l)
y (A=A +ic)y(A—AD —ic)
icl<ja=1 (/i.-—-ﬂgj))z
N Ay R} iy __ ic
X —_—, I=12,.N.
i:l:‘!»l aI_.—II A—AP
(18)

On the other hand, A4, (1) are the generating functionals for
an infinite number of conservation laws in the model. They
have the following asymptotic expansions:

A A =141/ +u /A% + -,

(1=1P, N P, e -1
=i Ta= § ) -SWiN) -3 N,

i=1P i< By i=1

T =iCN, )
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I,,I,]I,, l,.,l,jI,.j
lij o il
l<i<j Bhﬂl; Y i<l<j Bilﬂlj !
1.1.1.
— L2y, (19)
i<j'<lle il
where
1—1 N N )
wiw; w;f wy; Jdx,
J(IZI ! a =;{vl ! :
w; dw;

"d

ij

Vie = J(wﬁwjk wi + wuwi wy )dx,
as A is large. From this we can reconstruct the well-known
conserved quantities, i.e., charges, momentum, and Hamil-
tonian;
r
N, ==, I=12,.N,

ic

N : I—1

1358 ol — 2= e S 7).

fe= 2 2 me

N 1 ] 1—1

Z i S 7',,,).

2 2 m=1
(20)

Expanding the eigenvalues for 4, (1) in terms of the inverse
powers of A, we have

leﬁu(#r

B
A)=1 Y
a;(4) + 1 +,12
1—1 N
lC(z ny — z nli)’
i=1 i={+1
(21)
I—1 ny . N ny .
ﬁ,:ic(z z/{,‘,’”— Z zﬁ.,‘,”’)
i=la=1 i=l+1la=1
ic ) ) af
+—a +2 +—, [I=12,,N.
2( ! 121 2
Comparing with Egs. (19) and (20), we get
1—1 N
NI = Z n,-, hand Z n,i, l—_— 1,2,..,N,
i=1 i=1+1
(22)

ny

P=S8,34P, H=3u, zw

i<j a=1 i<j a =
This implies that Eq. (17) is the eigenstate for an infinite
number of conservation laws in the model.

Asis well known, a classical soliton is a manifestation of
the quantum bound state. This fact has been rigorously
shown by Wadati and Sakagami'® in the nonlinear Schro-
dinger model. This hints that the existence of a classical soli-
ton should be intimately related to the condition of the
bound states in the quantum variant of the system. In our
case, N(N — 1)/2 sets of operators,

AI(/{)y Am('l)) Blm(i)) and Clm (l) ’

satisfy the same commutation relations as the scattering data
operators of the nonlinear Schrédinger model. As was point-
ed out by Kulish,® for the three-wave interaction model,
when reducing to the subspace H,,,, (/I=12,.,N—1),
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the corresponding set gives just the nonlinear Schrodinger
model, respectively. However, this is not true for other
fields. This result can also be seen from the eigenvalues for 4,
(I = 1,2,...,N). Using the results for nonlinear Schridinger
model with attraction, we conclude that the spectral param-
eters of the many-particle bound state form a string given by

A i+ 1 =A (LI+1)
a

—je(m®™+Y 41 - 2a)/2,
(23)

a=12,...m"+0 ImA D =0.

The bound states involving other fields can be constructed
by using the “contracting” technique proposed by Wadati
and Ohkuma.'? For example, contracting a pair, say

i+ 1)

/l (Li+1) and/l U+ 1L1+2) , out of the strmgs {Z, (LI+ 1)}(1_I

and {4 Y+ 1+ 2’}:,,":+ it ” we obtain a bound state formed
by a connected string

{ A (u+1)’,1 I+1),

a+1 a—1

L3 U+ LI+ 2) d+1L1+2),,. (i+1) I+ 1L1+2)
Api ’lﬁ—l Aa +4g }

involving the w,;, , , field.

This procedure may be repeated to have a series of
bound states that include a w;,,, field as well as
wy,;,, andw, ;. fields. Further, the bound states in-
volving a w,, , 5 field can be constructed by contracting the
strings formed by w,,,,, w;, /2, and w, ,,, ; fields,
and so on. It is easy to check that the binding energy of the
bound state is zero. This must be a consequence of the fact
that the system is linear dispersive.

For completeness, let us here come back to the classical
theory. According to Izergin and Korepin,'* the quasiclassi-
cal limit is given by

R bnd Ze,m ®em1(ze” ®emm hant iﬁr) .
-0 7m Im

Here, ris the classical » matrix, r = [ — ic/(A — u) 12, e,
®e,,;. The corresponding classical Yang-Baxter relations
for the normalized monodromy matrix become

(24)

{T) e T} =r, (A —p)T(A) @ T()

—TA)eT(u)r_(A—u), (25)

with

c
ry(A—p)= _Z_—_;:Zeuge”

+ iemd(A — u) Z (e ® €
l<m

— €, ®e,, )
Here the Poisson brackets of the tensor product of two ma-
trices A and B are defined by

{A ®B}I(I,mn = {Akm ’Bln }' (26)

The classical commutation relations for the scattering data
are given in Appendix C. It is easy to see that the correspon-
dence between quantum and classical commutation rela-
tions follows the usual principle:

{a)b} - i[a»b ] (27)
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Using a generalization of Faddeev’s method for the nonlin-
ear Schrédinger model, we can establish the correspondence
between classical solitons and quantum bound states: the
conditions for classical soliton and quantum bound state are
the same.

HIi. CONCLUSION

To conclude let us turn to discuss the integrability of the
same model but with a different choice of statistics. If we
regard {w;;,-..W; _ 1, Wy; 4 1 5--W;y ) as fermion fields rather
than boson fields for fixed ! (/ = 1,2,...,N), then the system
remains completely integrable. It should be noted that the
exchange between w,,,, and Wy | _ .~ 1 —; does not affect
the physics of the system. Thus we obtain N /2 (N + 1/2)
new completely integrable systems for even (odd) N, respec-
tively. For these systems, the Lax pair operators are super-
matrices. The Yang—Baxter relations should be understood
in the graded sense'*:

RA—-p) L (A)e ZL(w)

=L, eL(MRA—p). (28)

Here by ® we mean the Grassmann direct product defined
by ’

(A®B)ymm = (— l)lP(k)+P(m)]P(I)AkmBl .

To transform the Lax pair operator .#°{*’(4) into the stan-
dard supermatrix form, we now introduce a similarity trans-
formation

L) =85, LS,
with

(29)

Sa =zeu ~CONt1_aN+1—a — ENN
T

tenii_anvteANL1—a
_ {1,2,...,N/2, for even N,
L2, (N+1)/2, foroddN,
for a fixed a, respectively. Then, the R matrix satisfying the

Yang-Baxter relations (28) for the transformed Lax pair
operators reads

—ic
— Y eu®e,,
A—p—ict

R(A —pu) =

A—p P
— 1)PhEem ® ,
+/l"[l"—l‘C§( ) elm eml
(30)
with P(/) =0,/ =1,2,...,.N — 1, and P(N) = 1. Further de-
tails will be considered elsewhere.
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APPENDIX A: DERIVATION OF THE LAX PAIR FOR THE
SYSTEM (1)

The traditional basis for applying the inverse scattering
method is to represent the equations of motion for the system
in the Lax form:

% T(xpld) = M(xA) T(xpA),

(% T(x,p10) = L(x,) T(xp|A). (A1)

The compatibility condition should be consistent with the
equations of motion:
Ll _Mx + [LyM] =O) (AZ)

where L and M are N X N'matrices depending on the spectral
parameter A and the dynamical variables. In our case, we
assume

L(xA) =i 2 a,e; + zplm (x)ey,
[ im (A3)
M(x)'{) = —il ;blmelm + qum (x)elm'
m im

Substituting (A3) into (A2), we have
(alblm - blmam )’1 2

N
+ [alqlm —q9man, + Z (blnpnn'l _plnbnm)]m

n=1

O
+_—I—.__——Ih+ z (Plnqnm —qlnpnm) =0.

at Bx n=1
Obviously, the coefficients in the same powers of A in the
above equation must be zero. Thus

alblm - blmam = 0,

N (Ad)
G9im — QimQm + Z (blnpnm _plnbnm) = 0’
n=1
aplm aqlm N
., nYnm — 4inPnm ) = 0. A5
o +"§=:l(P1 Do — QinPram) (AS5)
From this we conclude
bIm = blalm’ 9im = ~ VimPim (A6)
aplm le N
- Vi = - n — Yam nt nm - A7
9t m o nz=:1(v’ Unn )P1nP (A7)

Here we have used the notation v, = (b, —b,)/
(a, — a,,). Now choosing

Ilmwlm’ l<m!
Pim = 0’ 1= m, (AS)
Lawh, I>m,

where

b =\Bim» Bim =0, —a,, l<m, Lm=12,.,N,
and substituting (A8) into (A6) and (A7), we have

— Vil Wiy, 1< m,
qm =10, I=m, (A9)
—Vplmwl, I>m,
and
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awlm awlm
F Uy
ot ax
=l (vnl — Unpm )Inllnm +
= - Wy Wy,
n=1 Ilm
m_! (vln __vam)llnan
- Wi Wy
n=1[41 Ilm
N (Uln —V )ll Imn
- mn i it . (A10)
n=m+1 I[m

Comparing the above with the equations of motion, we im-
mediately obtain the relations given in Eq. (4). It is worth-
while to note that for real €,,,,, /,,, must be pure imaginary.
If so, the constant ¢ must be negative definite.

APPENDIX B: THE COMMUTATION RELATIONS FOR
THE SCATTERING DATA OPERATORS

The commutation relations are
[4,(A),A4, ()] =0, Im=12,.N,
[Bim (4),B,,, ()] = [Ciri (1),C,, ()] =0,
B, (A)4,(n)
=[(A—pu+ic)/ (A —pu+ie)]4,(n)B,, (1),
B,, (M)A, (u)
=[(A—p—ic)/ (A —pu—ie)lA, (u)B,, (1),

A4,(A)C,, (1)
=[(A —p —ic)/ (A — p — i) 1C,,, ()4, (1),
A, (D)C,, (u)
=[(A—pu+ic)/(A—p+ie)l
XCpm ()4, (1), I<m,

[Bim (41),A4, ()] = [B,an (4),4, ()] =0,
[4,(4),Ch ()] = [4,(D),C,n ()] =0,
B, ()4, (1)
=[(A—p+icY A —pu—ic)/ (A —p+ie)]
XA, (u)B, (A) + 2cmb(A — )
X B,,, (A)B,,, (1),
A4, (DC, (w)
=[(A—p+ic)(A —p—ic)/(A—p+i€)?]
X C,, ()A (A) + 2¢m6(A — )

XC,m(/{)Cm"(ﬂ,), l<m<n-
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APPENDIX C: THE POISSON BRACKETS FOR THE
CLASSICAL SCATTERING DATA

The Poisson brackets are
{4,014, (W)} =0, Im=12,.,N,
{B,,(1),B,, ()} ={C,, (1),C,,, ()} =0,
{Blm (/1)#41(/‘)}
=[—¢/(A—p+ie)l1B,, (A)4,(u),
{B, (1) A4,, ()} = [c/(A — pp — i€)]1B,, (A)4,, (1),
{4,(A),Cp, ()} = [c/(A — p — i€) 14,(4)C,p, (),
{4,,(4),C,, (1)}
=[—c/(A —pu+i€e)]4,, (1)C,, (u),
{B,,(4).A4,()} =1{B,,(1),4,(u)} =0,
{4,1),C,, ()} ={4,(1),C,..(u)} =0,
{B,,(4),4,, (1)} = 2icr8(A — p)B,,, (A)B,, (),
{4,,(1),C,, )}
= 2iemd(A — p)C,,, (A)C,,, (A), I<m<n.
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In this paper phase shifts for inverse power potentials and their superpositions are considered.
These potentials govern a large number of collision processes involving massive particles. But
they are problematic as they do not conform to the norms obeyed by standard potentials: The
usual rules for estimating the error of the phase shifts break down and an abnormally large
number of phase shifts have to be computed, even if they are small. A sufficiency condition is
deduced for the applicability of the Born approximation which shows that, for a given
potential strength and /, surprisingly, the Born approximation is good at low energies and bad
at high energies. The magnitude and direction of the error committed are also estimated. These
conclusions are then verified in a number of special cases, for instance, the inverse fourth
power potential used in the scattering of electrons by atoms and the Lennard-Jones potential
used in the scattering of beams of molecular hydrogen with mercury atoms.

I. INTRODUCTION

Itis well known that inverse power potentials govern the
collisions of massive particles (molecular beams, for in-
stance) and other important processes. As another example,
the potential A /r  features in the scattering of electrons by
atoms, while a 1/7° term gives the Van der Waals interaction
that appears in potentials of the Lennard—Jones type, viz.,
A,/ + 4,/r*, which govern, among other things, pro-
cesses involving noble atoms and which are also relevant in
nuclear physics in the context of ion collisions. These poten-
tials have been studied by several authors and used in a var-
iety of physical problems.'~’

Unfortunately, because of the singularity at the origin,
such potentials stand apart and are problematic®; they do not
conform to the norms obeyed by standard potentials. For
instance, the usual criterion for the applicability of the Born
approximation breaks down as we will see. Also the usual
rules for estimating the error of the calculated phase shifts®
do not apply. And, finally, even if the phase shifts are small,
an abnormally large number of them—of the order of a few
hundred®—have to be computed, owing to the slow conver-
gence of the scattering amplitude series.

For such potentials, we will, among other things, exploit
the symmetry of the radial Schridinger equation under scale
transformations to deduce not only a sufficient condition for
the validity of the Born approximation, but also an estimate
of the magnitude and sign of the error involved. Thus the
Born approximation can indeed by used to compute the
large number of small phase shifts required. These deduc-
tions will then be verified by comparison with some known
results.

il. THE PHASE SHIFTS
Our starting point is the radial Schrédinger equation'’
u' + [K2—I(+ 1)/P — AU u=0,
u(0) =0, u(r)-(1/K)sin(Kr—Ia/2+6,), (1)

r— oo,
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where A is a parameter, and where primes denote differenti-
ation with respect to r.
In integral form, (1) is given by'®

u(r) = (rcos 8,)j;(Kr) + 4 J.w G(r,/ YU u(r)dr ,
0

(2)
where
Glrr) = {(1/K)~(Kr)j{(Kr)-(Kr’)ng (Kr), <7,
(d/K)-(KrYj (Kr)-(Kryn,(Kr), r>r,
while the phase shifts §, are given by
sin§, = —lefm ri(Kryu(r)U(r)dr, (3)
0

where j,(Kr) and n,(Kr) are the spherical Bessel and Neu-
mann functions.
Further, the kernel G(7,7) has the bound""

|G(rr')/ (rP')' 2] = 1/1, . (4)

In the first instance, we consider Eq. (1) for the poten-
tial

Ur)y=A4r—"° (5

with the following observations. For convergence at o of
theintegralsin (2) and (3), werequire that s> 1. If s> 2, the
potential is singular. In this case 4 must necessarily be posi-
tive, that is, the potential must be repulsive. If 4 <0, the
scattering problem is indeterminate as both linearly inde-
pendent solutions of (1) vanish at the origin'? (cf. also Ref.
1). In fact, the scattering problem is meaningless because the
spectrum of the operator would be unbounded below and
bound states with arbitrarily large negative energy would
exist.

Specific forms for the wave function near the origin have
been considered for different types of singular repulsive po-
tentials by various authors.'> However, the general small »
behavior of the wave function for such potentials is given by
the following lemma.

Lemma: If

r'v(ry-0+4+ as r-0, forsomes>2,
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then, for the solution of (1) that vanishes at the origin,
u(r)/rM-0 as r-0 (6)

for arbitrarily large M.

Proof: First we observe that in (0,F), where E can be
chosen arbitrarily small, #(7) can have no zero other than at
r = 0. One way of seeing this is by comparing (1) with the
equation

V' — [M(M—-1)/r1V =0, (N

where M can be any number greater than 1.

By Sturm’s Lemma'* it follows that between two succes-
sive zeros of u(r) in (0,E), that is, in the open interval (0,£),
there must lie at least one zero of a function ¥V satisfying (7).
Choosing ¥ = ™, this is seen to be impossible.

Without loss of generality, we can choose u(r) >0 in
0 < r < E. (Physically speaking the repulsive singular poten-
tial pushes out the wave function.)

We further observe that, as u(7) —0 when r—-0, it also
follows that

(r-0), (8)
since, by the mean value theorem,
u(ry=u(0)+r'(6r), 0<8<«1,

ru'(r)-0

or
Ou(r) = 6ru’'(6r)—-0 as 6r-0.
Next, from (1) and (7), we obtain

vu’_uv’zvu'_uv'tg =J [Ar—s+ I+ 1
o 7
_W—Kz]uvdﬁ

in view of (8). So for 7 < E, remembering that Ar— * domi-
nates the other terms in the square brackets on the right side,
ifv>0,

(u/v)' >0,

that is, #/v is an increasing function. So u/v decreases as
r—0 and, since it is greater than 0,

u/v—b, r-0, where b30.
We choose v = " and it follows that
u/™M-<50 as r-0.

Remembering that M can be made arbitrarily large, the
lemma follows. a

The lemma ensures the convergence at » = 0 of the inte-
grals in (2) and (3). Thus, for the potentials given by (5),
with 4> 0and s> 2, the integrals in (2) and (3) are conver-
gent at infinity and at r = 0.

Toproceed, wereplacein (1),AbyA 'and Kby K ', toget

U+ [K?2 =1+ 1)/rP—A2'Ar*lu=0. 9

We next make the transformation r = ap in (9). This
gives

2
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Equation (10) is similar to (9) except that aK’ and
A'a® ~*replace K'and A '. As u satisfies the same condition at
r=p =0, viz,, u(0) =0, it follows that

$,(K'; A"y =68,(aK";A'a®> %) . (11)

Equation (11) represents in integral form the conse-
quence of the symmetry of (9) under the transformation
r=ap.

To obtain a condition for this symmetry in differential
form, we differentiate both sides of (11) with respect to a to
get

a8
B 9 ey P,
d@aK'’') Ja dA'a* )
which leads to
: 26 a8
As—2)— —_K—=0, (12)
aA dK

where K =aK'and A =A'a* =
Toput (12) in a simpler form, we make the substitution,
K*~*=py. This gives

< —H——=0. (13)

It is easy to verify that the general solution of (13) is
8, =f(Ap) =fIAK*?%), (14)

where f is an arbitrary function. In fact, (14) is an expres-
sion of the condition (11).

We would next like to expand the wave function u(r) as
a power series in A. For this, we first rewrite (2) as

R
u(r) = (rcos 8,)j,(Kr) +/1f G, (r, YU Yu(r)dr

+p,(6) +vi(R),
where

ul(s)Eflf G, (r,/ YU(XYu(r)dr ,
0

(R)=A4 f G, (rh, YU Yu(r)dr .
R

The function y, (€) can be made arbitrarily small and by
suitably choosing € in view of (4) and the small » behavior of
u(r) as given in (6). So also v,(R) can be made arbitrarily
small for a suitable choice of R, because of the large 7 behav-
ior of u(r), as given in (1), the bound given in (4) and the
fact that U(r), as given by (5), falls off faster than 1/r as
r— .

Similarly, Eq. (3) can be written as

R
sin 8, = —/le v (Kryu(r)U(r)dr + u,(€) + v,(R),

(15)

where, for the same reasons, z,(€) and v,(R) can be made
arbitrarily small.
We also observe that G, (r,7'), which is a combination of
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spherical Bessel and Neumann functions, is uniformly con-
tinuous in (7,7') in (€,R). Thus the expansion

u(r) = ur) + AuV(r) + A 22 (r)

+...+A"u(")(r)+... (16)

converges absolutely and uniformly with respect to r (see
Ref. 15), and so
u(r) —u%(r)-0 as A0,

uniformly with respect to 7, and term by term integration of
the series (16) can be made when this expression is substitut-
ed in (15). Thus we get

R
tan 6,(1) = —Kzif [7, (Kr)12U(r)dr

+ O(A%) + py(€) + v,(R),

where u,(€) and v,(R) can be made arbitrarily small inde-
pendently of # in (16), by choosing € suitably small and R
sufficiently large. That is, we finally get

tan$, = — KAB, + O(1?), a7
where
B,Efw [rj,(Kr)]2U(r)dr. (18)
0

When the potential strength A is small enough for 4 Zto be
neglected, we recover from (17), 4,, the Born approxima-
tion for the phase shift:
8,~6,= — KAB,,
where B, is defined in (18).
In particular, if
U(ry =A4r—°,

(19)

it is known that (Ref. 1)

A AK-2) T(s— l)zl“(l—s/2 +3)
23 [C(s/2)1’T(I+5/2+ 1)
2I>s—3).

5 =

(20)

Equations (19) and (20) show up one aspect of the ir-
regular behavior of inverse power potentials: It is well
known that the Born approximation (19) is valid, in general,
for high energies, K> 1 and/or weak potentials, A €1. But
(20) shows that for inverse power potentials with s> 2, the
Born approximation is particularly bad at high energies be-
cause |6, » oo as K— oo.

To obtain a sufficiency condition for the Born approxi-
mation for inverse power potentials, we observe that, as re-
quired by (14), $ , is indeed a function of AX *~? and can be
considered as the first term in the expansion of §, in powers
of AK *~ 2 In fact, combining (14), (19), and (20), we can
write

8, =8, +O([AK*~?]Y), (21)

where 8, is given by (20). So the Born approximation for the
phase shift is good if |AK *~ 2| €1. So, when s > 2, as in phys-
ical problems, the Born approximation is not good at high
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energies. Rather, for a given potential strength and any fixed
1, it gives very good results at low energies! Happily, for these
potentials, at high energies, the semiclassical approximation
is good and has been successfully used (cf. Ref. 7).

To sum up, (20) and (21) show that for the potential
AAr~* and energy K,

Ax TG—DT(U—5/2+3)
2 [D/2)1T( +5/2+ 1)
X (AK~3) 4+ O([AK* ) [2l> (s—3)] .

§,=6,(K;A) =
(22)

From (22), it is seen that when [AK *~2]? can be neglected,
8,/8,,,—1as ! w, so that the phase shifts indeed fall off
very slowly and the convergence of the scattering amplitude
series is very slow as remarked earlier.

The generalization to potentials of the type

Un=U00+Ur)+ -+ U,(n

=A;r S+ 4+ A, (23)
is immediate. As remarked earlier, near the origin, the repul-
sive part of U(r) must dominate.

Exactly as before, via the transformation, r = ap, we
deduce this time
S/ (KA T A S5 5A )

— — 2 —
=6, aK" A @ " ALa S A 0a T,

3eery

which leads to
35, 95, 96,
K—— - DAy —— - — A, ——=0.
gk~ G P (8 =204, o0
It is easily verified that the general solution is
8 = fLK " HAK 5 A, KT, (24)

where fis an arbitrary function of #n independent variables.

We now use the fact that the Born approximations are
additive, that is, if § 1y denotes the Born approximation for
the phase shifts of the potential U, (r) defined in (23), then

S8y =8 = _Kf [ry‘,(Kr)]z[zl,.U,.(r)]dr.
i (1] i

(25)

So, for potentials of the type (23), Egs. (20), (24), and (25)
yield

51:214[ _1_7'_ F(si - l)F(I—sl/z +%)
72 [T(s:/2) 10U +5/2+4)
X(/IiKsi-—2) +0( [/{KS_Z]Z) ,

21> max(s, —3), AK*~2=max(4,K""%).
(26)

lll. ESTIMATE OF THE ERROR

For bounded potentials, or for those that behave like 1/~
at the origin, the error can be estimated easily enough. An
estimate for the magnitude of the error for potentials of the
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type (23) can also be deduced without difficulty. Equations
(23) and (26) show that neglecting terms of the order of
(AK *~2)?, the phase shift is of the order (AKX °~2). That is,
the error is of the order of the square of the phase shift and so
the percentage of error is given by

l€,] ~100|8,|% . (27)
It is more difficult to determine the direction of the er-

ror. We develop the integral equation (2) as a perturbational
series:

u(r)

=rj,(Kr) + A4 [Krn,(Kr)B, + Krj, (Kr) f
cos 6, f

X2, (Kr)j,(Kr)YU(r)dr
— Krny(Kr) f w{fj,(Kf)}zumdf]

+0(1%). (28)
For simplicity, we first assume that, as 7— «, the domi-
nant component of the potential (23), viz., —A2/r,
s = min(s, ), is attractive. For large 7, invoking the asympto-
tic forms of the spherical Bessel functions and also using
U(r) = — A?/F, some manipulation with (28) yields

u(r; -1 (Kr) 4 [rn,(Kr)]

!

- AL 1 1
~3, - - o=)| 29
X[ ks —1) P! + (r’)]( )

where 8, is given by (19). We next compare (29) with the
asymptotic form of u(r) as given in (1), viz,,

un — rj,(Kr) + rn,(Kr)[ —tan§;] .
cos &,

Remembering that for attractive potentials, U(r) <0,
the 8, are positive, and assuming that the sign of the phase
shift is determined by the dominant component of the poten-
tial, as indeed is the case for the small phase shifts under
consideration, we can see that when AK €~ 2 is small and

tan 61 :6[ s

the first Born approximation is less than the true phase shift
61 .

If we include repulsive potentials with negative phase
shifts, it is still true that

|51 |<6;;
that is, finally, using (27),

8 —&,~ + |€|*|8,1/100 = + |5,|2, (30)
depending on whether the phase shift is positive or negative.

IV. VERIFICATION

We will now verify Egs. (14), (22), and (26) and other
conclusions. We will start with the two cases where exact
solutions are known.

(I) The repulsive inverse square potential, U(r)

= A4 %/ It is well known that (cf. Refs. 1 and 10)
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61 = (77/ 2 )B/1 ’
where £ is independent of A and K, in agreement with Eq.
(22).

(II) The inverse fourth power potential, 14 /r*. For
arbitrary /> 1, and low energy, it is known that (cf. Ref. 2)

tan &, = {md /[ (21 +3) (21 + 1)(2' — 1) 1}AK?
+O(K*Y),

again in agreement with (22).

When /! = 0, the condition on / as incorporated in (22) is
violated. However, we can check with the master equation,
(14).

o= — A -JAK?Z,

in agreement with (14).

(III) We next note that for large /, it can be deduced
from (26), that the following recurrence relation holds:

U+ 1+45)8,,, +2(s—2)8,= QI+ 155, ,,

s=min(s;), [ large. (31)
The relation (31) has been deduced independently."’
However, it must be stressed that (26) is valid for any
I'>1 max(s; — 3).
(IV) We next use the data for the scattering of hydrogen
molecule beams by mercury atoms.'® For this problem, the

Lennard-Jones potential is used:
U(r)=(4B/oH)[(a/r)'* — (a/N°],

with B=125and 0 =2.91 X107 3 cm.

Introducing 4 = Ko, the sufficiency condition for the
Born approximation, viz., AK*~ 2«1, reads BA*<«],
BA '° £1. In fact, this sufficiency condition is badly violated
in the specific examples we will consider, where 4 is taken to
be 3 and 5. Instead, we will work with the much weaker
condition

6:<1,

exploiting the fact that this is what the sufficiency condition
implies. Tables I and II show that Egs. (26) and (28) and a
pocket calculator give figures that compare very favorably
with calculations using the IBM 704 computer.

TABLE I. Phase shifts for a Lennard-Jones potential. (B = 125, 4 = 3.)

I 8, from (19) From Ref. 14
0.062 0.064
1 (6.2)* (+3.1)
0.040 0.041
12 4 (+49)
0.027 0.027
13 Q@7 (+7.4)
0.019 0.019
14 (1.9) ( + 10.5)
0.014 0.013
15 (1.4) (+15.4)

® Figures in parentheses indicate corresponding percentage of error with
sign.
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TABLE I1. Phase shifts for a Lennard-Jones potential. (B = 125, 4 = 5.)

l 8, from (19) 8, from Ref. 14
0.105 0.110
15 (10.5)* (+1.8)
0.077 0.079
16 (1.7 (+£2.5)
0.06 0.06
17 6) (+3.3)
0.04 0.05
18 4) (+4)
0.03 0.04
19 3 (£5)

*Figures in parentheses indicate corresponding percentage of error with
sign.

V. CONCLUSIONS

For inverse power potentials or their superpositions, the
usual criterion for the validity of the Born approximation
does not hold. Instead, the Born approximation is valid for
low energies, as shown by Eq. (26). The percentage of error
involved is given by (27), while its direction is given by (28).
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Beginning with any colliding wave solution of the vacuum Einstein equations, a corresponding
electrified colliding wave solution can be generated through the use of a transformation due to
Harrison [J. Math. Phys. 9, 1744 (1968)]. The method, long employed in the context of
stationary axisymmetric fields, is equally applicable to colliding wave solutions. Here it is
applied to a large family of vacuum metrics derived by applying a generalized Ehlers
transformation to solutions published recently by Ernst, Garcia, and Hauser (EGH) [J. Math.
Phys. 28, 2155, 2951 (1987); 29, 681 (1988)]. Those EGH solutions were themselves a
generalization of solutions first derived by Ferrari, Ibafiez, and Bruni [Phys. Rev. D 36, 1053
(1987)). Among the electrovac solutions that are obtained is a charged version of the Nutku—
Halil [Phys. Rev. Lett. 39, 1379 (1977)] metric that possesses an arbitrary complex charge

parameter.

I. INTRODUCTION

During recent years there has been a renewal of interest
in exact solutions of the Einstein equations, which can be
interpreted as describing the collision of gravitational plane
waves. Modern solution-generating techniques are particu-
larly fruitful in providing new exact solutions to this fairly
old probiem. In this paper we shall presume that the reader is
already familiar with the basic features of colliding wave
solutions, as described, for example, in the classic papers of
Szekeres,' Kahn and Penrose,? and Nutku and Halil.?

A. The electrovac field equations

When one is discussing colliding gravitational plane
waves, it is convenient to employ null coordinates ¥ and v, in
terms of which the line element assumes the form

2
ds* =2g,, dudv+ Y b, dx"dx’
ab=1

where g,, and h,, are functions of ¥ and v alone, and the
complex potential equations® assume the form

(f/p){8.(p%,) +3,(p% )}
={%, +20*¢,3}%, +{%, +20*®,}%,,
(f7p) {3, (p®,) +3,(pP,)}

(1.1)

=1{#%, +20*2,}®, +{&, +20*¢,}®,, (1.2)
where

f=Re(&) + D*d. (1.3)
The field p, defined by

pr=deth, (1.4)

satisfies the wave equation

®) Permanent address: Institute of Modern Physics, Northwest University,
Xian, People’s Republic of China.
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Pu =0, (1.5)

which means that it is expressible as the sum of a function of
u and a function of v. The null coordinates ¥ and v have
frequently been chosen so that p = 1 — 4 — v?, but other
choices are possible. We shall, however, always choose the
coordinates so that p(0,0) = 1, p, (0,0) = p, (0,0) =0, and
the second derivatives exist at u = v = 0.

Once one has solved Eqs. (1.2) for € and P, one can
construct the complete metric tensor and electromagnetic
field by well-known methods. We can immediately identify
h,, = — f. On the other hand, 4,, = h,, = — fw, where @
may be determined up to an additive constant by integrating
the equation

do = pf ~**[dy + 2 Im(d* dd)], (1.6)
where y: = Im( &) is the twist potential, and where the two-
dimensional duality operator * has the property

*sdu=du, »dv= —dv. (1.7)
The remaining component 4,, is then determined using Eq.

1.4).
( ’)I‘he complete line element (1.1) involves one additional

metric tensor component g,,. This component can be deter-
mined by quadratures from & and ¢ using the relations

Pu¥u =3pu +pU S TE, +20%0, 12— F 7D, |7,
PYe =1pw +pUFE, +20%, 12— f 1o, 7}, (1)
where

" = f- (1.9

B. SU(2,1) invariance

The field equations that we have been reviewing possess
an intrinsic SU(2,1) symmetry, which was described long
ago by Kinnersley.® For readers who are not familiar with
that work we shall briefly review the analysis, using, how-
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ever, a variational principle instead of the field equations
themselves.

The variational principle from which the complex po-
tential equations (1.2) can be derived has long been known
to have the form

5{,,[%,’—2((1? +20* dD) +(d¥ + 20* dD)*

/71 wd0*] = 0 (1.10)

when expressed in terms of & and ®. The structure of the
Lagrangian density is strikingly similar to the quantities that
enter the equations (1.8) that determine the field y.

Not every solution of the complex potential equations
{1.2) gives rise to a bona fide colliding wave metric. It must
be possible to join the metric across the null hypersurfaces
# =0 and v =20 to Petrov type N (or more degenerate)
plane wave solutions. The constants k and / introduced by
Ernst, Garcia, and Hauser® in connection with their collid-
ing wave condition can be generalized in the case of electro-
vac fields. In terms of & (u,0) and ®(u,v) we shall define
constants

k:=1£(0,0)%&,(0,0) 4+ 2¢(0,0)*®,(0,0)|
—f(O,O)_’|<I)U (Ovo)lz’ (1
I:=1£(0,0)"%|#,(0,0) +29(0,0)*®,(0,0)[*
_f(oso) -1 |q>u (0,0) |2’
which will play the same role as the analogous constants in
the vacuum case.
We shall find it convenient to study the SU(2,1) invar-
iance of general expressions of the form

Log:i =1 [&, +20%,|[€, + 20*D,]*

)

—fD, Dk, (1.12)
Following Kinnersley’ we shall write
E=U-Wy/(U+W), o=V/(U+ W), (1.13)

where, of course, only ratios of U, V, and W are significant,
and fis easily seen to be given by
f=(UU4+V*V - W*W)/\U+ W/~
In the numerator of this expression we observe the manifest-
ly SU(2,1) invariant combination
K=U*U+V*V - W*W. (1.14)
A little additional work suffices to demonstrate that L4 can
be cast into the manifestly SU(2,1) invariant form
Ly =xk"*[U*U, +V*V, — W*W,]|[U*U,
+ V*Vy — WHWe|* -« '[U U}
+ V. VE—-W,. WE]. (1.15)

Thus any SU(2,1) transformation (with constant coeffi-
cients) of the fields U, V, and W will preserve the field equa-
tions (1.2) that determine & and ® and the field equation
(1.8) that determines 7. In particular, the determination of
the transformed metric tensor component g, is trivial, since
according to Eq. (1.9) the product of fand g, is invariant.
Moreover, since the values of the constants k and / are not
changed when SU(2,1) transformations are executed, such
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transformations will always yield bona fide colliding wave
solutions when bona fide colliding wave seed metrics are
employed!

Kinnersley® described the SU(2,1) group we have been
discussing in terms of five simple classes of transformation:

gauge,
U+ W)= (U+ W),
VaV+a(U+ W), (1.16)
(U—-W)—-(U— W) —2a*V —aa*(U+ W);
gauge,
V-V, (1.17)
(U-W)—-(U—-W) +ia(U+ W);
duality rotation, rescaling,
(U+ W) -b(U+ W),
Vo (b*b)V, (1.18)
(U—-W)-(1/b*)(U— W);
Ehlers,
U+ W)U+ W) +iB(U— W),
VoV, (1.19)
(U—Wy-(U—- W)
Harrison,
U+ W) - (U+ W) —2c*V —cc*(U— W),
VoaV4e(U—W), (1.20)

(U-WM)-~(U-W).

Here a, b, and c are arbitrary complex parameters and & and
3 are arbitrary real parameters.

The Ehlers transformation and the Harrison charging
transformation (Ref. 7) were known for quite a while before
Kinnersley identified them as members of an SU(2,1) inter-
nal symmetry group. Perhaps the most significant thing
about these SU(2,1) transformations is the fact that they
always map colliding wave solutions into colliding wave so-
lutions, whereas, because asymptotic flatness was not always
preserved, the corresponding transformations were relative-
ly unproductive in connection with the generation of useful
new stationary axisymmetric fields.

When one restricts attention to vacuum-preserving
transformations, one obtains the generalized Ehlers transfor-
mation, under which

—i& - [a( —i%) +Bl/[y( —i€) + 6], (1.21)
where a, £, 7, and 8 are new parameters such that
ab— By =1. (1.22)

This is equivalent to transformations of classes 4, 2, and 3
applied in succession, and has been discussed by Ernst, Gar-
cia, and Hauser (EGH).®

It should be mentioned that a transformation that was
employed recently by Chandrasekhar and Xanthopoulos® to
construct a charged version of the Nutku—Halil colliding
wave solution® with a special value of the charge corresponds
to the discrete SU(2,1) transformation
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U->—V,

V-U, (1.23)
W W.
When a vacuum solution (¥ = Q) is subjected to this trans-
formation, the result is a solution with & = — land ® = £,

where &: = U/ W is a solution of the associated complex po-
tential equation

(§6* — D)(1/p)3,(pE,) +9,(pE )} = 4E*E,E,.
(1.24)

We shall see that this result can be absorbed naturally into a
more complete result, characterized by an arbitrary charge
value, obtained when a more general SU(2,1) transforma-
tion is applied to the same Nutku-Halil seed metric.

Il. HARRISON’S CHARGING TRANSFORMATION
A. The FIB/EGH metric

Our objective will be to derive a new family of electrovac
colliding wave solutions of the Einstein equations by apply-
ing a Harrison charging transformation to the three-param-
eter EGH solution® of the Einstein vacuum field equations.
It will be recalled that the EGH solution was itself a general-
ization of a two-parameter solution derived earlier by Fer-
rari, Ibafiez, and Bruni (FIB).® Among the solutions that
will be obtained will be a charged version of the famous
Nutku-Halil vacuum solution.?

Throughout the rest of this paper we shall employ null

coordinates such that
plup) =1 —u? — % 2.1)

The EGH metric was conveniently described in terms of
auxiliary coordinates x and y such that

xi=ul =0 + 0/l —w?, ypi=ufl —0v* — 1l — 2,
2.2)

and parameters 7, v, and v'. Everything was expressed quite
elegantly in terms of certain functions

, 1 , l—x n/2
T(n,v,V):=——\/1-x2{(P+P)( )
2 14+x

n/2
+(p —p’)(lﬁ) ]

1—x

+—i—\/1 —y’{(q+q’)(l_—'v)n/2
2 14y

n/2
+(q—q’)<—1+y) ] (2.3)
1—y

where

p:=cosv, g =siny, p'i=cosV, (2.4)
For example, the metric components 4, were given by
hyy=p' " T(n + 1L,vVw)/T(nyvv)|?
hyp=p' =7 T(n — 1,V w)/T(nvV)|?,
hp= —pIm{T(n— 1v V) T(n+ 1,v,v)*}

X{|T(nv,v) |3},

g':=sin v,

(2.5)
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while the complex & potential was given by

&= —p' ""T(n—2,vvV)*/T(nv,)*, (2.6)
and g,, was given by
8w = —p " Ty ) 2/NA =D A =D, (2.7)

Since we shall need the expressions later, we recall that
for the EGH metric Kinnersley’s H-potential'® was given by

H,= —p'*"[T(n+2,vv')/T(nvv')1*,

Hy,= —p'~"[T(n =2V )/T(nv,v)1*,

H,=i(1—n)z—2{xIm T(nv,v)
+iyRe T(nv )}/ T(nv,v')*,

H, =H,, -2z

For vacuum metrics it is possible to define an alternative E
potential'! by

E: = (p+ih,)/hy,. (2.9)
In the case of the EGH metric this potential is given by
Envyv') =p"T(n+ 1V w¥)/T(n — 1,¥'w). (2.10)

There is another matrix potential H ' that is of consider-
able importance in executing Harrison’s charging transfor-
mation. This H potential is the one associated with a metric
obtained from the EGH metric by applying a Kramer-Neu-
gebauer involution &< — E * (Ref. 12).

Recall that the metric tensor #4 is expressible in the form

h—ﬂ(F2+w2 w)
T F @ 1/’

where f= — h,, = — p/F. The real part of the so-called
self-duality relation"

(2.8)

(2.11)

p ‘hexdH= —idH, (2.12)
yields the relation
p ‘he*dh= —d(Im H). (2.13)

Consider now a Kramer-Neugebauer involution
& <> — E *. The metric tensor 4’ of the resulting space-time
is given by

=20,

Naturally, thereis an H potential H ' associated with this new
space-time and the relation

(2.14)

p 'hexdh’= —d(ImH'). (2.15)

holds, too. Finally, direct evaluation of the left-hand side of
this equation shows that

d(ImH},) = —pf 2 Im[&* » dF], (2.16)
ImH;, =0, (2.17)
d(Im H,) =dz +lpf "2+ d(B &%), (2.18)
ImH) =ImH, — 22, (2.19)

a result that will be of considerable significance in carrying
out the Harrison transformation.

The effect of a Kramer-Neugebauer involution upon
the EGH solution was discussed by Ernst, Garcia, and
Hauser.® Such a transformation maps one EGH solution

W.LiandF. J. Ernst 680



into another. Bearing in mind that the value of Im H, = @
is already known, it is apparent that the new solution is ob-
tained from the original EGH solution by the substitutions

n-1—n v-ov, VvVov4m (2.20)
In particular, the H potential H ' is given by
H, = —p" "[T(n=3v¥)/T(n— 1,V ¥)]*,
H;, = —p"[T(n+ 1,V v)/T(n— 1v,v)]*,
Hi, =inz+2{xIm T(n — L,v,)
+iyRe T(n — 1L,vV)}/T(n— 1,V v)*,

Hj =H1{, — iz

(2.21)

B. A more general seed solution

In the interest of achieving a greater degree of generality
we shall subject the EGH metric to a generalized Ehlers
transformation (1.21) before applying the Harrison charg-
ing transformation. Under such an Ehlers transformation,
the fand y potentials transform as follows:

S/ + 6+ v)?l, (2.22)
X=X/ + 6+ vyl (2.23)

Moreover, the matrix potential H' undergoes the simple
SL(2,R) transformation

H' -SH'ST, (2.24)
where
S— (“ ”) . (2.25)
%

In summation, we find that the more general vacuum
metric that we shall use as a seed solution has the & potential

iap' ~"T(n — 2,y )* + BT(nv,v )*

F =i 1 , (2.26)
iyp' ~"T(n—2,vV')* + 8T (nv,v')*
from which
1—n . T(n - I,V',’V) 2
f= —P sl — 1 7y % 7y
iyp' ~"T(n — 2,vv')* 4+ 6T(nv,v')
(2.27)

follows immediately. We shall also need the H '-matrix ele-
ments

H{ ={—-adp""T(n -3V v)*
~B%p"T(n + 1,v' v)*
+2aB [i(n— 1)zT(n — 1,V ,v)*
+2xIm T'(n— 1,v)
+2ipRe T(n — 1,v¥) 1}/ T(n — 1,v,v)*

(2.28)

and
H) ={—9yp* "T(n—3Vv)*
—8p"T(n + 1v' wv)*
+ 2¢8[i(n — 1)zT(n — 1,v,v)*
+2xIm T(n - 1vv)
+2iyRe T(n — 1,y v')1}/T(n — 1,v v)*

(2.29)
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C. Determination of the new metric

When Harrison’s charging transformation is applied to
a vacuum metric, the resulting complex potentials assume
the form

& =8/ (1—|c[’8g), ®=cBo/(1—|c[2,), (2.30)

where the subscript 0 distinguishes potentials of the vacuum
seed metric from those of the final electrovac solution. It
follows immediately that

[=R/ U= cP&o), x=xo/(I1 = [c?&o?). (2.31)
Of course, h,, = — fand h,, = — fw, where @ must be de-
termined from the twist potential y using the relation

*do = pf ~*{dy + 2 Im(P* dd)}, (2.32)
which, in the present case, assumes the form
*do = pf “Hdy, — |c|* Im(E# d& )} (2.33)

The first term on the right-hand side is readily expressed in
terms of the original o, field. In principle, the second term
could be evaluated by direct substitution, but that is not the
easy way to construct the field ». Instead, we take advantage
of the abundance of potentials, the values of which we al-
ready know, writing the integral of Eq. (2.33) in the form

o=Im{H + |c|*H$}. (2.34)

Into this expression we can substitute the matrix elements
listed in Eqgs. (2.29) and (2.30), thereby constructing o,
from which 4,, = 4,, may easily be calculated. The most
difficult component to calculate is 4,,, but simplifications
analogous to those that occurred in connection with the
original EGH metrics occur here also.

The final expressions for the metrical fields of our new
electrovac colliding wave metrics may be expressed as fol-
lows:

K L
h=%(L M)’ (2.35)
where
K=\|4 |2’ (2.36)
L=Im(AB*), (2.37)
M= B, (2.38)
N=Re(4AB*). (2.39)

The fields 4 and B are simple generalizations of the corre-
sponding fields introduced by Ernst, Garcia, and Hauser.®
Here they have the values

A=p V(Y 4 |e|*d®)p* ~ T (n -3,V v)
+ (& + [e*B)T(n + 1,v,v)
+2|c)?p' " "T(n— 1,v,v)
+2i(y8 + c|*aB) (n — V)p~"2T(n — 1,v'v)
— 48 + |c[*aB)p = "[x Im T(n — 1,v,v)
—iyReT(n—1,v) 1}, (2.40)
B=p""=DT(n— 1v W), (2.41)
which obviously reduce to the EGH values in the appropri-

ate limit. It should be remarked that the ratio
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E:=A/B (2.42)

does not satisfy the usual Ernst equation in the case of elec-
trovac fields.

The expressions for M and N are particularly simple.
One finds that

M=p""=D2|T(n—1v V)| (2.43)
N =p"|i(y —i|c|*a)p' ~"T(n —2,v,v')*
+ (8 — ||’ By T(nv,v' ) *| (2.44)
The EGH expression for g, was
gw=—p '* N (2.45)

VI —uH(1—v")
The same relation holds here, with V given by the preceding
equation, as can easily be seen from the fact that the product
h,.g,, is invariant under any SU(2,1) transformation.

Ii. ELECTRIFIED NUTKU-HALIL SOLUTION

For simplicity let us now turn off the generalized Ehlers
transformation by settinga = § = 1 and 8 = ¥ = 0. Our ex-
pressions for the fields 4 and B then simplify to

A=p" "+’ T(n+ 1V w) + 2|’ ~"T(n — 1,v'v)
+ le]*p* = T(n — 3 W}, (3.1)
B=p""=2"*T(n— 1,v'v). (3.2)

In particular, when n = 0, we obtain the electrified Nutku—
Halil solution

A=T(V W) +2|c|pT( — 1V w) + [¢|*0*T( —3,v,v),

(3.3)
B=T(—-1vv). (3.4)
The metrical fields are in this case given by
K= |T(1Vw) +2|e|pT( — 1,V'¥)
+ e|*0*T( =3,/ Mm%, (3.5)
L=Im{[T(1,vv)
+ |e]*0?T( =3,/ v)1T( — 1,¥/,v)*}, (3.6)
M=|T(—1vW], 3.7
N=|TOwV) + |c|pT( — 2,v,v")|% (3.8)

This is a generalization of the electrified version of the
Nutku-Halil solution found by Chandrasekhar and Xantho-
poulos,® where our complex charge parameter ¢ was restrict-
ed to values such that |¢| = 1.

Since ¢ always occurs in the combination |c|?p, one
might be tempted to rescale g, but this means relinquishing
the usual relation p = 1 — u?> — v°. Thessituation is similar to
the situation one encounters in the Schwarzschild solution,
where one may “eliminate” the mass parameter m by rescal-
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ing all lengths. One can do it, and for calculational purposes
one often does do it, but to do so can be misleading, giving
one the false impression that the parameter 7 is unessential.

IV. CONCLUSIONS

Since one may construct new colliding wave solutions
by applying SU(2,1) transformations to the Ernst potentials
associated not only with the Killing vector d,. but with any
other Killing vector, it is apparent that an endless supply of
colliding wave solutions can be constructed quite mechani-
cally. Whereas in the stationary axisymmetric case the main-
tenance of asymptotic flatness limited the success of early
attempts to apply solution-generating techniques, in the case
of colliding plane waves the same techniques are guaranteed
to be fruitful.

Just how far one should go working out new solutions in
this way is debatable. We believe a more useful endeavor will
be to attempt to get a better grasp of the general problem,
and this will oblige one to employ more up-to-date tech-
niques, generally involving Riemann-Hilbert problems in
one form or another. Indeed it is likely to be through the
application of such techniques that the general initial value
problem for colliding gravitational plane waves will even-
tually be solved. Then we shall be able to dispense with the
inverted approach which has heretofore been employed in
deriving new colliding wave solutions; i.e., working back-
ward from the region of collision to the regions in which
there are separate incident plane waves, a procedure that
likely has given us a very lopsided perspective on the colli-
sion of gravitational plane waves.
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It is shown that the measurable nonlinear susceptibilities of third and higher orders probe only
a fraction of equilibrium fluctuations, and in general can give only lower bounds on the
equilibrium correlation functions. This contrasts with the linear and quadratic response, which
completely determines the corresponding correlations by general fluctuation~dissipation
theorems. The exactly solvable one-dimensional kinetic Ising model illustrates which
fluctuations give rise to dissipation; only two-magnon processes of short wavelength and
opposite momenta contribute to the third-order nonlinear susceptibilities, while two- and
three-magnon processes contribute to the corresponding equilibrium correlation functions.

I. INTRODUCTION

Any thermodynamic relation between the driven re-
sponse of a system and its equilibrium properties is of great
practical value; the spectral density of fluctuations, the form
of the correlation functions, becomes accessible experimen-
tally by measuring the dynamical response to external fields
(i.e., the susceptibilities ). For the linear part of the response,
the fluctuation—dissipation theorem (FDT) provides this es-
sential connection.! For step-driven nonlinear processes,’
the relaxation toward the equilibrium state can also be relat-
ed to equilibrium correlation functions. If the equilibrium
state is invariant under time reversal (an assumption which
excludes systems with no well-defined time-reversed state,
i.e.,, p — njunctions, etc.), a more interesting generalization
of the FDT relates third-order correlation functions to the
second-order nonlinear susceptibility y,.> Most observable
quantities are such that the response changes sign if the
forces are reversed. In such symmetric systems, all odd equi-
librium correlations and all even susceptibilities are zero.
The most interesting generalizations of the FDT therefore
involve the third-order response. Unfortunately, all at-
tempts in this direction so far have been unsuccessful.*

In order to understand the source of this failure, we first
consider the one-dimensional kinetic Ising model for which
all the correlation functions and nonlinear susceptibilities
can be calculated exactly. This model has a zero temperature
critical point, and the nonlinearities arise from the change in
the thermodynamic functions induced by the external
forces, as well as the change of the correlation functions in-
duced by the external field. The contributions of the fluctu-
ations of the two-spin correlations to the third-order dissipa-
tion are dominated by two-magnon processes of very short
wavelength and opposite momenta.®> On the other hand, the
third-order fluctuations involve two- and three-magnon pro-
cesses of all wavelengths. This illustrates that nonlinear re-
sponse is only sensitive to a fraction of the fluctuations, and
only permits the setting of a lower bound on the spectrum of
third-order fluctuations.

In more complex systems, the same conclusion can be
reached using the Kubo formalism. The third-order suscep-
tibilities are not sufficient to determine four-spin correlation
functions. More precisely, some of the fluctuations do not
contribute to the third-order dissipative response. The only
circumstance where a third-order FDT exists is when one of
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the fields couples to the system with no dissipation; it is then
possible to extend the second-order FDT to the third order.
A susceptibility measures the response to the application of
external forces. Thus only causal processes can contribute to
susceptibilities. On the other hand, a correlation probes both
causal and noncausal responses, since it is a measure of the
probability that an observable quantity has a value M, know-
ing it had or will have a value M, at earlier or later times,
respectively. This is why the measurements of nonlinear sus-
ceptibilities permit the obtaining of only a lower bound on
the spectrum of equilibrium fluctuations. This thermody-
namic inequality generalizes the fluctuation—dissipation
theorem to nonlinear processes. It is particularly useful to
probe the onset of long-range order in physical problems
where higher-order correlations diverge.$

To reconstruct the correlation functions from the sus-
ceptibilities, an additional difficulty arises because of the
zero-frequency anomalies’ associated with their static limit.
In higher-order correlation functions, singularities also oc-
cur whenever a mixing frequency vanishes. However, all
these anomalies can be removed with a proper definition of
the correlation functions.

This paper is organized as follows: In Sec. II we give the
necessary definitions, and generalize the fluctuation—dissi-
pation theorem to the second-order processes in the frame-
work of Kubo’s theory of nonlinear response. A simple pro-
cedure to include the singular contribution to the correlation
functions is then introduced. In Sec. III, the nonlinear re-
sponse and the correlation functions of the one-dimensional
kinetic Ising model are evaluated and analyzed, to illustrate
the point of the paper: nonlinear susceptibilities allow us to
set only a lower bound on the four-spin correlation func-
tions. The general theory of third-order processes is devel-
oped in Sec. IV, where we argue that only some of the higher-
order fluctuations contribute to dissipation.

Il. NONLINEAR RESPONSE

If (i) the equilibrium state of the system can be de-
scribed by a density matrix, and (ii) the effect of the external
fields can be included in 2 Hamiltonian H = — IZm®h,, (¢)
linear in the external forces A, (¢), the nonlinear response of
the system can be derived from a perturbation expansion of
the time-dependent density matrix p(#) in power of the ex-
ternal fields A, (z), which are applied adiabatically from
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t = — «.® This procedure enables us to parametrize each
component « (1l,..,x) of the response (M,(f))
=Tr[p(t)m,] to the x applied forces 4, in terms of the
generalized susceptibilities y,

1 (g
Moy =mi+ 3 — | ¥ BB (et

n=1
Xhg (1)) hg (1,)dt;-dt,, (1)

which are quantities intrinsic to the equilibrium state of the
system. Susceptibilities are observable functions of time
(i.e., real) and can be defined in terms of the equilibrium-
retarded Green’s functions G,,

Xaﬁ,--«ﬂn(t,tl. t) = P,,G‘:B"“ﬁ"(t,tl' 1), (2)

where we have used the symbol P, for the sum over all possi-
ble permutations of { B,,¢,} - {8,,., }. In equilibrium, the
system is invariant under time translation, so y and G, de-
pend only on the relative times, 7=t¢t—1t,..,7,_,
=1t,_, —t,. G, coincides with the aftereffect function ¢,

¢aﬁl..‘ﬁ,,(7_’7,l__,7_n_l)
=W/ [m*Cr+ - +1,_1),

mP (1 + o 4 7, _3) ™)), (3)
for positive values of 7 - -7, _ |, and is zero otherwise. In Eq.
(3), quantities in brackets [ m®, m?'] denote the commuta-
tors of the operators m“ and m#. By convention, the thermo-
dynamic average of a lower case quantity is performed with
the equilibrium density matrix (@) = Tr(p%) and the oper-
ator a(t) = e~ g’ where H, is the equilibrium Hamil-
tonian. Explicitly, the lowest-order susceptibilities are

¥ (1) = yP(r) = ¢*P (1) 6(7), (4a)
XB(r,1y) = ¢PP(1,7)8(T)O(T))

+ ¢P (T + 1y, — T)O(T + 7O — 1)),
(4b)

where 8(7) = 1 if 7> 0, and is zero otherwise. The knowl-
edge of correlation functions or aftereffect functions ¢ is suf-
ficient to determine the susceptibilities y. However, the con-
verse is not true; while the susceptibilities y are causal
quantities and vanish in all the time quadrants such that
t <max(t,,...,t, ), the aftereffect functions are nonzero at all
times. This is one of the reasons why it is generally not possi-
ble to reconstruct from y the complete spectrum of fluctu-
ations.

If the operators mg (¢) are eigenstates of the time-rever-
sal operator T, they transform as T{m, (1)} = €, mz ( — 1),
where the eigenvalues €; = 4 1. This permits us to evaluate
¢ for negative times when it is known at all times 7, > 0,
¢aBl“'Bn( S - Tl' =T, )
=€,€p --~eﬂn¢"ﬁ"”ﬁ”(7',r,‘--7',,_l)*. (5)

Whereas this identity is not necessary to establish the linear
FDT, it is essential in its generalization to higher-order sus-
ceptibilities.

We proceed to show that at all orders the correlation
functions C,,

CP Pty 1) = (m*(OmP (1) m(1,)),  (6)
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can be related to linear combinations of the aftereffect func-
tions ¢,. For a set of n+ 1 thermodynamic quantities
me(t), mP (1) -mﬂ"(t), we can write a distinct correlation
function for each of the (n + 1)! possible permutations of
operators. The invariance of the trace under circular permu-
tations,

CoB ity oty ) = T, P (t,), (D)

reduces the number of independent correlation functions C,
to nl=(n+1)/n® In Eq (7), the operator
T, = exp(ifif 3/ dt,) translates t, by i#iB. In Fourier space,
T, is the constant exp( — #fw,). Time translation invar-
iance imposes the relation 7,7, -- T, = 1 within the opera-
tor T,. The aftereffect functions are completely antisymme-
tric and therefore satisfy # Jacobi symmetry relations. For
example, we have at the second order,

PP (1) + PP (— 174 1) =0, (8a)
¢aB|Bz (T,T]) + ¢ﬂ|ﬂ2a (7-1’ —_ 7 — 7-1)

+ ¢t (—r—1,7)=0. (8b)
These relations reduces the number of independent func-
tions ¢, to nl. The linear system [ Eq. (3) ] defining the after-
effect function, in terms of correlation functions, can there-
fore be inverted, since except for discrete resonances which
will be analyzed later, it is nonsingular. At the first and sec-
ond orders, we find
(T, — 1)CP(7) = ¢"P(7), (9a)
(To - 1)(T| - 1)(T2 - I)Caﬁ'ﬂz(T,Tl)

— T0¢aﬁlﬁz(7-,7—l) + ¢ﬂza/3.( —r— 71,7-)

+ Ty \¢PPe(r, — 17— 1)).
(9b)
At first order, the only singularity in the correlation func-
tions occurs at zero frequency (7, = 1 atw = 0). Additional
resonances are present at higher orders when a mixing fre-
quency becomes static (forn =2, T, =1 at w, — @ = 0).
The linear FDT follows from Eq. (9a), since

(1) =¢(MO(T) —d(—T)O(— 1) =x(1) — y(— 7).

At the second order, it is possible to express the aftereffect
function ¢ in terms of the causal response functions y;, if the
equilibrium state of the system is invariant under time rever-
sal. To this effect, we divide the 7, 7, plane in six sectors,
defined by

1=0(n0(r) + 9( — 1)+ 7))+ (—1O(— 1)
+0(N(—7—71)+6(r))O(—T17—171))

+0(—71)0(7+ 7). (10)
After multiplication of Eq. (10) by the aftereffect function
&, we can rewrite each of the six terms on the right-hand side
in terms of retarded Green’s functions, using the symmetry
relations (8) and the invariance under time reversal (5).
Explicitly,
¢aﬁlﬂ2 (7',7-1 )

=GP (1) + G2 (—1r 4 1))

+ €GB (— 1, —1)* —€GPP (7, — 1 —1))*
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—(GEP (1, —T—T)) — €GP (— 7 —1,1)¥)
— (eGBP(— 1+ T)* — GPP(r + 1, — 7))
(1)
This expression greatly simplifies using the definition [Eq.
(2)] of the susceptibilities in terms of the retarded Green’s
functions. Since the second-order response is nonzero only if
€ =€,€5 €5 = 1, it is convenient to introduce the time-re-
versal symmetric susceptibility

2x(r,r) =x(nr) +ex(— 71, —71()*
whose Fourier transform is the real part of the susceptibility.
With this convention, we find
¢aB.Bz (7.,7-1) — 2( i,aﬁ.ﬁz (T,Tl) _ )?ﬁﬁza (7-1’ —r— Tl))‘
(12)

Quantum mechanically, there are n! possible ways to
symmetrize correlation functions, many of which corre-
spond to observable quantities. For the sake of simplicity,
only the completely symmetrized correlation function,

C®P:(1,7,) = (1/3)P,C*®%: (1,1,,1,), (13)

is considered. If @ and w, are the Fourier variables conjugat-
ed to 7and 7,, Eqs. (9b), (12), and (13) permit us to estab-
lish the second-order FDT,°

C?B.ﬁz (a)’wl)
=2 Re(E(0,0,) Y% (0,0,)
+E(— 0,0 —0)Y*?(—o0,0—0,)

+ E(0, — o, — )Y y(0, — 0w, —w)), (14)
where the spectral function E,
1 4 &% 4 (P00 +e‘”“’-)/2)
E 3! = __ﬁZ( ]
(@) 3(1 — P o0 ) (1 — hon)
(15)

smears out the microscopic contributions to the macroscop-
ic response at high frequencies. In the classical limit, the
spectral function E becomes 1/8%w(w; — @) (See Refs. 3
and 11). This second-order FDT differs from the linear
FDT in two important respects: (a) the determination of the
correlation functions requires the knowledge of all indepen-
dent components of the susceptibility tensor and not of
Y°?# (0,0,) alone, and (b) the dissipative response is de-
scribed at the second order by the real part of the susceptibil-
ity.

It is appropriate here to discuss the analytic properties
of the generalized susceptibilities. The retarded Green’s
functions are causal responses of all the time variables; in
Fourier space, they are analytic functions of the complex
frequencies, ®,....@,_,, in the corresponding upper-half
planes. On the other hand, generalized susceptibilities are
causal only in the argument (7) where the actual physical
observation takes place. Analyticity is thus only warranted
in the upper-half plane of the detected frequency w. It fol-
lows that the usual Kramers—Kronig relation relating the
real and imaginary parts of the response function holds for
the first argument, but not for the others.!?

The FDT (14) does not apply when any of the frequen-
cies w,w,, Or @ — @, vanishes, since correlation functions
can remain finite at large times. To include these singular
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contributions, we redefine the correlation functions in terms
of regular functions.” Explicitly, the correlation function C’,

C'{ww,) =Clo,w,) —2r[B(w)d(w)) + D(w;)6(w)]
+ 47°D8 (w)6(w,), (16)

is regular in the entire o, w, plane. The functions B(7) and
D(r,) are the asymptotic forms of the correlation functions
as 7, or 7 becomes, respectively, infinite. Similarly,
D= C(+ o, + ). Intheliterature, a principle requiring
the damping of correlation functions at large time'? is often
invoked to express B and D in terms of first-order correlation
functions. Explicitly, the identity B(w)
= D(w) = P;[C,4 () {mg, )] may in some circumstances
be used. In random systems like spin glasses, this principle of
damping of correlation functions does not hold, so one must
exercise great care in the evaluation of B and D.
Let

U(w,w') = (1 — exp(ffiw) )(1 — exp(Sfiw') )
X (1 —exp(ffilw — @")).

Since the singularities in C are delta functions which coin-
cide with the zeros of U, UC is a regular function. Multiply-
ing Eq. (14) by U, we have UC = UC’, since UC and UC'
have no singularities. Since C is regular, we perform, after
division by U, a principal value (P) decomposition of the
right-hand side, and obtain the correct form of the second-
order FDT,

C%E (w,w,)
= 2P Re(E(0,0,) Y% (0,0,)
+ E( — 0,0 — 0)Y"? (- 0,0 —0,)
+ E(0, — 0, — o) Y*** y(0, - 0, — ), (17)

for all frequencies. Before considering the general third-or-
der relations, it is useful to gain some insight with a simple
example where the third-order response can be calculated
exactly.

HIl. THE THIRD-ORDER RESPONSE OF THE 1-D KINETIC
ISING MODEL

We consider a one-dimensional Ising system described
by the Hamiltonian H = — J3s;s,, , — Zh,s’, where the
spin variables s; = + 1. The Kubo formulation of nonlinear
response cannot be used as such to discuss the dynamics of
this system; the adiabatic response excludes any possible dis-
sipation, unless a thermalization bath is explicitly included
in the Hamiltonian. A spin-boson Hamiltonian has been in-
troduced to circumvent this difficulty, in the context of the
two-level dynamics coupled to a dissipative bath.’* An aiter-
native approach is to use stochastic dynamics, which evalu-
ates the isothermal response of the system in the presense of a
random noise. This isothermal response differs in several
ways from Kubo’s theory, and we will contrast the relevant
results. The starting point here is a master equation for the
probability P that the spin configuration of the N spins in the
system is o(o = {5, **sy}) at time ¢,

—d‘-i-t-P(a,t) = [(o]0)P(,0). (18)
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For single spin-flip dynamics,' the spin-flip probability I'
between configuration ¢’ and o is zero, unless they differ by
the sign of one spin,

To(olo’) =Z Il = ZSis',5i(a|a’)wi(a'), (19)
where the delta function is zero if the configuration ¢ and ¢’
differ by a spin other than i. In what follows, we choose the
spin-flip probability w, (o),

w;(0) = (1/7)[1 —5; tanh(Bh; (0))], (20)

consistent with detail balance, and giving in the high tem-
perature limit a single relaxation time 7. In Eq. (20), the
local field 2, (o) =h, + J(s;_ | +5;,.1)-

With this choice, the local magnetization (s;) and the
two-spin correlation function (s;s;), which are the probabili-
ty averages 3s,P(o,t) and Zs,s,P(0,t), respectively, satisfy
the equations of motion,

d
T —

a (s;) = — (s;) + (tanh(BAh,(2))), (21a)
T% (s:5,) = — 2(s;5;) + (s; tanh(Bh; (0)))
+ (s; tanh(Bh,(0))). (21b)

In a one-dimensional system, this dynamics can be solved
exactly at all orders in the external field A4(¢). To wit, the
thermodynamic field,
tanh(Bh, (o)) =x; + p;(s; 1 +8;.1) +2:5_18ip1»
(22)
can be computed to third order in the external field 4(¢) by
expanding the coefficients x, y, and z in powers of A,

x=(1—=1A)Bh + ( -2+ 4% - 3P [(BR)/6],
y=/2)(1 — (1 — ) (Bh)?), (23)
z= — (V/2)Bh + (¥/6)(4 — 3¥7) (Bh)?,

where ¥ = tanh 2/3J. If the driving field is inhomogeneous,
X, y, and z depend on the site i. The third-order response is
then governed by the coupled dynamical equations,

Tdit ()= — [(1 =208,y —x —2(s,_,5;41)]> (242)

T% <sisj) = — [2<sisj) — 2Y((Sisj—1) + <Sisj+ )

— 2x(s;) — 22(s:5_,8;,1)]> (24b)
where we have assumed translation invariance [i.e., A(2) is
spatially uniform]. This isothermal dynamics explicitly in-
cludes the derivatives of the thermodynamic potential in x,
J, and z. In Kubo’s theory, the adiabatic response is comput-
ed between the same equilibrium states, and no change in the
thermodynamic functions arises. This difference between
adiabatic and isothermal response is very well understood at
the linear level.” For nonlinear response, the usual continu-
ation of the Green’s function to imaginary time, used to es-
tablish the connection at the linear level, does not give a
simple picture.

Replacing the correlation function (s;s;) in Eq. (24a)
by its equilibrium value gV~ I (where a = tanh 8J), we re-
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cover at the first order the well-known response function of
the 1-D kinetic Ising model,

__ﬂ._lv___. g(t)exp( — (] —_ 7/)1) s
7cosh 23J T
where N is the number of spins in the chain. At the lowest
order in A, it is also straightforward'® to express three-spin
correlation functions in terms of the local magnetization re-

sponse,

(58,18, 1) () =(@+ a1 — gV =T (5) (1),

x() = (25)

(26)

where i#j. At the third order, we also have to consider the
change in the two-spin correlation induced by the external
field,

(sisj>(t) = (sisj>

+ oo
+J- Y2 (t —t,t, — L) R(2)h(1,)dt, ds,,
) (27)

where y, may be interpreted as a noise susceptibility. The
forces driving the two-spin correlation function away from
equilibrium include three-spin correlations, which have
been expressed in terms of linear response in Eq. (26). Since
the system has translational invariance, the driven response
of r,, = (5,5, ,,» with m> 0 is governed by the linear sys-
tem,

d
T—Tm= _Zrm +y(rm——1 +rm+l) +go(t)+am81(t),

dt
(28a)
where the driving terms g, and g, are, respectively,
8 (1) =2((1 —a%)/(1 + a*))Bh(2)(s) (1),
8(1) = y(a—a~")(yBh (s) (28b)

+ [(1 —a® /(1 +a*)]1(BM)?).

In addition, probability conservation requires that »,(¢) = 1
at all times. Glauber'® has investigated the general solution
of Eq. (28a) in the absence of inhomogeneous terms
(8o = &, = 0). The response associated to g, and g, can be
inferred from his results, noting that any particular solution
of Eq. (28a) must have the form

rfi"”(t)=a"‘+if K@V —1)gtdt, (29)
T J-w

where the kernels K %! satisfy the homogeneous system. As
can be checked by substitution, the kernels K% and K'!, ap-
propriate to the driving forces g, and g,, are

R C
p
m ! t t
+2 2 I 2y=)+ 1,127 -1}1, (30a)
k=1 T T
Kfnl)(t) =e~2t/‘r i al Im_k(zyi)
k=1 T.
t
- mH(Zy—)], (30b)
7.

where I, is the modified Bessel function of the first kind.
This dynamical response of the two-spin correlation func-
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tions can be checked against the static limit, 7,
= [(xM)?* + a™(1 + m(y")})1/(1 + (yh)?), obtained by
transfer matrix methods. We stress that only #,, and there-
fore the response functions K (>, contribute to the third-
order susceptibility. On the other hand, it is shown below
that all the response functions K (" enter in the determina-
tion of the third-order fluctuations. It is instructive to evalu-
ate the Fourier transform of the two-spin correlation suscep-
tibility,

X2(0,00) =2(B/7)((1 —a®)/(1 + a®))K L () y1 (@)
+ (B/yy(a—a HK P

X [yxi(@) +B((1—-a)/(1+a%))]. (31)
In the low temperature and low frequency limit, this suscep-
tibility diverges as exp(28J). This exhibits the same behav-
ior as the linear susceptibility, as expected from scaling. Sim-
ilarly, it displays critical slowing down on a characteristic
time scale 7/(2(1 — ¥)), which is half the relaxation time of
linear susceptibility.

The third-order response function y, can be similarly
expressed in terms of the susceptibilities y,and y, as [cf. Eq.
(24a)]

¥3(0,0,0,) = y(2)((NB)*(4y* — 3¢ —2)/6
—NBy(1 — ¥ )x1(@y)

— (/)2 (0,,0,)). (32)
Note that the last term is nontrivial in all the frequency argu-
ments, and it is analogous to the adiabatic susceptibility in
Kubo’s theory.

We now consider the correlation function
Cya (1) = (5,8, ()5, (£ + ,)5,(t + £, + 1,) ), which is
the joint probability that spin / has value s;, spin j the value s;
at time ¢ later, and so on. For Markov processes, it is well-
known that this joint probability is expressible in terms of
conditional probabilities,

Ci (1,2 sty) = 2 P(o,t)s,P(o]ay,t)s;

(33)

where the sum is carried out over all spin configurations. As
shown by Glauber,” g,(¢,) = 2P(0,|03,t,)s, may be re-
garded as the expectation value of spin / when the initial
configuration of the spin is o,. It is given by

X P(0y|0t,)s, P(05|05,8,) 8,

q,(t)—_-e—’/TZsmI,_m(z). (34)

Thus we only need consider Cy,(2,£,,0). For the sake of
simplicity, we will also assume 7 = 0 and focus on the fre-
quency dependence of the second argument. The conditional
probability P(o|oy,t,)s,s, may also be interpreted as the
probability that spin k£ and / have value 7, {¢,), knowing the
spin was in configuration o at ¢, = 0. If k = /, ., () is unity
at all times. This condition determines r,, for k> (see Ref.
15),
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rkl(t) =ak—1+e—21/rz (smsn _am—n)

m>n

[ren (o)

t t
—Ik—n(}/'—)II-—m(y—)] . (35)

T, T.
The spatial averaged correlation function

C(0,1,0) = 2C,(0,£,0) is obtained by summing the equi-

librium value of two- and four-spin correlation functions
over all sites,

2
C(0,40) — Nz(-li—")
1—a

—7 ¥ l+a]( 1 ) Ie3) )
=2 2 K
Z([l—a l1—a (0 — K70

(1+a)? +2a] KW )
- [ k),

(36)

where the functions K " have been defined in Eq. (30),
while K ' is obtained by substituting pa”to a” in Eq. (30b)."”
We see that the dynamic correlation functions involve all the
fluctuations in the two-spin correlation functions, and not
simply the fluctuation in (s;s, , ,), which governs the dissi-
pative nonlinear response. In a different language, the dis-
sipative response is dominated by
(5(9,0)5(0,0)s( — ¢,t)s(0,¢) ), where the wave vector g~2/
! is at half the zone boundary. This can be viewed as the
emission of two “magnons” of opposite momenta. By con-
trast, all wave vectors contribute to the correlation function
C(0,2,0), which describes only a subset of the third-order
fluctuations.

IV. THIRD-ORDER FLUCTUATIONS AND NONLINEAR
RESPONSE

In this last section, we examine the relation between
third-order fluctuations and dissipation within Kubo’s theo-
ry. We have seen in Sec. II that correlation functions and
aftereffect functions are related at all orders.* We therefore
focus on their connection to susceptibilities. First, we con-
sider the expansion in powers of 4 of the second-order quan-
tity,

([[M*(),MP (1)) ,M*(2,)])

=3 f ALY PEP (1,t,,0,85) g (15), 37
B,

where M ¢ is the magnetization operator in the presence of
the external field. Y appears here as a linear susceptibility of
a second-order aftereffect function. Using the expansion of
M in terms of A, we relate the aftereffect functions ¢ to ¥,

¢!Zﬁ|BzB.1 (7—’7-1’7-2) P Yaﬂ|ﬂzﬂ.\ (TrThTZ)
+ 6Y¢13|B2ﬁ3 ( — T, — 1'1 —_ Tz)*. (38)

Since the correlation functions are linearly related to the
functions ¢,'® we establish a thermodynamic identity
between correlation functions and the susceptibilities ¥,
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CPEL (w,0,,0,) =2 Im(z E(Q,Q,Q,)

X Y(n,.,nj,nk)), (39)

where the sum is carried out over the permutations of (a,@),
(B,w, — ®), (Brw, — @), and (B;, — ,). The frequency

arguments ), = Q, 1, =04+ Q,,and Q, =2+ O, + Q,
are determined by the frequency Q, £, {),, associated with
the first three indices of Y (fora Q = o, for 8, 0 = 0, — @
and so on). This identity is reminiscent of the second-order
FDT established in Sec. I1, with the caveat that the suscepti-
bility Y is not expressible in terms of third-order response
functions y, alone. There are several possible decomposi-
tions of Y in terms of causal and noncausal functions. The
decomposition we consider is based on the second-order the-
ory, and permits us to extend to the third order the second-
order FDT (Sec. II), if the fluctuation in one of the variables
is small.'® We define the quantity Z(r,7,,7,),

Z(1,1,7,) = Y(1,7,73) — y(7,7,75) + ¥( — 7,7, 72),
(40)

which is expressible as a linear combination of the causal
(G,) and noncausal functions g, A, k. We define g as

g(r,7,7) = ¢(1,7, 1) O(T)O(1)O( — T — 17, — 73),

and 4 and k are obtained by circular permutation of 7, 7,,
and 7, in the theta functions. These four functions are actual-
ly related by two relations,’’ so Z depends only on two inde-
pendent functions. A necessary and sufficient condition for
Z to vanish is that g(r,7,,7,) = 0 at all times. This result
follows from the actual decomposition of ¥'in terms of G,, g,
h, and k. In this instance, Eq. (40) becomes a genuine third-
order FDT analogous to the second-order result [Eq. (17)].
Physically, g == 0 when the fluctuations in one of the vari-
ables are negligible. In this instance, it is possible to factorize

¢ as
(r,7,7) = S (7,7) s (T2),

where the function @, is causal and vanishes at negative
times.

A four-spin correlation function can be interpreted as a
power spectrum when w, vanishes;

C(0,0,0,) = (m(@)m( — w)Ym(w,)m( — w,))

is then a positive definite quantity. In the same circum-
stances, Im(y(®,0,0,)} and Im(y(®,,0,0)) measure the
power absorbed at frequency w and w,, respectively. On the
physical grounds that the power spectrum of the fluctu-
ations can only be greater than their contribution to dissipa-
tion, we argue that Im[Z(»,0,0,) + Z{(®,0, — »,)] must
be positive. In addition, the use of the symmetry relations of
y under time reversal can be used to transform Eq. (39) into
the inequality

(4/0)2&)2)Im[X(a)yO’w2) + X(wr()’ - mZ)]
+ (4/ww3) Im[ y(@,,0,0)
+ X(wz’O’ - w) ] <:83Cc (a),O,a)z),

where C_ is the connected part of the correlation function C.
This inequality can be viewed as the extension of the FDT to

(41)
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the third-order response.

To conclude, we have shown explicitly in the context of
the one-dimensional Ising model that the third-order dissi-
pation is sensitive to only a fraction of the third-order fluctu-
ation. Similar conclusions have been argued to hold in the
context of Kubo’s theory. When the third-order correlations
could be interpreted as a power spectrum, we obtained a
lower bound of this spectrum with the third-order response
functions.
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Chaotic orbits in conservative dynamical systems are partitioned into a number of distinct
regions by sets of cantori. This causes long time scale oscillations in the corresponding
Lyapunov spectrums. A direct correlation between the magnitude of the maximal Lyapunov
exponent and the size of the corresponding chaotic region in the surface of section appears to
exist for the two-dimensional conservative systems examined.

I. INTRODUCTION

When exploring the local structure of a flow the only
information available is the behavior of individual orbits
over finite time intervals. An orbit can be characterized by
its rate of divergence from adjacent orbits. More generally,
the rates of growth of a volume element of phase space in
various directions can be used to describe the orbits or at-
tractors that pass through such volume elements. These
rates of growth are measured by the Lyapunov exponents.
They allow us not only to determine whether individual or-
bits are chaotic, but also to compare orbits and determine
whether or not one is more chaotic than another. Further-
more, they provide a relatively simple method by which the
dimensions of various attractors, arising from many dissipa-
tive systems, can be calculated.

The Lyapunov exponents of an m-dimensional mapping
X, . = F(x, ), where x is an m-dimensional vector, are de-
fined to be

A= log[lim im177, i=12,.,m, (1)

where j; (n) is the magnitude of ith eigenvalue of the matrix
o= [J(x, W (x, ) J(x)d(x))].

HereJ(x) = (dF/dx) (x) is the Jacobian matrix of the map-
ping. The Lyapunov exponents are ordered by size,

A2A> 24,

and generally depend on the choice of the initial condition
x,. Any two initial points on the same orbit will give the same
Lyapunov spectrum. Therefore any two points in the same
connected chaotic region of phase space will produce the
same values for the Lyapunov exponents, since there exists a
single chaotic orbit that eventually densely fills this entire
region.

The Lyapunov numbers were originally defined by
Oseldec' and are given by Farmer et al.? The values 4,, for
i=1,2,...,m, measure the rates of expansion of a volume ele-
ment of phase space in the m principal directions. If 4, >0
then the volume element expands exponentially in the corre-
sponding direction. If 4; = 0 then the growth is linear and if
A; < 0then the volume element shrinks in that direction. The
directions in which the Lyapunov exponents are calculated
vary continuously as one moves around an orbit or attractor.
An orbit is chaotic if the maximal Lyapunov exponent A, is
positive. Furthermore in a conservative system we have
2" A; =0 and for a dissipative system 37"_,A; <0, since
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the volume of a given element of phase space is always invar-
iant for a conservative system and always decreasing for a
dissipative system.

The previous definition of the Lyapunov exponents is
not useful for their numerical calcunlation. The elements of
the matrix J, rapidly become very large, reflecting the expo-
nential divergence of the orbits. After only a few iterations of
any numerical scheme the magnitudes of the eigenvalues
J:(n) become too large for computation. Several authors
have examined this problem of numerically determining
Lyapunov exponents for both systems of differential equa-
tions and chaotic time series. We adopt the notation of Ben-
ettin et al.,> who discussed the relationship between the max-
imal Lyapunov exponent and Kolmogorov entropy.

Consider an m-dimensional compact connected Rie-
mannian manifold of at least class C 2. For xeM, we denote
the tangent space to M at x and the norm induced on it by the
Riemannian metric on M'by E, and ||o||, respectively. Let X
be a vector field of class C? on M and T'* be the flow induced
by X. Then for any t we have T 'x = x(t), where {x(?): tcR}
is an integral curve or orbit of the vector field X such that
x(0) = x. We also denote the tangent mapping of E, onto
E, ,induced by the diffeomorphism T, by d7'; . Shimada
and Nagashima* defined the k-dimensional Lyapunov expo-
nents to be

A(eb g = fim In 12 % @ AT, €A AdTS e
ts o ||el/\e2/\"'/\ek"

2

(2)

for k = 1,2,...,m, where e* is a k-dimensional subspace of the
tangent space E, at x,and {e,:i=1,2,...,k} are bases for e*.
Here A denotes an exterior product of tangent vectors. The
exponent (2) represents the expansion rate of the k£ volume
of the k-dimensional parallelepiped in the tangent space
along the orbit starting at x,. The tangent vectors e;, for
i=1.2,..,m, in the bases correspond to the vertices of the
parallelepiped. These exponents do not depend on the choice
of either bases or norm, but only on the initial point x, and
the k-dimensional subspace e*.!>* The existence and finite-
ness of the limits involved in (2) were proved by Oseldec.’
The one-dimensional exponents A (e!,x) take at most m val-
ues and correspond to the values obtained from the normal
definition of Lyapunov exponents. The k-dimensional expo-
nents A (e*,x) may take at most C 7" distinct values.* These
are equal to the sum of & distinct one-dimensional Lyapunov
exponents. Benettin et al® proved that if a basis set
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{e;: i = 1,2,...,m}, for the tangent space, is chosen at random
then each of the k-dimensional exponents A (e*,x) will con-
verge to the maximal value of the corresponding set of C'}’
distinct possible values, for k = 1,2,...,m. Since the tangent
mapping dT , satisfies the chain rule dT'."°*=dT; °dT; ,
where x, = T °x,, and the numerical integration of the differ-
ential equations gives a discrete mapping, the k-dimensional
Lyapunov exponents are usually written as
1 gt AET el
A(e*,x) = lim — Shh—«>—, 3)
new T o |[A el

where {e/: i = 1,2,...,k} is a basis for the subspace e* at the
Jth time step. Then e/ = dT’, e]. Gram-Schmidt reortho-
normalization is performed at each time step to prevent the
basis from becoming degenerate.

The Shimada and Nagashima algorithm using (3) can
only be applied to dynamical systems where the evolution of
the tangent vectors from e’ to d T e/ can be determined
either by use of differential equations or discrete mappings.
Ifinstead only a time series is available, then it is necessary to
numerically estimate a linearized flow map 4 on the tan-
gent space from the observed data. Sano and Sawada® pre-
sented a technique for estimating 4 . Wolf ez al.” also present
an algorithm for calculating Lyapunov exponents from
chaotic time series. Their method is similar to the Shimada
and Nagashima approach and gives good results for the first
few positive Lyapunov exponents.

In this paper we examine the behavior of the Lyapunov
spectrums for a series of quartic polynomial potentials. We
find that long term oscillations, not present for simpler sys-
tems such as the Hénon,® Réssler,” and Lorenz'? systems,
are introduced by the existence of cantori. We also investi-
gate the apparent relationship between the maximal Lya-
punov exponent and the area of the corresponding region in
the surface of section.

Il. CANTORI AND LONG PERIOD OSCILLATIONS

The Lyapunov spectrums of simple two- and three-di-
mensional dissipative systems such as the Hénon,? Rossler,®
and Lorenz'® systems and of various experimental time se-
ries have been studied previously.*’ We shall examine some

properties of the Lyapunov exponents, not found in the
above systems, using a class of quartic polynomial potentials
whose dynamical behavior is quite complicated and varied.
The Verhulst potentials are all of the form

V(x,2*) = %(wfxz + wlz%) — (% x>+ Azxzz)

(B 4+, B .. B 4)
(4x+2xz+4z, 4)
where the coefficients »?, w3, 4,, 4, and B,, B,, B, are all
real. It arises from truncating a Taylor series expansion of a
general axisymmetric discrete-symmetric potential at fourth
order."!

All the Lyapunov exponents belonging to any quasiper-
iodic orbit in a conservative dynamical system vanish. Since
the system (1) is conservative only the Lyapunov spectrums
for the chaotic orbits are caiculated. Two Lyapunov expo-
nents vanished for every chaotic orbit studied in all the Ver-
hulst potentials. We therefore have 1,= —A, and
A, =A;=0. The accuracy of the Lyapunov spectrum was
checked by ensuring that |4, + 4,], |4,|, and |4,] were all
less than 0.0005.

Three nonintegrable Verhulst potentials U,, U,, and U,
are given in Table 1. Figures 1-3 show the corresponding
surfaces of section for the energy E = 1000. A series of ho-
mogeneous Verhulst potentials V,, V., V,, V,, Vs, Vg, and V,
also given in Table 1, were found using the first two steps of a
generalization of Painlevé analysis.'?'® Their derivation and
an examination of their properties will be presented else-
where. The surfaces of section corresponding to these poten-
tials are given in Figs. 4-10.

The surfaces of section in Figs. 2—4 possess substantial
chaotic regions. These regions are not filled uniformly. They
are partitioned into distinct areas by families of cantori (cir-
cular cantor sets). A cantori'*'’ is the remnant of an invar-
iant curve with irrational winding number. It can be visua-
lized as a circle with infinitely many gaps deleted by
overlapping nearby island chains. The flux of orbits through
such a cantori is typically very small and varies from one
cantori to another according to the corresponding winding
number. This causes the orbit to be restricted to a band be-
tween adjacent cantori sometimes for very long periods of

TABLE 1. The maximal Lyapunov exponents for the principle chaotic orbits in a selection of the quartic polynomial potentials and the figure number of the

corresponding surface of section.

Maximal Lyapunov

Potential Fig. exponent A,
U, WX +12) — (3 + x2) + ({x* + X7 + 12 1 0.05 + 0.005
U, L%+ 2) — (3% 4+ x2) + (3 + 177 + 42 2 0.252 + 0.007
U, Y7+ ) — (30 + x2) + (2 + P2+ 2 3 0.13 +0.015
Vv, @t b 2x72 4§ 2t 4 0.996 + 0.007
v, 64x* + 2x77 + 42 5 0.266 + 0.008
v, Pxt o+ 2x°7 + .t 6 0.155 + 0.006
v, 174%* + 2x°2 + 42 7 0.075 + 0.004
A 182x* + 2x°2 4+ J32* 8 0.082 + 0.004
Ve 241t + 2677 + A2 9 0.078 + 0.004
v, 324x* 4+ 727 4 42 10 0.081 + 0.007
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FIG. 1. Surface of section for the potential U, at energy E = 1000.

time. Occasionally it diffuses through the cantori into an-
other such region for a further period of time. After a long
period of time all the accessible cantori will be visited and the
chaotic region in the surface of section generally appears to
be filled relatively evenly.

In each of these cantori bounded regions the chaotic
orbit has a slightly different effective Lyapunov spectrum.
The effect of occupying one area for an extended period of
time and then moving to another causes very long time scale
oscillations in the Lyapunov exponents. Figure 11(a) shows
the maximal Lyapunov exponent for the potential U, over a
large number of iterations of the numerical integration. For

0 —m————————————

25

=25

FIG. 2. Surface of section for the potential U,.
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FIG. 3. Surface of section for the potential U,.

the first five million points the orbit has not been sufficiently
sampled to provide good estimates of the Lyapunov expo-
nents. After five million points the values of |1, + 4,|, |4,],
and |4,| have all reached sufficiently small values to indicate
that the maximal Lyapunov exponent is asymptotically con-
verging to about 0.03. However, the maximal Lyapunov ex-
ponent then grows to 0.05 over the next five million points.
For the next twenty million points it has an average value of
about 0.05. Additionally, there are clear long time scale os-
cillations superimposed on this average value with a magni-
tude of 12% of the average value of the maximal Lyapunov
exponent. Over this entire region |4, + 4], |4,|, and |4,] all
remain suitably small and give no indication of the existence

S0

25

-25

-S0

FIG. 4. Surface of section for the potential V.
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FIG. 5. Surface of section for the potential V.

of the long period oscillations. These oscillations do not arise
because of incorrect estimation of the exponents due to in-
sufficient sampling but because of a real change in the region
in which the exponent is being calculated. The high-frequen-
cy fluctuations in the first five to ten million points are the
normal oscillations seen in the Lyapunov spectrums and cor-
respond to non-negligible values of |1, + 4,], |4,], and |4;].
As the number of points increases the magnitude of the noise
decreases leading to a more accurate estimation of the spec-
trum. The curve in Fig. 11(a) is almost completely smooth
over the last five million points. Figure 11(b) shows the
maximal Lyapunov exponent, for the same chaotic region,
using a different set of initial conditions for 100 million
points. It rapidly approaches the expected average value of
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3
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FIG. 6. Surface of section for the potential V;.
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FIG. 7. Surface of section for the potential V.

about 0.05. The long time scale oscillations are still obvious
even after 100 million iterations.

In contrast Fig. 11(c) shows the maximal Lyapunov
exponent for the Lorenz system with o = 16, R = 45.92, and
b=4. After 2 10° iterations it has settled down to an
asymptotic value of exactly 1.500. There are absolutely no
long time scale oscillations present in the maximal Lya-
punov exponent for this system. This occurs because the
Lorenz attractor is a single structure and is not partitioned
into a number of loosely connected pieces.

Figure 11(d) shows the maximal Lyapunov exponent
for the potential V| and is a striking example of the move-
ment between different cantori. The maximal Lyapunov ex-
ponent is not well estimated until about 1.5 million points

& > - J s, I i
/ s ',:,' L
\,_____"‘___:/ 7/ / 1
o \‘_—_"“4/ : |

FIG. 8. Surface of section for the potential V;.
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have been used. The maximal Lyapunov exponent is then
constant, as expected, for half a million points and then ab-
ruptly drops. It is then almost constant for another million
points. This is followed by another abrupt increase in value,
constancy for another million points, and another drop. This
is followed by two more well-defined steps. Each of the steps
corresponds to the chaotic orbit diffusing through a cantori
from one region to an adjacent one. The constancy of the
maximal Lyapunov exponent in each region after the rapid
transition is precisely the behavior normally expected for
Lyapunov exponents in attaining their asymptotic values. In
this case the percentage change in each step is small. There
is, as usual, high-frequency noise superimposed on the step-
like average values of the maximal Lyapunov exponent.
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FIG. 10. Surface of section for the potential V.
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These oscillations decrease in magnitude as the number of
points increases, as normal, and do not obscure the steplike
nature of the profile.

Not all the chaotic orbits in quartic potentials behave as
obviously as above. The maximal Lyapunov exponent for
the potential U, is shown in Fig. 11(e). After the initial set-
tling period it attains a value of about 0.252 and has no ob-
vious long term oscillatory behavior. This indicates that
there are either few cantori in the surface of section in Fig. 4
or the rate of diffusion through them is quite large. However,
in general, cantori generated long time scale oscillations in-
troduced non-numerical uncertainty into the Lyapunov
spectrums for all the quartic polynomial potentials exam-
ined. This can only be overcome by calculating the spec-
trums for enormous lengths of time. The period and ampli-
tude of these oscillations vary between orbits and systems.
Typically the period of oscillation is of the order of thou-
sands of orbital periods and the magnitude up to 20% of the
average value. The resulting uncertainty will be given for all
the maximal Lyapunov exponents calculated here.

ll. MAXIMAL LYAPUNOV EXPONENTS AND
SURFACES OF SECTION

The maximal Lyapunov exponent was calculated for the
chaotic orbit filling the largest region in the surface of sec-
tion, shown in Fig. 1, for the potential U,. This two-dimen-
sional region covers only a small proportion of the surface of
section. The orbit is confined to a relatively thin band be-
tween two large regular regions. Figure 12 shows the actual
chaotic orbit that generates this region in the surface of sec-
tion. It looks quite regular. When a chaotic orbit is sand-
wiched between regular regions it is topologically very simi-
lar to the adjacent regular quasiperiodic orbits with a small
chaotic perturbation superimposed on the motion. The
wider the chaotic region the larger the magnitude of this
perturbation. The maximal Lyapunov exponent essentially
measures the size of this perturbation or the degree of chao-
tic behavior superimposed on the adjacent regular orbit. In
this case the maximal Lyapunov exponent is approximately
0.05. This small value is consistent with the orbit appearing
to be nearly regular and the chaotic region in the surface of
section being quite narrow.

The large chaotic region in Fig. 2, for the potential U,,
dominates the surface of section, covering more than half of
it. The corresponding maximal Lyapunov exponent is 0.252,
indicating quite strong chaotic behavior. This is quantita-
tively consistent with its large coverage of the surface of sec-
tion. The largest chaotic region in Fig. 5, for the potential V>,
covers a similar proportion of the surface of section and hasa
similar maximal Lyapunov exponent of 0.266, even though
the surfaces of section are topologically very different. The
potential ¥, possesses by far the largest chaotic region of all
the potentials examined. It covers almost the entire surface
of section, which is shown in Fig. 4. The corresponding max-
imal Lyapunov exponent is 0.996, indicating extremely
strong chaotic behavior. This is by far the largest maximal
Lyapunov exponent and is consistent with the orbit’s exten-
sive coverage of the surface of section.
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FIG. 11. (a) The maximal Lyapunov exponent for the potential U, is plot-
ted against the number of iterations used in its calculation. The dotted line
indicates the point at which the orbit has been sufficiently sampled so that
|24 + 4,], |A,|, and |4;| are sufficiently small. (b) The maximal Lyapunov
exponent for the same chaotic region as in (a) using a different set of initial
conditions and for a larger number of iterations. (¢) The maximal Lya-
punov exponent for the Lorenz system with o = 16, R =45.92,and b = 4;
(d) the maximal Lyapunov exponent for the potential V. The steplike be-
havior indicates diffusion from one cantori bounded region to another. (e)
The maximal Lyapunov exponent for the potential U,.
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FIG. 12, The chaotic orbit corresponding to the largest chaotic band in the
surface of section shown in Fig. 1.

The largest chaotic region in the surface of section of the
potential ¥, shown in Fig. 6, is similar in size but different in
shape to that of U; shown in Fig. 3. Both regions are relative-
ly large but are confined between substantial regular regions.
Their corresponding maximal Lyapunov exponents of 0.155
and 0.13 are comparable, considering their respective error
bounds. The areas in the surface of section and the maximal
Lyapunov exponents for this pair are markedly smaller than
those of the previous pair of U, and V..

The largest chaotic orbit in U; has an enormous number
of island chains embedded within it, far more than any other
potential examined. Consequently this orbit contains a large
number of cantori. The corresponding Lyapunov spectrum
was particularly difficult to calculate and possessed many
irregular oscillations causing much larger uncertainty than
normal. The chaotic region in the surface of section, shown
in Fig. 3, is not filled even approximately uniformly. There
are clearly visible light and dark bands. These are examples
of regions separated by cantori.

All the remaining potentials have maximal Lyapunov
exponents smaller than 0.1. This is consistent with the obser-
vation that the chaotic regions in all the corresponding sur-
face of section are very small and confined to narrow bands
between the large dominant regular regions. All have
smaller areas and smaller maximal Lyapunov exponents
than any of the previously examined potentials.

The surfaces of section for the potentials V5 and V; are
shown in Figs. 8 and 10. The chaotic regions appear to be the
same size. The corresponding maximal Lyapunov exponents
are 0.082 and 0.081, respectively. The chaotic region cen-
tered on the origin in Fig. 9 is slightly smaller than those
belonging to either of the previous pair. The maximal Lya-
punov exponent 0.078 is also slightly smaller. The chaotic
orbit surrounding the hyperbolic points in the surface of sec-

695 J. Math. Phys., Vol. 30, No. 3, March 1989

tion in Fig. 7, for the potential ¥, is so small that it cannot be
seen on this scale. It is the smallest chaotic orbit we exam-
ined and possessed the smallest Lyapunov exponent of
0.075.

For the potentials examined here there appears to be a
direct correlation between the magnitude of the maximal
Lyapunov exponent and the size of the corresponding chao-
tic region in the surface of section. The same ordering of the
potentials is achieved if we order the potentials by either the
size of their largest chaotic region or the magnitude of the
corresponding maximal Lyapunov exponent. In this case the
order was V,,U, and V,,U; and V,, Vs and V,,V,,V,.

IV. CONCLUSION

For conservative two-dimensional systems the maximal
Lyapunov exponent A, provides a good qualitative and
quantitative measure of chaos. Determining that 4, > 0 indi-
cates that the corresponding orbit is chaotic. The magnitude
of A, then gives us a quantitative measure of just how chaotic
it is. This allows us to compare different orbits and deter-
mine which orbit is more chaotic. There appears to be a
direct correlation between the size of the chaotic region in
the surface of section and the magnitude of the maximal
Lyapunov exponent. Substantial chaotic regions dominating
the entire surface of section had Lyapunov exponents in the
range 0.25 to 1.0. Large chaotic areas confined between larg-
er regular regions had maximal Lyapunov exponents in the
range 0.1 to 0.25. Small bands of chaos confined to narrow
regions between substantial regular regions typically had
small maximal Lyapunov exponents of the order 0.01 to
0.10.

Chaotic orbits are divided into a number of adjacent
regions possessing slightly different Lyapunov exponents by
families of cantori. This causes very long time scale oscilla-
tions in the Lyapunov spectrums resuiting in some uncer-
tainty in the spectrums. This phenomenon is real and is not a
numerical convergence problem. It does not appear to exist
in a number of previously examined simpler dissipative sys-
tems such as the Lorenz system.

'V. I. Oseldec, Trans. Moscow Math. Soc. 19, 197 (1968).

?J. D. Farmer, E. Ott, and J. A. Yorke, Physica D 7, 153 (1983).

3G. Benettin, L. Galgani, and J.-M. Strelcyn, Phys. Rev. A 14, 2338
(1976).

*1. Shimada and T. Nagashima, Prog. Theor. Phys. 61, 1605 (1979).

°G. Benettin, L. Galgani, A. Giorgilli, and J.-M. Strelcyn, C. R. Acad. Sci.
Ser. A 286, 431 (1978).

SM. Sano and Y. Sawada, Phys. Rev. Lett. 55, 1082 (1985).

7A. Wolf, J. B. Swift, H. L. Swinney, and J. A. Vastano, Physica D 16, 285
(1985).

M. Hénon, Q. Appl. Math. XXVII, 291 (1969).

°0. E. Rossler, Phys. Lett. A 57, 397 (1976).

'°E. N. Lorenz, J. Atom. Sci. 20, 130 (1983).

MF. Verhulst, Philos. Trans. R. Soc. London 290, 435 (1979).

'2M. J. Ablowitz, A. Ramani, and H. Segur, J. Math. Phys. 21, 715 (1980).

3A. Ramani, B. Dorizzi, and B. Grammaticos, Phys. Rev. Lett. 49, 1539
(1982).

43, D. Meiss and E. Ott, Physica D 20, 387 (1986).

'SR. S. Mackay, J. D. Meiss, and I. C. Percival, Physica D 13, 55 (1984).

Paul W. Cleary 695
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The large-N iterative technique proposed recently by Chatterjee [J. Math. Phys. 27, 2331
(1986) ] is employed to solve the Dirac equation for a spherically symmetric potential. It is
shown that the exact results are obtained in the case of the Coulomb potential.

I. INTRODUCTION

The large-N expansion method has been employed with
remarkable success to deal with a variety of problems in dif-
ferent areas of physics.'™ In nonrelativistic quantum me-
chanics the method of large-N expansion represents an ap-
proach that gives rise to one of the most elegant analytic
approximations for obtaining eigenvalues and eigenfunc-
tions,>® alternatively to ordinary perturbation theory. For
spherically symmetric potentials 1/k = 1/(N + 2/) has
been used as the expansion parameter in order to incorporate
the finite-NV corrections to the leading-order solution
(N- o) where N is the space dimension and / the angular
momentum. In most cases the results appeared quite attrac-
tive.

In the relativistic case it was shown that the wave equa-
tions were solved exactly for the Coulomb potential in the N-
space dimension.’ Since the exact solutions to the relativistic
wave equations cannot be obtained analytically for most po-
tentials, one needs to have approximation schemes. Recent-
ly, the large-N iterative procedure has been proposed for the
solution of the Klein—-Gordon equation to obtain the energy
eigenvalue of a spin-0 particle in a spherically symmetric
potential V(r).?

In this work we use a similar technique in the case of the
Dirac equation. When the Coulomb potential is considered
the method is shown to yield the exact series.’

Il. LARGE-N ITERATION

Using the known factorization procedure in the N-space
dimension,'? the two pairs of first-order differential equa-
tions for the radial functions in polar coordinates are given
as follows:

EZEL%MF_(E_”,_ V(n)G,

dr r

(1)
46 _ _ KAV G (Egm— V.
dr r
Here
K= —(+IN=-1), j=I1+],
and standard four-dimensional spinors have been used:
1 [iGP™* . .

After some manipulation these equations can be trans-
formed to one second-order differential equation
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d> A' d K(K+1 A" K
(T =0,
(3)
with
A=E+m—V(r), B=E—m—V(r),
4= g4
dr dr

The first-order derivative term is eliminated by the transfor-
mation

U=JAg. 4)
Then we obtain an eigenvalue equation with an energy-de-
pendent effective potential

d*Uu (A " 347 A'K K(K+1)
dr’

— AB )U=0.
24 447 Ar r + )

(5)

Here, K may be expressed in terms of expansion parameter
k=N+2j

K= —(k/2-1). (6)

When k is large (N — o ), the leading-order approximation
of the energy becomes

Ux<bd(r—ry), (7)
E_, =V(ry) + m(1 + k¥/4m?*r2)V2, (8)
where 7, can be determined from minimization of the energy
RV (r)(1 +k*/4m*r2)V2 = k?%/4m . 9)

The leading-order energy term (8) is the same as in the case
of the Klein-Gordon equation except for the spin term in k.

Following the procedure in Ref. 8 we write Eq. (5) as
( 1 d? |84 k) 46 Viik—2)

——Z_ +
4mA,  8mA?’ 4mA_r

+ DB ki )uom
8mr
=(£'_) U, (10)
2m
where
E,=(EY—V(r)? —(E, — V(r)), (11)
2 _ E — Vi 2
fi(r = (m” —(E, ")) ’ (12)

2mk?
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and where

A, =E_+m—V(ry). (13)
— 2 A £ 1/2
It is convenient to shift the origin of coordinates to » = r, by @ =(3/4m" + 10 f (r)/m)"", (16)
defining
m _ Fa
2= (JE/r) (r—r) | (14) AWM= (r5/2mk)E, , (17)

Using (14) in Eq. (10) and expanding about x = 0 in pow- v
. . . . . . k ’ 7,
ers of x gives an effective harmonic oscillator equation with a (I 4ol 3 4 1 + 2 (ro)k

perturbation 8m 4mA_ 4m  km
l dz 1 (12,2 1) (1) ) (1)
(= gt e+ PO LAVE L MY Vs
AWgW(x) | (15) 4mkA,  8mkA>  2mkd_’
|
VO(x) = (1I/k 2 (6{x + €§Vx%) + (1/k) (e5"x* + €5"x*)
+ (1/K32) (8Vx + 85V%° + 8Vx%) + (1/k*) (8% + 8x* + 50x%) + -+, (19)
av
VI
° d" o

The definitions of €/’ and ;" are given in the Appendix.

The energy eigenvalue E'" can be obtained using the standard formalism of the fourth-order perturbation theory in
powers of 1/k (Ref. 6)

EY = V(ry) + m[——(E —V(ry)P + 2 [ k(ef)” + (n + l)w“’)
m\r} 2

+((1+2n) & 4 3(1 +2n 4+ 2n%) &
7 ;

(1),.2 [€"2 4+ 6(1 + 2n)&V&" + (11 + 30n + 30n2)2§”2])

—]t—(i[(l +2m)8" 4+ 3(1 + 2n 4 21°)8(" + 5(3 + 8n + 6n° + 4n*)5V]
0

w<”;2 + 12(1 + 21 + 21?)EVED

+2(21 + 597 + 51n% + 34n*)E1? 4 2608V + 6(1 + 2n)EELD
+30(1 + 21 + 2n?)ELEY + 6(1 + 2n)E SV

+ 2(11 4 307 + 30n2)&V85P + 10(13 + 40n + 42n* + 28n°)& 85"

b (”2’2 [42("%&" + 36(1 + 2n)E( Vg E

+ 8(11 + 301 + 30n*)EVE"? + 24(1 + 2n)€{V%EL

+ 8(31 4 78n + 78n*)E{VEVE" 4 12(57 4 189n + 22517 + 150n°) €V 7E" ]

(1)3’2 [86‘!)3—(1)+ 108(1 +2n)e‘”2§“)2

1/2
+ 48(11 + 301 + 302 )e§'>e<‘>3+30(31+109n+141n2+94n3)zg'>4])+ ” , (20)
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where
?;1) — e:;I)/[zrna)(l)] 1/2 ,
(21)
S _ s (1)y1/2
6" =6;"/[2ma' "]V,
The next step is to get £ @ in an iterative manner by writing
the eigenvalue equation in the following way:

1 d? V” k) &
(_E a” ama | ama 2
v (k—2) (k—2)(k—4) 2 ) @
k U
+ dmA _r 8mr? +k A ()
- (_‘.E_Z_)Um(r) (22)
2m
with the definitions
m?—(E_ — V(r))
Sor) = 2mk?
m _ _
4 (E E, )(V(zr) V(ry)) 23)
mk
and
E,=(E?—V(ry)?—(E, — V(") (24)

Repeating the above procedure yields

2
( Ld 1 mw‘2’2x2+e<2>+V‘z’(x))qs‘?’(x)

2m dx?
=}»(2)¢(2’(x) , (25)
where
= (3/4m* 4 14 f5 (ry)/m)*'?, (26)
/1‘2) (r2/2mk)E, , (27)
kK Vs 3 1 Ve
€ ="~ — 4k
° 8m 4mA_, 4m * km +rokha(ro) + 4mkA
IRV B roVo ’ (28)

8mkA: ~ 2mkA

VA(x) = (1/k %) (ePx + €¥'x*)
+ (1/k) (X% + €Px*) + (1/k*'?)
X (8Px + 8x* + 6x°)
+ (1/7k*) (8% 4+ 8x" + 6x°) + -+
(29)

At this stage the fourth-order perturbation theory is applied
to Eq. (25) once more. One can continue the iteration in a
similar way for more improved energy solutions. Although
the procedure can easily be applied to any spherically sym-
metric potentials, the results are given for the Coulomb po-
tential V' (r) = — B/r in order to see how it works:

25 12
ey (o)

k k2
()
TR LN 30
i e + - (30)
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E(z)zm[l 28 (P )

kT E
2
5(+k+ﬁ+“ﬂ- &l

The agreement between the second iteration E  and the ex-
act analytic 1/N series is perfect for the lowest-order relativ-
istic correction to the ground state.®

lil. CONCLUSION

A study has been made of the large-N iterative solution
for the relativistic spin-} particles based on the method de-
veloped for the solution of the Klein—Gordon equation. One
may conclude that the large-N iterative energy solution of
the Dirac equation leads to the exact agreement with the
analytic series in the case of the Coulomb potential. The
procedure can be applicable to the other spherically symmet-
ric potentials of physical interest, such as an electron with
anomalous magnetic moment interacting with an external
Coulomb field, which is the possible explanation of the reso-
nance during heavy ion collisions. Furthermore, the method
may be useful in the charge-magnetic monopole solution of
the Dirac equation when it is possible to write the equation in
arbitrary dimension.
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APPENDIX: DEFINITIONS OF ¢; AND 5,

Here we give the definitions of ¢; and §;:

6‘”:(_3-4. ’%V('; + ’(Z)V(’)z _ rVs (A1)
1 2m  4mA, 4mA?,  4mA_
e<”=(_i rVe | 3kViVs  nVy
4m  8mA_ 8md 2 4mA
RVE  RVE
oVo TV 4 oV o ’ (A2)
4mA’ 4mA>  4mA_
(1) 1 1; "
€ = _2_+_6‘ 0 (r()) (A3)
r6 1002
651):(8%"' 0f124("o)>, (Ad)
so_(_ 2, RYE RV nvy
! m  4mA,  mA:  4md’
AV  RAVE Vi
_fo¥o M7 5% o , (AS5)
2mA ., 2mA?,  2mA_
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50— i+r3V6"'+5r8V6V6” A4S
: 8mA 8mAd2  2mA?

1IRVEVE 9AVe AV
8md > 8mA*  4mA
VeV  nVe nrVS
4mA % 2mA,  2mA’,
'12) 45 roVs )
2mA:,  2mA_ )’
a<1>=(i BVy | RViVE  RVY

m  24md,  6mA:  8md
BVe:  RVeve  3nViVy
SmAZ | 2md’ | 8mAl

AVs |, nVs
4mA 4mA %,

o

Ve  nrve roVs
" 4mA>d, | 4mA: 4mAw)’
55,)=(_£ RVy™  SRVVy”
dm  96mA 96mA 2,
_AVET | SRV
24mA,  48mA>
SRVEVE  AViVE RV
24mA>.  6mA:  8md_
SEVIVIE AV SRVIVE

16mA>,  8md> = 8md*
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(A6)

(A7)

RVEVS IRViVy AV
 2mA>, 8mA2  4md
RVE  Ave  Rve

amA®  amA” | ama>

0

245 roVo ) (A8)
4mA:  4mA_ )’
3 réfi"”(ro))
5(1)=(__ —_ 2, A9
’ am T 120 . (A9
rS rerrre
6(2) = (i r(?)V(’)’ ’.(Z)V(I)Z
' 2m  4mA_  4mAZ
Vi RVLEV-E
_4::,40 420 °(mk m)). (A11)

Other coefficients have the previous values with the replace-
ment £, - f;.
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The so-called compatibility problem for relativistic wave equations in Riemann spaces ¥, has
its counterpart in Riemann—Cartan spaces U,. What is to be understood by incompatibility is
elucidated. It is shown that in a U,, the minimally coupled massive spin-S Dirac equations
imply constraints for all values of S> 1. In a U, (though not in a ¥,), one has a constraint
already when S = 1. It is shown that the equations can be compatible (when .S>>1) only if
torsion is absent, i.e., if the U, is in fact a V. If one contemplates the equations on the level of
first quantization, the minimal coupling prescription is inappropriate, and minimal Hermitian
coupling is prescribed in its place. However, the previous conclusion, that for S>1 the
equations are always incompatible in the presence of torsion, remains valid.

I. INTRODUCTION

In an earlier sequence of papers' (hereafter referred to
as VO, V1, V2, V3, V4, and V5, respectively), I investigated
the compatibility of pairs of relativistic first-order spin-S
( = :An) nonzero rest mass equations in Riemannian space-
times ¥V, of signature — 2. Since a corresponding investiga-
tion is now to be undertaken in a Riemann-Cartan space-
time U,, it is appropriate to set out clearly the original
problem, and in particular to clarify how the term “‘compati-
bility” is to be understood. In broad terms, one is concerned
with the question of whether the curvature of the V, will, in
general, imply constraints upon the field spinors £,7; that is,
constraints which are absent in flat space. It is necessary to
be more explicit, as follows. The spinors £ and 7 must satisfy
two coupled first-order equations [Eqgs. V3(1.1)]. These
imply, by elimination, not only that £ and  (each of which is
required to be symmetric in its dotted and undotted indices)
must separately satisfy second-order wave equations, but
also that, in general, at least one of them—Ilet it be £—satis-
fies a certain algebraic equation, homogeneous and linear in
its components: the “(equation of) constraint.” Now in flat
space, the manifold of solutions corresponds to the choice of
all possible sets of Cauchy data, any particular solution (val-
id in a neighborhood of some chosen spacelike hypersurface
#°) being fixed by freely specified values, on 7, of the com-
ponents of £ and of the derivatives of these with respect to x*.
The same state of affairs would obtain in a (nonflat) ¥, were
it not for the presence of constraints, for the latter imply
restrictions on the freedom of choice of the Cauchy data, in
as far as the values on # of the components of £ can no
longer be freely prescribed once the values of their x* deriva-
tives have been chosen. The requirement that in a general V,
one should have the same freedom in the choice of the
Cauchy data as one would have if the V, were flat is thus
inconsistent with the form of the given pair of equations for £
and . Itis just this conclusion which is often translated into

) Permanent address: Department of Physics and Theoretical Physics, Fac-
ulty of Science, Australian National University, GPO Box 4, Canberra,
A.C.T. 2601, Australia.
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the ill-chosen, though convenient, phrase “in a general V,
the equations [i.e., V3(1.1)] are incompatible,” for this sug-
gests that there is some internal contradiction between them.
There is not; the contradiction is between the equations and
an additional prescribed condition concerning the Cauchy
data.

Two concomitant questions now arise. The first is this:
can the ¥, be so chosen that the constraints become nugato-
ry? In V2 and V3, it was shown that for arbitrary S and
arbitrary representation (see Sec. I of V4), compatibility
requires the ¥, tobe an §,, i.e., to have constant Riemannian
curvature. One has weaker conditions in only two cases: (i)
when S = } and the representation is & ,, the ¥, needs to be
merely an Einstein space, or (ii) for any value of S, when the
representation is &, the ¥, must be conformally flat. These
results almost inevitably lead to the second question: can the
field equations be so modified by the inclusion of additional
terms which vanish in flat space that the compatibility of the
resulting nonminimally coupled equations is assured? In V2
and V3, the construction of such equations is achieved for
the special representation &y and & ,, but for arbitrary rep-
resentations I have hitherto found the problem intractable.
Finally there is the additional problem of finding Lagran-
gians which generate the compatible (nonminimally cou-
pled) field equations, granted that the subsidiary conditions
are imposed after variation. This is solved in V4 in two spe-
cial cases, namely for § = } and S = 2 when the representa-
tionis & ,.

One generalization of general relativity theory which
has been widely investigated is U, theory. (For a compre-
hensive survey of the latter, see Ref. 7.) The geometrical
framework underlying U, theory is a Riemann-Cartan
space-time U, that is, a four-dimensional linearly connected
space on which a covariant constant metric tensor of signa-
ture — 2 is defined. This definition differs from that of a
Riemannian space-time only in that the skew-symmetric
part I'; )k = :S;* of the linear connection is not required to
vanish. The meaning of minimal coupling remains as before:
partial derivatives in the flat-space equations are replaced by
covariant derivatives. This prescription entails that the cur-
vature tensor does not appear explicitly in the (first-order)
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equations at all, and the torsion tensor S;* occurs in them
only through the I“,-j" present in covariant derivatives.

Questions analogous to those examined in V0-V4 of ne-
cessity arise also in U, theory. The compatibility problem as
such has been considered by Barth and Christensen,® who
quote a number of other references. However, all these, ex-
cept Ref. 8 itself, lack generality in as far as only special, low
values of S are contemplated, or else they deal only with the
case of zero rest mass. On the other hand, in Ref. 8, eight
distinct criteria are adopted towards the development of
massive spin-S equations, the compatibility of which is then
examined; but they are taken, ab initio, to be second-order
equations. Moreover, the boson equations differ generically
from the fermion equations. (Equations which differ only in
the valences of the field spinors that enter into them are not
regarded here as generally distinct.) By contrast, the present
paper (which presupposes knowledge of the notation of VO-
V4) makes a beginning with an investigation in the context
of U, theory of problems outlined above in the Riemannian
context, the equations to be examined being appropriate
modifications of the (first-order) flat-space massive spin-S
Dirac equations. The boson and fermion equations are,
moreover, not generically distinct.

A rough outline of the work that now follows is this: in
Sec. I1, a number of definitions of, and relations between,
various tensors in U, are given. Although they are, generally
speaking, to be found—widely scattered—in the literature,
this is done partly as a matter of convenience and partly to fix
the notation. Section III contains an analogous collection of
definitions of spinorial quantities, together with a set of rela-
tions involving them, which generalizes to a U, a corre-
sponding set in a V,, given previously.® In Sec. IV, the exis-
tence of constraints implicit in the minimally coupled
massive spin-S Dirac equations is deduced. Whereasina ¥,
there are no constraints for S <3, there is in a U, already a
constraint when S = 1. In Secs. V and VI it is then shown
that, for all values of S > , the equations under consideration
cannot be compatible unless torsion is absent, i.e., when the
U,is a V,. (Such a U, will hereafter be called “trivial.”) If
one contemplates the equations on the level of first quantiza-
tion, the minimal coupling prescription is inappropriate. In
Secs. VII and VIII, minimal Hermitian coupling is therefore
adopted in its place; but, as before, compatibility of the equa-
tions requires the absence of torsion.

Il. THE U,: TENSOR RELATIONS

A Riemann-Cartan space-time is characterized by a
metric-compatible asymmetric linear connection I',,”, i.e.,
it is a linearly connected space endowed with a (symmetric)
metric tensor g,;, such that

8ix =0, (2.1)
granted that, with
L) =847, (2.2)

the “torsion” S, ™ is, in general, nonzero. Indices following a
semicolon denote covariant derivation with respectto I',”,
e.g.,
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tk m tk '.m - kantnl + an ]tk’l y (23)

as usual. If ", ™ are the Christoffel symbols which belong to
o

g ie.,

I;klm: =8"" (8nctty — i) > (2.4)
one finds from (2.1) that

ry™= Eklm+Lklm’ (2.5a)
where

L™ =84 =8y —Sx™, (2.5b)
is the “contorsion tensor.” Note in passing that

Liym =0, (2.6a)

Ly, =847, (2.6b)

Ly im)=Sim - (2.6¢)

As suggested by the notation of (2.5a), a subscript O under a
kernel symbol shall indicate that the quantity in question
belongs to the ¥, whose metric tensor is g;;.

By straightforward calculation one finds that, if ¢, is a
vector,

2ti;[jk 1 = R mljktm —_ 2;S}kmt,-;m s (2.7)
where
R7u:=Tu"; =Ly + T, T, =T, T™,  (2.8)

is the Riemann tensor of the U,. More generally, if X is any
tensor (or spinor), X;,, , consists of a sum of terms familiar
from Riemannian geometry, together with a further, addi-
tive term — §,,"X,,, . I write

Xy = X )* —Su"X,, . (2.9)
(Note that the curvature tensor contained in the first term
on the right is, of course, that of the U,.) The Ricci tensor is

R;:=R",, (2.10)

and it is, in general, nonsymmetric,

Ry =284, — 5" m + 28,78, , (2.11)
where
S;:=5,7. (2.12)

A U, with zero R, will be called “Ricci-symmetric.” The
scalar curvature is R: = g”R,; as usual, while the trace-free
part of R, is

Ej=R,—ig,R. (2.13)

R, is of course skew in jand k, but it is also skew in # and

1
Rme‘(jk) =0,
R, =0.

(2.14a)
(2.14b)

In place of the cyclic identity R ™, | = O one has here,
0

R™ = — 251" 4SSk, =2 . (2.15)
Finally, while
Primn* = Rklmn - Rmnkl (2163)
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vanishes in a ¥, one has here,

pklmn = %(Zklmn + zlknm + Z,knl + znklm ) . (2. l6b)
Finally one has the differential identity,
R 7wty = — 28 % "R ™aiyn - (2.17)

From this one obtains further relations by contraction; e.g.,
contraction over /,m, followed by transvection with g%, leads
to the identity,

Ri, — R = — 25, R+ SR ey - (2.18)

Occasionally it is useful to express R ™, in terms of Ig ks

R7p =R "y + 2Ly " ) + 2Lip "Ly " (2.19)

indices following a bar indicating covariant derivatives with
respect to ;.
[4]
In Secs. VIand VII of Ref. 9 (also referred to as S) there

occurs a number of relations which involve the conformal
curvature tensor. There is a formal analog of this here, name-

ly,
Cklmn: = Rklmn + %(gkaln - gkanm - glmRkn + glanm)

— 4(8km8&in — Bkn&m IR - (2.20)

Like the conformal curvature tensor, it is trace-free, but its
geometrical significance is obscure.

The torsion may not be general: (i) when there is a vec-
tor :9,,, such that

(2.21)

one speaks of ““axial torsion”; and (ii) when there is a vector
S, such that

S5 =36",S,), (222)

one speaks of “vector torsion.” Even more specialized is the
case of vector torsion when S, is a gradient, i.e., there is a
scalar .S such that

S, =5, (2.23)
and then I shall speak of “scalar torsion.” (This occurs, for

instance, in Hojman et al.'®) Scalar torsion implies symme-
try of the Ricci tensor. If one requires R,,,,,, to have the form

—_— om
Sijk = CjmS " 5

Rismn = A(&n8mi — Bkm8nt) (2.24)
one finds, by using (2.17), that the torsion must be scalar,
with

Sy =3(InA),. (2.25)
One can also contemplate the possibility of S’,,, being a gradi-

ent. This case appears to be less interesting, though here
again R, is symmetric.

lIl. THE U,: SPINOR RELATIONS

The spinor calculus associated with a U, follows the
calculus of Infeld and van der Waerden'' quite closely. A
two-dimensional complex vector space .S,—spin space—is
attached to each point of the U,. The elements of S, are
“(two-) spinors.” Transformations of S, are elements of
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GL(2,C), and in general they are carried out independently
of coordinate transformations in U,. (Under the latter alone
spinors are therefore invariants.)

A linear spinor connexion I'“g, serves to define covar-
iant differentiation of spinors; e.g., if £, is a spin vector,

—I €, . 3.1
It is fixed by the prescription that the Hermitian connecting
symbol (“Pauli matrices”) o, be covariant constant,

§,u;k = w,k

*
— m a i —_
Trpvit = Ogipni — Ly Oy — r il Tkeev — r wOkag = 0.

(3.2)

*
(The symbol = is to be read as ““is required to be.” Its use

will prove beneficial later on.)
The skew-symmetric metric spinor ¥, is also required
to be covariant constant:

*
Vuvik = Vuvk — Fi/lk Vv = 0,

(3.3)

whence it follows by transvection with y** that I'*,, is a
gradient:

T =1(ndety,z), =4, .
Transvecting now (3.2) with ¢*** and taking (3.3) into ac-
count, there comes an explicit expression for the linear con-
nection:
I, =i(oc™*o -0, (34)

a bar denoting complex conjugation. The counterpart to
(2.52) is

m kpu
mpv,d Ly A& T mpy

r“, — IO"‘,,,( =:A*, = — IS L - (3.5)
The analog of (2.7) is the relation

2801 =Pribr — 280 E pim » (3.6)
where

P = 2T +20%,, T 3.7)

is the spin curvature tensor. More generally, the relation
(2.9) continues to be valid when X is any tensor spinor.
(X4 ))* thus stands for the usual sum of terms of which
X,(4s ) consists in the calculus of Infeld and van der Waer-
den,'® except in as far as here I'*, as given by (3.5) enters
into the definition (3.7) of P*,,,.

Taking X to be 7,,, (2.9) merely shows that P*,,, is
trace-free:

Pl}»kl=0' (3-8)
Less trivially, take X to be 0,,,,. Then at once,
R%n Oy + PomnOite + PP om0, =0, (3.9)

bearing in mind that g, , itself vanishes. By transvection of
(3.9) with o™, it follows that

PHy, = %Smn#vanki ’ (3.10)

and conversely,
DR apmn = — 281", P Vimn s (3.11)
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which happens to be the same as $(2.37). [One has to be on
one’s guard against uncritically taking over as they stand
those relations of Ref. 9 which involve curvature quantities.
For example, $(2.35) would not be correct here, on account
of (2.16a).]

It is sometimes appropriate to write V, X in place of X, .
Then, writing V#,: = 0**_V,, if X is any tensor spinor, one
has

VAV X = — 18, 0X —SK X, , (3.12)
and the second term on the right may be transformed by
means of (3.6). The notation

D=V, V,, (3.13a)

D, :=8Y,D,, (3.13b)
is sometimes helpful [cf. V3(2.4)]. As regards the commu-
tator of V#* and V#? one has [cf. V3(3.6)]

[V ¥P°) = — (D> + yeD#) . (3.14)

Just as S(2.35) had to be replaced by (3.10), so the
various identities of Secs. 3, 5, and 6 of Ref. 9 are not valid
here as they stand, and corresponding identities need to be

found. Thus, pursuing exactly the method of Sec. 3a of Ref.
9, one has, in place of S(3.1),

eklabemncdRade — 4R mnkl + 16g[k [nE mll] ; (315)
while in place of $(3.2)

emncdRCdkl_ eklcdRCdmn - _ 4ekls[mESn] ) (3.16)
From this a “new” identity may be obtained:
emncdpkl | gkledpmn . __ goklalm( fr mo_EMy. (3.17)

Next, the relation analogous to S(3.3) may be obtained by
the method used previously, but the work involved is much
more tedious. The final result is

nabkl;ICdmanbcd = 41]k1a[mEn ]a + ;Imn Cdpklcd .
As regards (3.4), the analogous relation is

7*Rigpe + R/ = — 41"z, . (3.19)
All but the first of the relations of Sec. V of Ref. 9 require
modification in going over to a U,. It will suffice to quote,

without proof, merely the more important of the modified
relations:

(3.18)

Im(Ska#vP Vyla) = ‘ltekabc(zlabc +Plabc) ’ (320)

Ry =28 P¥ 1y — 4iei ™ (Ziape + Prave) »  (3.:21)

SHELPY = — IR + 4™ 2,0) — SHRyy
(3.22)
S WPy = gPEGPTE,, + LSS oy L, (3.23)
ie*>S! PP, = (R¥ — 1gFR) — Liek®®<7', | (3.24)
P¥ iy = — 285 "P¥,, (3.25)
SH P 1y ks = 38 S Cprn — 38, S %0
+ 47105 oy IR a |

— BV 0, € 2 apeq - (3.26)
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IV. MINIMALLY COUPLED EQUATIONS: CONSTRAINTS

Adopting minimal coupling for the time being, the
equations of interest are, by prescription, formally identical
with V3(1.1)—only the significance of the covariant deriva-
tive is altered:

v/‘s+|Vl§il|”'/";V|'”V: — Knﬂv"'l"s+ MY , (413)
vﬂ‘+‘V'”}l'...ﬂ‘*lv'..'v"'=K§p'.“ﬂxv'.”v'. (4.1b)

Using the abbreviated notation introduced in Sec. 2 of V3,
they become

Il+1 MINI M+IN1—1
Vi & : ,

=K1}

(4.2a)
V., e e = g M (4.2b)

Proceeding exactly as in Sec. II of V2, one immediately finds
the equations of constraint

A . *
D, ,t"“=o0, (4.3a)
A M\+ Ny *

PN =0. (4.3b)

V. THE CASE OF SPIN 1
A. The scalar constraint

In contrast with the situation in a ¥, one encounters a
constraint already when .S = 1. For the sake of orientation, it
is worthwhile to consider this special case first. If the field

spinors are £#* and 5#*, only (4.3a) survives here. Thus
A *
D s£°=0. (5.1)

The two terms involving the spin curvature which appear on

the left are mutually equal, so that (5.1) becomes explicitly
%k

K: =Sk’aB(P“yk,gﬁV—f—Sk,'"g‘“ﬁ;m) =0. (5.2)

Thus one has here the single scalar constraint X = 0. Using
(3.22) it may be written as

*
K=(“R[kll+Sk1mvm)sklat?§aﬁ=0- (5.3)
It is convenient to define the operator
K= =Ry )+ Su™V.m - (5.4)

B. Implications of the constraint
When S = 1, the s = 0, t = 2 equations (4.1) are
Vivé‘“":mfi", (5.5a)
Vo = kEF. (5.5b)

Eliminating 77** between these, one obtains the second-order
equation

(O+22)EH +2D" g% =0. (5.6)

On account of the prescribed symmetry of £ #*, this splits up
into the pair of equations

(O + 26" +2D %, 0 =0, (5.7)
D, t*=0, (5.8)
H. A. Buchdanhl 703



the second of which is, of course, the constraint (5.1). The
skew-symmetrized second derivatives are to be thought of as
removed by means of Ricci’s identity (2.9). Written out in
more detail with the aid of (3.22), (5.7) reads,

O&# + 285,,"S k’(“pg Ve, + {SHH, (PY iy + 8V 5R 11 1)
+5”H5VB[2K2—}‘(R+l'z)]}§aﬁ=0, (5.9)

with z: = 1e***“z,, ,. By inspection, the generic form of this
equation is

G+ AT P + B 5EP =0,  (5.10)
while that of (5.8), that is, of (5.3), is
Fr & +H,E"=0. (5.11)

A, B, F, and H are known functions of the coordinates. For
example, using the abbreviation

S = 8, S (5.12)
a quantity which recurs frequently, one has
Fr =87, (5.13)

but 4, B, and H are more complicated.
Now, if the index w only goes over the range 1, 2, 3, one
has from (5.11),

(F*, 6"+ H,E") + F* e, =0. (5.14)

In the absence of this equation, the Cauchy data for the wave
equation (5.10)—a hyperbolic second-order equation—
consist of the values of £#*and of £ ¥, on #, and these can
be arbitrarily prescribed. This freedom of choice is violated
by the condition (5.14), for any particular choice (on &) of
the £*" already fixes the derivatives £, on 7. It follows
that F*,, must vanish. Equation (5.14) then implies that
the £# cannot be chosen arbitrarily on #°, which is not
acceptable. In short, compatibility requires that H,,, and
F™,, vanish. However, the vanishing of #™,, implies that
S,,” must vanish, bearing in mind that this tensor is real; and
then H,,, also vanishes. One thus arrives at the conclusion
that in a nontrivial U,, the minimally coupled massive spin-1
Dirac equations are not compatible.

VL. IMPLICATIONS OF THE SPIN-S CONSTRAINTS

In the case of spin-S fields, the constraints are given by
(4.3). It will be supposed that 7>2. (Should this condition
not be satisfied, one simply goes over to the conjugate equa-
tions.) The equation corresponding to (5.6) is

(O+22)EM N 2D g™ = 0.

Because of the required symmetry of & M in its undotted

(6.1)

indices, this splits up into a wave equation for £ ¥ and an
equation of constraint:

(O 4 262) MM L 2D G g MMt (6.2)
D,, £"M=o. (6.3)
The generic form of (6.2) is
g AN RN B R =0,
(6.4)

while that of (6.13) is
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Fmvl"t— lé’M‘r}v,,m + HMJV’K,A,g K =0. (6.5)

[With indices suppressed, the functions 4, B, H in Egs.
(5.10) and (5.11) are special cases of those in (6.4) and
(6.5); F" 5 in Eq. (5.11) on the one hand and in Eq. (6.5)
on the other are, however, the same functions. ]

In essence the argument following Eq. (5.13) can now
simply be repeated: Eq. (6.5) represents a limitation upon
the prescribed freedom of choice of the Cauchy data for the
wave equation (6.4), unless S;,”” = 0. In other words, in a
nontrivial Riemann—Cartan space, the minimally coupled
massive spin-S (S > $) Dirac equations are not compatible.

VIl. MINIMAL HERMITIAN COUPLING

The minimal-coupling prescription contains some arbi-
trariness already in the general theory of relativity. There,
one usually appeals to the principle of equivalence; yet it is
difficult to see how constraints of the kind [V2(2.3)] can be
made nugatory except by the inclusion of further, nonmini-
mally coupled, terms in the equations [V2(1.1)]. Ina U,,
there is a greater degree of arbitrariness on account of the
presence of an additional tensor field, i.e., the torsion. Mini-
mal coupling, as understood hitherto, is the prescription that
the field equations result from the formal replacement, in the
flat-space equations, of partial by covariant derivatives with
respect to the linear connection of the U,. As a result of this
process, neither the curvature tensor nor the torsion tensor
will make their appearance explicitly in the equations, the
torsion tensor being present only through its occurrence in
the linear connection where it enters into the covariant de-
rivative. There does not seem to be any compelling reason
why the appearance of the torsion tensor in the equations
should be limited in exactly this way; one is indeed merely
reflecting the spirit of U, theory.

Now there is in fact one modification of the previous
prescription which is, in a sense, inevitable; namely, when
one contemplates the field equations on the level of first
quantization.'? In that case, initially again with flat space
and Cartesian coordinates, one will think of — id, in the
derivative — £, (indices of £ suppressed) as being #~'
times the operator representing the x* component of linear
momentum. While —id, is Hermitian, its counterpart,

— iV, in a U,, is not. On the contrary, as will be shown in a
moment, it is

—lV'k:= _i(vk_Sk) (7'1)

which is Hermitian. Accordingly, the “simplest”” acceptable
prescription, one which comes closest to the previous mini-
mal-coupling prescription, is what I shall call the prescrip-
tion of minimal Hermitian coupling: in a U,, the equations
satisfied by the field spinors are those which are obtained
from the flat-space equations by the replacement in these of
3, by V',.. If ¢ is any tensor spinor associated with the U, as
such, e.g., &u» Oxuvs Riumns its covariant derivative is, of
course, t,,: = V, 1, as before.

To investigate the question of Hermiticity, it suffices to
consider the example of the integral

J:=if§ﬂoj‘”"(§,,,k +aS.E ) wd*x (7.2)
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where w: = |det g;|'/> and « is a real constant. Here the
term

if oL W d*x

may be transformed by an integration by parts. Rejecting a
surface term, it becomes

—ifgv(okﬂvg,,w),k d*x.

The partial derivative may be replaced by the covariant de-
rivative V, provided compensating terms are supplied. In so
doing, two of the terms which appear differ only to the extent
that corresponding to a factor I';,,” in the one there is a
factor ", . "™ in the other and the difference between them is
2S,, not zero as in a V. In this way, one finds that

J= —ijgva"“""[é'mk — (@ +2)é,8, Jwd*x. (1.3)

This is the complex conjugate of the expression on the right-
hand side of Eq. (7.2) if and only if @ = — 1, a conclusion
which justifies Eq. (7.1).

VIil. THE CONSTRAINTS REVISITED

If £ is any field spinor (indices suppressed), write
S =V 8.
Then

M = §"v;k1 - 2S(k§‘w;1) - (Sk;l — Sk SHE. (8.1)

Therefore, if a prime indicates Hermitian coupling,
O=0-25V, — (S,.* -S89, (8.2a)
b = ﬁk! + Stk - (8.2b)

For example, in place of Egs. (5.3) and (5.4), one now has
K':=K'ySH £

*
t= (St y = Ros 1 + 5"V )8 Kop 7 = 0. (8.3)
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According to Eq. {(8.2), ' differs from [O€ only by terms
free of second derivatives of £, while D’ ;£ differs from D, £
only by terms altogether free of derivatives of £. It follows
that the generic form of Egs. (6.4) and (6.5) is preserved,
with A,...,H (indices suppressed) becoming 'A,...,H, say;
but, in fact, 'F=F. Therefore the general conclusion
reached at the end of Sec. VI continues to hold when mini-
mal coupling is replaced by minimal Hermitian coupling.
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It is shown that all self-dual Yang-Mills fields generated by the Atiyah-Ward Ansatze .7, can
be obtained from the Ansatz .o, by the “dressing” method of Zakharov and Shabat [Funct.

Anal. Appl. 13, 166 (1979)].

I. INTRODUCTION

Self-dual solutions of the Yang—Mills equations are im-
portant from the mathematical and physical point of view.
Among these solutions are instantons,’ which play an im-
portant role in path integration, and static solutions, which
after transformation to the Minkowski space can be inter-
preted as magnetic monopoles™ (in the Bogomolny—Pra-
sad-Sommerfield limit). The self-dual Yang-Mills equa-
tions represent a valuable example of a ‘“‘completely
integrable” system of nonlinear equations. Surprisingly they
are also useful in differential geometry and topology. In par-
ticular, the existence of nonequivalent differential structures
on R* was proved by means of the moduli space of instan-
tons.*

Self-dual fields can be obtained by different methods, in
particular by (i) the Atiyah-Ward Ansdtze,>’ (ii) the Zak-
harov-Shabat transformation,®® (iii) the Bécklund trans-
formations related to Yang’s formulation of the self-duality
equations,®'®!! (iv) the Atiyah-Drinfeld—Hitchin-Manin
(ADHM) construction of instantons,'? (v) Nahm’s modifi-
cation of the ADHM method for monopoles,'* and (vi) oth-
ers, which usually exploit strong symmetry assumptions
(see, e.g., Ref. 14). The first three approaches are local.
Methods (iv) and (v) refer to specific boundary conditions
and it is known that they yield solutions available through
the Atiyah-Ward Ansitze.>'* In this paper we focus on the
first two techniques. Our main result is an observation that
the space of local GL(2,C) solutions generated by the
Atiyah-Ward Ansitze o/, is invariant under the Zakharov—
Shabat transformations and can be reproduced, using these
transformations, from the Ansatzes/ . In virtue of this re-
sult it is not strange that SU(2) magnetic monopoles (satis-
fying the Bogomolny equations) can be obtained by both
methods.*"’

We consider pure Yang-Mills theory with the gauge
group GL(2,C) in the complexified Minkowski space CM.
The metric tensor of CM is g=g,, dx*®dx", where
pv=0123andg, = diag(l, — 1, — 1, — 1). The Yang—
Mills field is represented by a gl(2,C)-valued one-form
(pullback of a connection)

A=A, dx".
The field strengths are given by
F=dA+ ANA =\F,, dx"\dx".
We say that 4 is self-dual iff
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*F= +iF, (D

where *F is the form dual to F. In virtue of the Bianchi
identity Eq. (1) implies the Yang—Mills equation D *F = 0.
In the Weyl spinor notation condition (1) reads

F3€=0 (2)
or
FC.ci =0. 3

Equation (3) can be obtained from (2) by a change of orien-
tation in space-time. For this reason we will restrict our-
selves to Eq. (2) in what follows.

All considerations are local in CM and all functions are
assumed to be analytic with respect to x“. A reduction to the
SU(2) gauge theory in the four-dimensional Euclidean
space can be achieved by restricting CM to a submanifold
defined by Im x° = Re x* = 0 and imposing reality condi-
tions on gauge fields and corresponding wave functions.

Il. THE ATIYAH-WARD AND THE ZAKHAROV-SHABAT
METHODS

It can be easily verified that Eqgs. (2) are integrability
conditions for the following system of linear equations for a
GL(2,C)-valued function ¥(A4,x) (Ref. 16):

A8 +A4,5)¥=0, (4)
where A 4 = (1,4) and AeC = CU . Given a self-dual field
A one can find two solutions ¢ , of (4), which are holomor-
phic functions of A on

U, ={AeC: |1|<R.,}
and

U_={ieC: 4] >R_},

respectively, where the radii R, satisfy R, >1>R_. The
intersection U = U, NU_ forms a neighborhood of the unit
circle T in C. On U we can define the matrix function

G=yi'y_, (5)
which, in virtue of (4), satisfies
A19,,G=0. (6)

Equation (6) says that G is a function of 4, x*2 and A only.
Conversely, given a function G satisfying (6), holomor-
phic on a neighborhood U of the unit circle I and decompos-
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able according to (5), we can connect with it a self-dual
Yang-Mills field.'® This fact follows from the equality

(A1 0¥ Y3 = (A" )P on U N
obtained by derivating (5). A direct consequence of (7) is
that the lhs (or rhs) of (7) is extendable to a holomorphic
function on C with at most a first-order pole at . Hence
there exist x-dependent coefficients 4 ,; such that (4) is sat-
isfied with ¢ equal to ¢, or _. They define a self-dual field
since the integrability conditions of Eqs. (4) are necessarily
satisfied. The most difficult part of this scheme is the Rie-
mann-Hilbert splitting problem (5). It can be easily solved
if G satisfies the Atiyah-Ward Ansatz ./, (we admit
det G #£1)

-, —f
G [/{ e=/, P, ] ’ 8)
0 Ale?

where / is a non-negative integer and f; p, and ¢ are complex
functions. Such Ansdtze (with f= g = 0) were proposed to
describe instantons® but their most spectacular success is
connected with multimonopoles.”'

In the Zakharov-Shabat transformation method'’ we
start from a given solution 4 and the corresponding wave
function . We search for new fields 4 ' and ¢ such that

Y= X ¥, 9
where y is a meromorphic function of 4. In the simplest case
each of the functions y and y~ ' has only one first-order pole
(at u and v, respectively). Then y takes one of the following
forms (modulo gauge transformations, which correspond to
the multiplication of y by a A-independent nonsingular ma-
trix function):

=14 (u—-—v/(1—-p)lP, (10)
y=1—-P + [/ (A—w)]P, v=o, (1)
y=1+A—-v—-1P, y=c, (12)
x=1+[V/(A—w)]S, v=u, (13)
Yy=144S, v=u=ow, (14)

where P? = P,§? = 0,and Pand .S donotdependon . Each
of the above expressions can be used to generate new self-
dual solutions of the Yang-Mills equations. The case (10) is
generic in the sense that all the remaining cases can be ob-
tained from it by taking suitable limits, e.g., (12) is a limit,
for £ — oo, of (10) multiplied by [1 + (v —pu — 1) P] and
(13) follows from (10) in the limit v—yu, (u — v)P—S. For
this reason we will restrict ourselves to the transformation
(10) in what follows. This transformation can be considered
as a building block for more complicated transformations
(with many poles in y).

Inserting (9) and (10) into (4) (with primed quanti-
ties) yields new potentials

Aip=A5 — p((p —v)P) - [Azz‘;,(,u- - V)P] ’
Aéb =A28 ’ (15)

and a set of solvable conditions on u, v, and P. Concerning
and v they are

(16)
17

p' 0.1 =0,
1/4(91“'91’:0,
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where pu? = (1,4) and p* = (1,v). The remaining condi-
tions yield (if0#P #1)

P=pKN", p=(N'K)"', (18)
where K and Nare C 2-valued functions (columns) satisfying
V(0,5 +A4,)K=0, (19)
p'@N"—N4,)=0, (20)

and such that ¥ 7K #0.
Analytic solutions of (16) and (17) are given implicitly
by

w—h(ux*) =0, v—hy(v,x®) =0, (21)

where h, and h, are functions of two complex variables. If
the wave function ¢ is well defined for A = u,v then

NT=n"p(u)~', K=yW)k, (22)
where Y(a) = ¢|,_, for any e and
u'dzn=0, v'd;k=0. (23)

It follows from (23) that the vector functions n and k de-
pend only on ,x*? and v, x*5, respectively. Note that the
projection P remains unchanged if N and K undergo the
foliowing transformation:

N fi(ux*®)N, K—fy(v x*P)K,

which preserves Eqgs. (19) and (20).

The wave function yy has additional singularities at u
and v in comparison to . If u, v, n, and & are constants and
n"k #0 then these singularities can be removed by multiply-
ing y¢ to the right by

0=1—[(g—v)/(A-=»)1(n"k) 'kn". (24)

Itisinteresting that y and 4 ' can be derived in this case from
the assumption that y¥Q, with Q given by (24), has no sin-
gularities at u and v. This property can be used to character-
ize the Zakharov—Shabat transformation in the case of o
models (then u, v, &, and n are necessarily constant).

We can use different solutions of (4) to obtain N and K
according to the formula (22). The only restriction is that
one of them should be defined for A = ¢ and the second for
A = v. Such a situation may occur when we apply the Zak-
harov-Shabat transformation to the functions ¢, described
in the beginning of this section.

lll. THE ZAKHAROV-SHABAT TRANSFORMATION OF
THE ATIYAH-WARD ANSATZE

A problem arises: what are domains U, and functions
¥, corresponding to the self-dual field 4 ' obtained from 4
by the Zakharov-Shabat transformation. Since the yy, sat-
isfy Eq. (4) (with 4") the functions %", should have the
form

V. =xv.0Q., (25)
where
A*3,,;Q, =0. (26)
The new patching function G is given by
G =0Q0;'GQ_. 27
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The assumption that ¢, have the form (24) is in general
incompatible with (26) (e.g., when usconst). Roughly
speaking we should rather replace u, v, n, X in (24) by their
A-dependent extensions (holomorphic in U, or U_) anni-
hilated by A4 d,; and tending to u, v, n, K when A —pu or
A—v. Below we construct these extensions in a neighbor-
hood of an arbitrary (but fixed) point p, € CM. We assume
that

(28)

a condition that can be easily satisfied by a shift of coordi-
nates.

We define the following transformations of CM depend-
ing on A:

T/1+ (xlB’XZB) — (O,/{AXAB) ,

xB=0 atp,,

o A (29)
T7(x"5x*®) =(—4""'4,x"20).
If u satisfies (16) then the pullback
sy = (T )*u (30)

satisfies (6) and is a holomorphic functionon U, for small
values of x*%. Moreover [compare with (21)], if u takes
valuesin U, then

My (@) =p (31)
since both sides of (.21) satisfy Eq. (16) and coincide with

each other when x'2=0 (foru, ) or x**=0 (forp_). A
more precise characteristic of u , is given by

A—p, =A—pexpf, , (32)
where f, are holomorphic functions for A€U , . In a similar
way we introduce v = (T} )*v having the property

A—v, =(A—viexpf’, . {33)
Factorizations (32) and (33) are valid independent of val-

ues of u and v.
Given N and X satisfying (19) and (20) one can define

(NT , ifuel,,
ngz[ T¢i(“) ,“0 = (34)
N ¢:F (,U), lf,ueri!
(v)~'K, ifvel,,
k+={¢i IR S (35)
= 1//¢(v) K, ifvel,,

where g, and v, denote values of 1 and v, respectively, at p,
(locally u, and v, determine positions of images of u and v
with respect to boundaries of U, and U_). It follows from
(34), (35), and (5) that

n”T G(u), ifpu.aU,
T =[ - (@) Huo (36)
n, if uoel,
G(v) 'k, ifvel,
= 37
k- {k+, if v&U. (37)

The pullbacks N, =(TF)*n, and K,

= (T #)*k , regarded as functions of 4, are holomorphi_c
on U, . They are annihilated by 4 “ 3, and satisfy

(38)
(39)

N, (uy=n_,
K. (v=k,,

If 4, are normalized in such a way that

if uel, ,
if velU, .
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¢, =1, for x**=0, (40)

then the function N7, K, coincides with N K for x*# = 0,
and hence it is different from zero for small values of x*2. We
assume (40) and we define [analogous to (24)]

Q, =1—-[(u, —v.)/A—v)}P,,

P,=(NT.K,)'K_NT", .

The functions @, and Q ;' are meromorphic functions on
U, with first-order poles at zeros of A —p, and 4 — v,
respectively. The properties (32), (33), (38), and (39)
guarantee that ¢, given by (25) and ¢’ ; ' are holomorphic
functionson U’, C U, . If none of the values x,, v, lieson a
boundary of U, or U_then U’, = U, . Ifitis not the case
then, in general, one of the functions ¢, (u), ¥, (v) is de-
fined only in a part of any neighborhood of the point p,. We
can avoid this problem by taking U’, smaller than U, . We
summarize the above results in the following proposition.

Proposition 1: The Zakharov-Shabat transformation
maps solutions ¢, of the regular Riemann—Hilbert (5) into
solutions ¢’, of the regular Riemann-Hilbert problem with
G'=Q;'GQ_, where ¢, and @, are given by (25) and
(41).

The functions ¢, are not uniquely defined. They can be
multiplied to the right by GL(2,C)-valued functions annihi-
lated by 4 * 4,5 and holomorphic on U, , respectively. By
using this freedom we can show (under some restrictions on
the point p,) that if G satisfies the Atiyah-Ward Ansatz <7,
then G’ is also equivalent to a triangular patching function.

Proposition 2: The Zakharov-Shabat transformation
preserves the space of the self-dual solutions (defined in a
neighborhood of almost every point in CM ) generated by the
Atiyah—-Ward Ansitze.

Proof: Let ¢, be solutions of (5) for G given by (8).
The normalization (40) cannot be imposed in this case since
it is incompatible with (8). We look for 4, in the form

a, bi]
Qi_[o Ct H

which guarantees the triangularity of G’. Let S denote a
(zero measure) set of points p such that n, =0ork? =0
at p, but n', #0 or k% 30, respectively, in any neighbor-
hood of p. The superscripts 1,2 denote here particular com-
ponents of n, and k, . Note that the vanishing of n',
(k2 ) is equivalent to the vanishing of n'. (k2 ) in virtue
of (36) and (37). We will assume that p, &S. If u,cU, and
Q. are given by (42) then regularity of ¢', at A =pu re-
quires either

n, #0, ¢, #0, (b, /c, ) ()= —n /0,
a, (u) =0 (afirst-order zero)

(41)

(42)

or

n', =0, a, #0,
Similar considerations at A = v (if v,eU, ) yield
k%L #£0, a, (W #w, (b, /c )v)= —k' /n* ,

¢, = o« (afirst-order pole)

¢, (¢) =0 (afirst-order zero) .

or
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k, =0, ¢, M#x,
a, (v) = w (afirst-order pole) .

The above conditions can be fulfilled with the help of the
functions i, , v, , N, and K, . In particular, we can set

a, =A—-pu ) A—-v,) ',
a_=(1—=2""u_)*(1 —A " Ww_)f- 1,
co=A—p ) *A—-v,) ",
c.=(1-A""p )" "(1=A""v )%,

b,=c,(v,—p ) '[a(d—v IN? (N' )~!

+B(/l_,u+)K1+ (K2+ )-—l] >
b_o=c_(v_—p ) au_(1—-A v N2 (N )™

+Bv_(1—A"'u )K' (K> )7'],
where

a=sgn|n', |, B=sgn|k’ | (43)

(thus a,=0,1) and we adopt the convention that
a(N,) '=0ifa=0and B(K? )~ '=0if B=0. The
above expressions are acceptable for any values of u, and v,
By substituting them into (42) and (27) G'is yielded in the
form (8) with new functions f; p, ¢, and with / replaced by
I + Al, where

Al=a+B—1. (44)

O

It follows from (44) that Al = 0, + 1. A question arises

whether we can always decrease or increase the index / start-

ing from a solution corresponding to .« ,. It is not difficult to

find solutions of Eqgs. (19) and (20) yielding appropriate «

and /3 [we first choose n_ and k | and then we define N and
K according to (34) and (35)], but it may happen that

N'K=0 (43)

in some neighborhood. It turns out that (45) implies strong
restrictions on the initiab gauge field 4. To obtain them we
subtract Egs. (19) and (20) contracted with N and X, re-
spectively. In the gauge 4, ; = 0 (existence of such a gauge is
guaranteed by F,;,- =0) the resulting equation is
NT3d,3K = 0.1t follows from this equation that K is propor-
tional to a x*-independent vector K '. Using a gauge trans-
formation preserving 4,; we can obtain

KT=(K,.0), N"=(0O,N?). (46)

By substituting (46) into (19) it is shown that the compo-
nents 4, ; have the upper triangular form in this gauge. Such
solutions (and only such) correspond to the Ansatz |,
(however, they can be also constructed from &/, with /> 0).
Since the Zakharov—-Shabat transformations with A/ = — 1
can be applied to all other solutions, it follows that the index /
can be reduced, step by step, to the value / = 0. In virtue of
the invertibility of the Zakharov-Shabat transformations we
obtain the following proposition.

Proposition 3: Every self-dual solution generated by the
Atiyah—-Ward Ansatz o/, can be obtained from a solution
corresponding to &/, by means of the /-step Zakharov-Sha-
bat transformation.

Proposition 3 is valid in a neighborhood of almost every
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point in CM. Propositions 1-3 can be generalized to the
cases (11)—-(14) by taking appropriate limits.

IV. CONCLUDING REMARKS

We have found (Proposition 1) an action of the. Zak-
harov-Shabat transformation (with one pole) on the regular
Riemann-Hilbert problem related to the self-duality equa-
tions through the Ward construction. This result allows us
to repeat this transformation (with different parameters)
with no restriction on the position of poles, e.g., the inverse
transformation is well defined.

We have shown (Proposition 2) that the Zakharov-
Shabat transformation converts the Atiyah—-Ward Ansarz
&, into the Ansatz o/ ;.. This remains true for a superposi-
tion of such transformations and their limits. The index /
plays the role of the monopole charge for monopole solu-
tions. It changes by 0, + 1 for the simple transformations
considered here. Multiple transformations can generate any
self-dual field corresponding to the Ansatz o/, from a partic-
ular solution corresponding to .&/, (Proposition 3).

Conformal transformations of CM induce transforma-
tions of self-dual fields, which can be applied alternatively
with the Zakharov-Shabat transformations. Effectively we
obtain in this way multiple Zakharov-Shabat transforma-
tions followed by an overall conformal transformation, pro-
vided we admit limits leading to (11)-(14).

Our results are purely local and sometimes (Proposi-
tions 2 and 3) zero-measure subsets of CM are excluded
from the considerations. It seems that transforming G into
the triangular form, if possible, may lead to singularities in
G, which do not correspond to singularities of the gauge field
(note that the surface S is not distinguished by Proposition
1).
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Discrete symmetries typically arise when the ten-dimensional heterotic Eg X E; superstring
theory is compactified on Calabi—Yau (CY) manifolds and they are expected to play an
essential role in phenomenological applications. Yau has shown how a CY manifold that leads
to three generation models can be constructed. The discrete symmetries associated with several
of these models are found. In particular, the models that have the largest (maximal) discrete

symmetries are identified.

l. INTRODUCTION

In the standard Calabi-Yau (CY) compactification’ of
the heterotic E4 X Eg superstring theory in ten dimensions?
the spin connection of the CY manifold X is embedded in the
“known” Eg. This gives rise to a four-dimensional model
that, among other things, possesses E, gauge symmetry and
N = 1 supersymmetry. Some time ago Yau® constructed a
simply connected CY manifold K, with Euler character
y = — 18. Healso displayed a freely acting Z; symmetry on
K, so that modding out K, by Z, (K = K,/ Z,) leads to four-
dimensional superstring models with three chiral fermion
families.*

Discrete symmetries typically arise in the above com-
pactification scheme.® They are expected to play a crucial
role in phenomenological applications of the superstring
theory. For instance, the presence of a suitable discrete mat-
ter parity is usually needed in superstring models to suppress
rapid [i.e., unsuppressed by inverse powers of a superheavy
(> TeV) scale] proton decay.*® Discrete symmetries, under
certain circumstances, can effectively act as *“‘continuous”
symmetries.” If the continuous symmetry happens to be a
Peccei~Quinn U(1) symmetry, the strong CP problem en-
countered in the standard model can be neatly resolved
through the axion mechanism. These symmetries are also
expected to play an essential role in answering questions re-
lated to fermion masses, flat directions, flavor changing neu-
tral currents, etc.

In view of the important and wide role that discrete
symmetries are expected to play in physical applications, we
carry out in this paper a systematic search for the three-
generation Yau models that are accompanied with the lar-
gest possible (maximal) discrete symmetries. We identify
two physically distinct three-generation models whose
group of “honest” discrete symmetries is larger than has

|
1 a, x; x; X;
dQ =—{3x*+ Z Tkt 3y +
2 UipiyF2f3) = CP(0123) X;
iy i
bj Vi ViJYi
— 3y% + Z o’ 17 Ja7 I
Clodrjndn) = CP(0123) B g
Jo#1
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hitherto been discussed in the literature. As a by-product of
our investigation the discrete symmetries associated with
several other potentially interesting models are also found.

Il. THE YAU MANIFOLD K,

Our starting point is the simply connected CY manifold
K, [x(K,) = — 18] constructed by Yau® and defined in
CP? X CP? through the following algebraic equations®*:

3
> X7+ @oX XX 4 @1XX3X0 + 5X3X0%) + @3XeX X, =0,

i=0

3
Z Vi+boy1 92y + b, 3,933

i=0

+ b, y3 001 + 03903192 =0, n

3
Xo Yo + ZO c;x; y; =0.
G ,::)J# (0,0)

Here, x’s and y’s are the homogeneous coordinates of the two
CP*sand a’s, b’s, and ¢’s are the 23 parameters that remain
after using PGL(4) transformations in the two CP*s and
the fact that overall rescalings of the three algebraic equa-
tions are irrelevant. Provided that the transversality condi-
tion holds, the intersection of the three algebraic equations
in (1) gives rise to the CY manifold K|, Before stating this
condition it is convenient to reexpress (1) as follows:

3
3 —
2 x; + E a; X; X, X; = 0,
=0 Ciniyi2iz) = CP(0123)
3
3
> v+
=0

3
Y eyxiy;=0.

ij=0
Here CP(0123) are all the cyclic permutations of (0123)
and ¢y, = 1. Then the transversality condition reads

b, y:y.,y;, =0, (2)

(iakyisiy) = CP(0123)

b.y.y. vy
Jnyjnylzyh ) ck[-xk

Ciarj2j2Y = CP(0123) Yi

Jo# J

) €y X ] dx; Ndy; Ndy,
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1 bjyjyjyj a, x; X; X;
o7 17 J27 Ny 2 "7 1 T
-|—7 3yzj + E P NS LA 3x’. + E ——— 2 ey
ClodvjaJn) = CP(0123) Y; Ui\ i3) = CP(0123) X;

JoFJ iyt i
a, X; X; X;
_ 2 . TR Y
<3xk + Cigiyiafy) z:CP(()123) T—) i yl] dxi Ady} /\dxk ?éo’ (3)
ol iais) = k
bh#Ek

everywhere on K, Here repeated indices (i,j,k,/) are
summed from O to 3.

Ill. RESTRICTIONS FROM THE TRANSVERSALITY
CONDITION

Now we can prove the following crucial proposition.

Proposition 1: If the matrix ¢ = (c;) has at most two
nonzero columns or at most two nonzero rows, the transver-
sality condition cannot be satisfied. In other words, if at most
two x’s or at most two y’s appear in ¢;x; y; = 0, transversa-
lity cannot hold.

Proof: Without loss of generality, we will assume that
only two x’s are involved inc;x; y; = 0, namely, x, (whichis
always there, since ¢y, = 1) and, say, x,. This means that c;

=0, for i =2,3, j=0,1,2,3. We can choose x, = x, =0.
The last equation in (2) is, then, automatically satisfied and
the first becomes x5 + x3 = 0, which has three nonzero so-
lutions. But, for x, = x, = 0, ¢;;x, =0, ¥/, and the first of
the two terms in the rhs of (3) vanishes. To achieve the
vanishing of the second term in the rhs of (3), too, we can
choose y’s so that¢,; y; = 0and ¢,; y; = 0. If such achoice is
possible in K, then there exist points in K, where d} =0
and the transversality condition does not hold. If
(€10C115C125C13) FA (C00sCo15C02:C03) s YAEC, we can eliminate
Vo among ¢,, ¥, =0 and ¢;; y, = 0 and obtain an equation
3;_.,a; y; = 0with (a,,a,a,) # (0,0,0). Assuming, for ex-
ample, a,7#0, we then get y, = By, + 7y,. By substituting
this into ¢,; y, = 0 and solving w.r.t. y, (remember ¢,y = 1)
we obtain y, = 8y, + €y,. The second equation in (2), then,
becomes ay3 + by} + cy? y; + dy, y5 = 0. For a,b #0, this
equation can be written as a( y,/y;)> + c( y,/y3)> + d( y,/
;) + b= 0. This cubic equation has three nonzero solu-
tions for y,/y, and, so, there are at least three choices of y’s
on K, with d§} =0. (We have found 3 X3 =9 “singular”
points on K,,.) For a = 0, we can choose y; = 0 and any y,
for ay3 + bys + ¢y3 y; +dy, y3 =0 to be satisfied. Thus
there is at least one choice of y’s withd) =0and 3X1 =3
“singular” points on K,. The same is true for 5=0. To
complete the proof, consider the case
(€10:€115C12:€13) = A(€005C01>Co2:C03)s for some AeC. Then,
there is only one independent equation ¢, y, = 0, which we
can solve w.r.t. y, to get y, = a, ¥, + a, ¥, + a; y;. Substi-
tution of this into the second equation in (2) gives a cubic in
Vi Y V3 i€, in 2 CP2. There are many possible choices of
singular points in this case. For example, by choosing y, = 0,
this cubic reduces to ay + by} + ¢y y, +dy, y5 =0 and
we can follow the previous discussion.

Thus we have learned that for transversality to have a
chance, we need at least three x’s and at least three y’s to
appear in ¢;x; y; = 0. Without loss of generality, we can
choose x,,x,,x, and y,, ¥;, ¥, to be involved in this bilinear
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{

equation (x,, y, are, of course, always involved). This can be
“minimally” achieved if ¢,y = 1,¢,,#0, ¢,,70, and all other
¢’s as well as all a’s and b°’s are equal to zero (the other
possible “minimal” choice ¢,,#0, ¢,; 70 reduces to this if
y1<>y,). In this case, Eq. (2) becomes

3 3 2
z x; =0, 2 J’} =0, kz CeXx i =0, (4)
i=o j=o o

with ¢p=cpp = 1, ¢;=¢,; #0, ¢, =5, #0.

Now we will show our second important theorem.

Proposition 2: The transversality condition does hold for
the set of equations (4) with 1+ ¢} #0, 14 ¢ #0,
i +c#0,and 1 + ¢ + ¢ #0.

Proof: For singular points on K,, we find, from Eq. (3),
that

ax, yi=c¢x; ¥, ¢ yx;=c;yxi, VYIj. (5
(There is no summation over repeated indices.) From these
equations and for / # 3, since we divide by ¢,, we obtain

X; 0% Y = X,6,%; V)
= (¢;/c))yi e, yix]
= (¢;/c))y;°¢; VX7
= (ci/c))y, y;xi, Vj and VI#3, 6)

For y; #0 [there must be at least two such y’s as can be seen
from Eq. (4)], we then have

2 2
xx; y; = (¢;/¢)yx;

=XCX; Y;
= (¢}/cHyxt, Vj, and VI #3. )
Fory; =0,
x¢x;y; =0, VI#3. (8)
Thus
2 2 x2
O=x, Y ex; = > "/3] 'ylzl , VI#3 (9
j=0 j=0 Cy
Yj?éo

The sum in the rhs of Eq. (9) is over all j’s between O and 2
for which y; 0. There is at least one such (since there are at
least two nonzero y’s) and this sum is never empty. By as-
suming that 1 4+ ¢} #0, 1 +¢; #0, ¢} + 3 #0,and 1 + ¢}
+ ¢3 #0, we can ensure that this sum is nonzero. Then, Eq.
(9) implies that either y, = Oor x; = 0, ¥/ # 3. Since at least
one of the y,’s (I =0,1,2) and one of the x,’s (/=0,1,2)
must be nonzero, we are led to the following two possibili-
ties: either one or two of the x,’s (/ = 0,1,2) are zero. In the
first case (the second is analogous) we can take, for example,
xo=0. Then y, = y, = 0 and y,#0. From ¢,x, y} =¢x; Vi,
for j =0 and / = 1,2, we then obtain x, = x, = 0, which is
not possible, since x, = 0, too. This shows that there are no
points in K, where d{} = 0.

G. Lazarides and Q. Shafi 712



For 1 + ¢ + ¢3 = 0, there are singular points. For ex-
ample, xo =y, =1, X, =y =¢}, X, =y, =, X3 =; =0.
This obviously satisfies Egs. (4) and (5). For 1 4+ ¢} =0,
Xo=Yo=1,%, =y, =c¢y, X, =y, =X, =y, =0 is a singu-
lar point of K, Similarly for 1 4+ ¢; =0 and ¢} + ¢ =0
there are singular points: x;=y,=1, x,=y,=c¢,,
X =y =x3=y;=0 and x;=y,=¢;, X=y,=0¢;
Xo = Yo = X3 = y; =0, respectively.

The discrete symmetries of (2) will include, in general,
permutation symmetries involving the x’s and the y’s. Let P,
denote the permutation group of four objects consisting of 24
elements. We will denote by p(a),q(B),... permutations of
order a,f,... (p is of order a if p®=1 and p"#1 for
n=12,..,a—1). For a =2 we will use the further nota-
tion @ =2’ or 2” for permutations of one pair or simulta-
neous permutations of two separate pairs, respectively. Any
permutation of the x’s and y’s is then denoted as (p(a),q(5)).
We next explore the restrictions imposed on the allowed
(p(a),q(B)) by the requirement that the transversality con-
dition holds.

Lemma 1: (1,p(a)) [and (p(a),1)] with a = 2",3,4 are
not allowed.

Proof: For @ = 2", there will be two pairs of equal co-
lumns in the matrix ¢ = (c;)- Without loss of generality we
can assume ¢, = ¢,, Cp = Cs, i = 0,1,2,3. For @ = 3, there
will be three equal columns in ¢, say, ¢y =c¢; =c¢p,
i=0,1,2,3 and, for a = 4, all columns are equal. We can
then choose, in all these three cases, y, = — y,, y, =y, =0.
This satisfies the second equation in (2) (terms in the second
sum are zero since two of the s vanish) and also ¢; y; = 0,
i =0,1,2,3, which implies that the third equation in (2) is
satisfied, too. The equations ¢;x; = 0, j = 0,1,2,3, reduce to
at most two linearly independent equations in all three cases
and thus they leave at least two undetermined x’s (the other
x’s can be expressed as linear combinations of the undeter-
mined x’s). The first equation in (2) then reduces to a homo-
geneous cubic equation with at least two variables and cer-
tainly admits nonzero solutions. Thus there are points in
CP’ X CP” that satisfy the equations in (2) and ¢; y, =0,
¢;x; = 0,i=10,1,2,3. From (3), dQ = O for these points and
so transversality fails.

Lemma 2: (1,p(2")) [and (p(2'),1)] are not allowed.

Proof: Without loss of generality we can assume that
p(2') interchanges y, and y,. Then, the first two columns of ¢
will be equal, ie, ¢y =c¢,, i=0,1,2,3. We can take
Yo= — Y1, ¥»=y;=0. The last two equations in (2) are
then automatically satisfied. Moreover, ¢; ¥y, =0,
i=0,1,2,3, and the terms proportional to it in the rhs of Eq.
(3) vanish. In order to have dQ = 0, it suffices to have

1 b, WY,
(ylz+_ 2 _Ly_—y_) Cii X (10)
3 iy SEpo123) Y:

fa#i
symmetric in i, j. The term in parentheses in (10) is equal to
Vo, Vos — (83/3)55, — (b/3)3, for i = 0,1,2,3, respective-
ly. Keeping in mind that ¢, o x, = ¢, X, one can easily show
that symmetry of (10) is guaranteed if

CeaXie = — (b3/3)CioXis Cr3Xe = — (by/3)ci0%y.

(11)
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These equations leave at least two undetermined x’s and the
first equation in (2) admits nonzero solutions.

Lemma 3: (p(a),q(B)) with a#8 (a,f = 1,2,3,4) are
not allowed.

Proof: This follows from Lemmas 1 and 2, for a or
B = 1. Elements of the type (p(2),g(3)) and {p(2),q9(4)) are
also forbidden since their squares are of the type (1,7(3)} and
(1,7(2)), respectively. The cube of (p(3},4(4))} is of the type
(1,r(4}) and so elements of this type are also not allowed.

Lemma 4: (p(2"),q(2")) [and (p(2'),g(2")}] are not al-
lowed.

Proof: For definiteness we will take p(2") to be a simul-
taneous interchange of x,x, and x,,x; (xge>Xx;, X,<>x;) and
q(2') a permutation of y,, y,. The matrix ¢ then takes the
form

(12)

a
B
€
'

The cubic equations in (2) become

3
3
2 X; + ax X)X + AXpXoX5 + @' XX X3 + @'xpx,x, =0,
i=0

3
Y Vit by + by y2ys + 00 ¥s+ b9y, ¥, =0.
=0

(13)

We now choose x, = — x,, x, = — x;. The first equation in
(13) is then automatically satisfied. We further take
(a —B)xy + (€ — &)x; = 0. There is at least one nonzero
choice of x’s that satisfies these equations and, for these x’s,
c;x; =0, j=0,1,2,3. So, the third equation in (2) is also
satisfied and the first term in the rhs of (3) vanishes. To
complete the argument we must now show that

a, x; x; x;
3x‘2 + 2 el h TR cﬂ yl
Uiyt izin) = CP(0123) X;

oAl

(14)

is symmetric in J, j for a nonzero choice of y’s that satisfies
the second equation in (13). The term in parenthesesin (14)
takes the same value for i = 0,1 (namely, 3x) — ax3=u)
and also the same value for { = 2,3 (namely, 3x3 — a'x2
=v). By taking y, = y,,

CcaVi=cuy=(a+By,+ vy, + s
cyYi=cyy =€+ 8y + 7y, + Ops.

Symmetry of (14) can then be achieved by taking
pl(e+ Oyo + My + W31 = vi(a + B)yo + vy, + 6ys].
This, together with y, = p,, leaves at least two undetermined
y’s and the second equation in (13) becomes a homogeneous
cubic with at least two variables and admits nonzero solu-
tions.

By combining all of the above lemmas we arrive at the
following proposition.

Proposition 3: The allowed nontrivial permutation sym-
metries of (1) are of the type (p(a),¢(a)) witha = 2',2",3,4.
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IV. MAXIMALLY SYMMETRIC MODELS

We are now ready to analyze the various possibilities in
detail.

(i) No permutation symmetry: We assume here that the
group of permutation symmetries of Egs. (1) is trivial, i.e.,
consists of (1,1) only. By taking into account the previous
analysis, we can conclude that this can be achieved with the
minimal number of parameters by taking a, =5, =0
(i=0123), coo=1 ¢ ;=¢,#0, cn=c#0 (c,#¢c,
cpe#1l, 14+c#0, 14+c#0, ¢l +c#0, 1+c
+ c3 #0), and all other ¢’s equal to zero. The symmetries of
K, are of three types.

(a) Xg—axy, yo—a~ vy x,—bx,,
»-b7lyy x,-ex,,
V2ol x3—dxs,  yi—dys,
a,bc,de{l,a,0’}, a=exp(27i/3).
(Here we take x5, y, transforming in the same way by using
the fact that an overall multiplification of x’s by 4 and y’s by

A ~lisirrelevant.) So we have four commuting Z,’s. Three of
them form the elements

[+

(acting on the column vector [}]), 4 = diag(a,b,c,1) and
A’ obtained from A4 by the replacement a — a”. The fourth Z,
consists of

51

B = diag(1,1,1,d).
(b) the swapping operator x<y, represented by

ot

This operator commutes with Z, (but not with the other
Zy’s). Thus the group of discrete symmetries of K, is
W X Z,, where W consists of

[A A’] and [ﬂi]

with 4 = diag(a,b,c,1), a,b,ce{1,a,0%}, and Z, is generated
by

[

B = diag(1,1,1,a). It has 3XX3X3X2X3 = 162 elements.

It is easily checked that further introduction of any oth-
er a, b, and ¢ terms from Eqs. (1) breaks this symmetry
further to a subgroup. Therefore |[sym K| <543, in this case
(sym K, is the group of discrete symmetries of K, and | |
denotes the number of elements). After dividing K, by an
appropriate freely acting Z, (if it exists) we obtain K with
|sym K |<54.

(ii) The permutation symmetry contains only elements
of the type (p(2'), ¢(2')): We assume that there is at least one
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element (p(2’),4(2')) that we can take to be the simultaneous
interchange of x,,x,, and y,, y, without loss of generality.
Then no other element of this type is allowed since any
(p(2'),r(2")) with r#¢ multiplied with (p(2'),q(2')) gives
(1,rg) with rg51, which is not allowed. Also, any inter-
change of two x’s, one of which is x, or x, combined with the
interchange of x,,x,, gives an element of order 3 (cyclic per-
mutation of three objects). Similarly for the y’s. So we are
left only with the possibility of simultaneous interchange of
X0,X3 and y,, y;. But this element multiplied with the original
one gives an element of the type (p(2”),¢g(2")). So we con-
clude that in this case the permutation symmetry is simply a
Z, generated by (p(2'),4(2")). Now, if ¢, =0, for i, j = 1,2,
(p(2'),g(2')) reduces to (p(2'),1) and (1,4(2')), which are
not allowed. Thus at least one of these ¢’s must be nonzero.
Without loss of generality we take ¢;; =c#0 and, by
(r(2'),9(2")), ¢, = ¢. We need one more ¢, which we can
taketobecy, = 1 (¢#1) without loss of generality. All other
c’sas well as all @’s and b ’s are zero. Transversality holds for
1+ c*#£0and 1 + 263#0.

Now the sym K, = VX Z,, where Z, as before and V
consists of

=l

with

o o

and

1 1
a,b,ce{1,a,0%}.

Thus |sym K| = 108-3, for this particular choice with the
minimal number of parameters. One can now divide K, with
the freely acting Z, generated by

!

A = diag(e?,a,a,1) or diag(1,a,a1) (Ref. 8) to obtain
two “maximally symmetric” K’s with |sym K | = 108 (of
course, the fact that they are maximally symmetric is to be
proved). Division with any other freely acting Z, [for exam-
ple, the one generated by 4 = diag(a,a?,a,1)] reduces the
sym K further since these Z,’s break the Z, permutation
symmetry. (Notice that these Z;’s must be considered sepa-
rately, in this case, since they are not conjugate to the first
two ones. ) Further introduction of any other g, b, or ¢ terms
breaks the symmetry of K, further, i.e., |[sym K| < 108-3.
Division with an appropriate freely acting Z, (if it exists)
gives [sym K | < 108.

(iii) The permutation symmetry contains only elements
of the type (p(a@),q(a)) with a = 2',2": We assume there
exists at least one element (p(2”),¢(2")) that, without loss of
generality, we take to be the simultaneous interchange

G. Lazarides and Q. Shafi 714



Xog¢>X 1, Xpye>X3, Vo)1, Va<>p;. This is not compatible with
elements of the type {p(2”),r(2")) with r#g¢, because their
product gives (1,rg) with rgs 1, which is not allowed. Simi-
larly for (r(2"),4(2")). However, ($(2"),g(2")) with p+#p
and §#q can exist. Without loss of generality, we can take
this element to be the simultaneous interchanges xye>x,,
XX, Yo>¥s, Yi<>y,. This commutes with (p(27),4(2")),
and their product is the simultaneous interchange xy<x,,
X1oX3, YooV, Yoy [we will call this element
(P(27),3(2")}]. No other element of this type is allowed be-
cause, for every such element, its first component will coin-
cide with p(2"), p(2"), or p(2") and its second component
will be different from the corresponding ¢(2"), §(2"), or
g(2"). We could then produce an element (1,7(2")) with
r(2")+#1, which is not allowed. Also, elements of the type
(m(2'),p(2')) are excluded since 7(2') can be multiplied
with at least one of the p(2”), p(2”) to produce a permuta-
tion of order 4. Thus the permutation symmetry, in this case,
is maximally Z,X Z, with generators (p(2"),g(2")) and
(P(27),4(2")). The form of c is then

a By 6\
B al|b v

\}/ 51 51 (15)
6 vI|B «

All four blocks in (15) must be nonvanishing since if, say,
y =386 =0, there exists a (7(2'),p(2')) symmetry (namely
Xge>X,, Yoy, ) thatis not allowed. Thus the choice with the
minimal number of ¢’s is (¢#1,0)

1 0 0 ¢
01 ¢ 0
- 1
““lo ¢ 1 o (16)
c 0 0 1

( All other possibilities are equivalent to this.) We also take
alla’sand b ’sequal to zero. Apart from the Z, X Z, permuta-
tion symmetry we have swapping and a Z, generated by
X;—ax;, yi—»a%y;, i=1,2. So we have 2:2:2:3 =24 ele-
ments and |sym K| = 24. Thus, |sym K |<8, if X exists at
all. Further introduction of other a, b, or ¢ terms violates the
only candidate freely acting Z, and there is no K.

But we have not finished with case (iii) yet. If we as-
sume that (p(2"),g(2")) is the only element of this type, we
can introduce two elements (p(2'),§(2')) and (p(2'),3(2")),
84y, Xg>X |, Yoe>V, and x,<>x;, y,<>p,, respectively. These
two elements commute and their product gives
(p(27),9(2")). Thus there exists one more choice of maximal
permutation symmetry in this case. This symmetry again is
Z, X Z,. The matrix c takes the form

(17)

The two diagonal blocks in (17) must be nonzero since, if
a = =0, the unacceptable permutation of x,x, is re-
stored. We must minimally then take cp=c¢,, =1,
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€2, = €33 = ¢#0,1. All other ¢’s, a’s, and b ’s are taken to be
zero. In this case we have three Z’s (x;,—ax,, y,—a’y;
Xy - Xy V2= @y, X3—>axX;s, V3= a’ys) and
sym K;=3-3-3-2:2-2 =3-72. Transversality holds for
1+ c*#0,1 4+ 2c>#0, 2 + ¢*#0. Now we can divide by one
of the freely acting Z,’s generated by

=

A = diag(1,1,a,0%) or diag(1l,a’%a,a) to obtain K’s with
lsymK|=72. The other freely acting Z,’s, like
A = diag(1,a,1,a*), give [sym K | < 72. Introduction of any
other c’s, @’s, or b’s reduces the symmetry of K, further, i.e.,
|sym Ky} <3-72 and |sym K | < 72 if K exists.

Finally, in case (iii) we can have a nonmaximal permu-
tation symmetry generated just by (p(2”),g(2")). This is
simply a Z, symmetry. The matrix ¢ takes a block form.
Now, at least three blocks of this matrix must be nonzero
since otherwise we have the higher permutation symmetry of
the previous case [ Eq. (17) ]. The choice with minimal num-
ber of parameters is (other possibilities are equivalent)

a,=b,=0, i=0,123
, (18)
(c'#1,6 c#1).

For this choice, we have a single Z; (x;, »ax,, y,~a?y,,
i=12) and no swapping. Thus |sym Ky|=3-2 and
{sym K |<2 if K exists. We can restore swapping by taking
Co3 = ¢ =¢'. Then |sym Ky} = 3:2-2 and |sym K |<4 if it
exists. Introduction of any other ¢’s, @’s, or b ’s breaks neces-
sarily the only Z, symmetry and is, therefore, unacceptable.

(iv) The permutation symmetry contains only elements
of the type (p(a),q(a)) with a = 2,2”,3: We assume there
exists at least one element (p(3),¢(3)) which, without loss of
generality, we take to be xo—x, > X, - Xg, Yo=Y =V — Yo
We will denote this cyclic permutation by ((012),(012)).
(In general, ((§---k),(Im---n)), where all i, ...,k and all
lL,m,...,n are different, will denote the cyclic permutation x;
=X;- X =X, Y=Y, oY, -y, Of course,
(GG-k),(Im:-n))=((j-- ki), (Im---n)) = +-- . We also
have products like ((g--kY(Im---n)---,
(pg--r)(st---v)--+), for example, ((01)(23),(01)(23))
= the element (p(2"),g(2")) in the beginning of (iii). Also,
note that (12)(01) = (012), (23)(12)(01) = (0123),....]
The ¢ matrix takes the form

(19)

The a and b terms take the form
axoX X, + @ (X1X3X5 + XyX3Xg + X3X6%,),
byoy\ 2+ 6" (31 1293+ Y2 Y30 + V3 Vo )-

Now we want to see which permutations of order 3 can coex-
ist with the element (p(3),4(3)). One of them is, of course, its
inverse ((021),(021)). The only other element which acts

(20)
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only on x,,x,,x, and y,, ¥, y, is ((012),(021)) and its in-
verse. But ((012),(021)) < {(012),(012)) = ((021),1). This
element is, of course, not allowed. Let us now consider ele-
ments of order 3 that act on y, but not on x,. Without loss of
generality, we can take cyclic permutations of x4,x,,x, and
Yo» Y1s V3. There are two such elements ((021),(013)) and
((021),(031)) as well as their inverses. But
((021),(013))+{(012),(012)) = (1,(02) (13)) and
((021),(031))+((012),(012)) = (1,(032)), which is unac-
ceptable.  [Some useful formulas are (012)
= (01)(02) = (12)(10) = (20)(21); more general-
ly (k) = (i) (ik) = (jki) = (jk) (ji) = (kij) = (ki) (Kj),
i, j,k all different. ] The last possibility is elements of order 3
that act on both x; and y,. There are two choices in this case:
(1) the two extra x’s correspond to the two extra y’s; without
loss of generality, we can take cyclic permutations of x4,x;,x5
and y,, ¥y, 3, and (2) the two extra x’s do not correspond to
the two extra y’s; we can generically take cyclic permuta-
tions of xq,x,,X; and yo, », ¥5. In case (1) the possible ele-
ments are ((013),(013)),((013),(031)) and their inverses.
In case (2) we have ((013),(023)),((013),(032)) and their
inverses. But ((012),(012)) - ((013),(031))
={(12)(03),(123)} and {{012),(012))-{(013),(023))
=((12)(03),(013)). Also ((013),(013)) implies a ={,
B=y=6=¢in (19) and a=a’, b=5' in (20), so
((0123),(0123)} is a symmetry too. Here ((013),(032)) im-
plies a=8=6=¢ y=¢ a=d, b=>b’, and
((0123),(2013)} is a symmetry too. Thus we see that we
either produce unacceptable elements of the type
(»(2"),q(3)) or elements of order 4. The overall conclusion
is that there is no other permutation of order 3 compatible
with our original (p(3),4(3)) except its inverse.
Elements of the type (p(2”),q(2")) are not allowed since
any such element can be written in the x space as (01)(23)
by a cylic renaming of x,,x,,x,. [ Note that even independent
cyclic renamings of x,,x,,x, and y,, y,, ¥, (for example,
X=Xy, Xy =Xy, Xa—Xgy Ya— Y2, V1 = Yo» Y2—¥,) do not affect
the definition of {(p(3),¢(3)} in the beginning of (iv).] Then

(01)(23)(012) = (01)(23)(01)(02)
= (23)(20) = (230) = (023),

which is unacceptable (since other elements of order 3 are
not allowed).

Any element of the type (p(2'),¢(2’)) that acts on x5 can
have p(2') = (03) (by cyclic renaming of xg,x,,x,). But
(012)(03) = (0123), which is unacceptable since it is of
order 4. The same is true for y,.

Thus we are left with the possibility of elements of the
type (p(2'),g(2")) that act on xg,x,,X5; Yo, ¥1» V- Any such
element can be written as ((01),(01)) by cyclic renaming of
X0:X15X2; Yor V15 V2 (independently). Then, since

(01)(012) = (01)(01)(02) = (02)
and
(012)(01) = (120)(01) = (12)(10)(01) = (12),

we automatically have two more elements of this type:
((02),(02)}and ((12),(12)). No other element of this type is
allowed since, necessarily, its components will be different,
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i.e., (r(2'),5(2")), r#s, and combined with (#(2'),7(2")) gives
an element of the type (1,2(3)), which is unacceptable.

The maximal allowed permutation in case (iv) is thus P,
consisting of (p,p), p=1, (012),(021),(01),(02),(12).
This symmetry can be achieved with the minimal number of
a’s, b’s, and ¢’s by taking @ = 1 in (19) (the choice B8 or
y=1 is equivalent by cyclic renaming), i.e,
Cgo = €11 = €5, = 1 and all other parameters zero. We then
have four Z,’s (x; »ax;, y,—»a%,, i =0,1,2, and x;—»ax,,
y;—ay; [see case (i)]) and the swapping operation. Thus
|sym K| = 6-3-3-3-3-2 = 108-3-3. It turns out that there
are three independent freely acting Z,’s in this case,® genera-
ted by

ey

A = diag(1,a,a%,1), diag(a’,a,a,1), and

oy

(21)

In the first two cases the permutation symmetry P, breaks to
Z, generated by ((12),(12)). Thus |sym K| = 108. sym
K X (freely acting Z,) is respected even if ¢,y = ¢;; = c#1,
Coo = 1, but all other parameters must remain zero. So, we
obtain the maximally symmetric case in (ii). For

P, remains unbroken and P,/ (freely acting Z,) = Z, gener-
ated by, say, ((12),(12)), but two of the four Z,’s break (only

wrik

A = diag(a,a,a,1) and x;-ax,, y;—ay; remain). Thus
jsymK | =2-3-3-2 =36.

Introduction of extra a, b, and ¢ terms that respect the
permutation symmetry P, breaks at least two Z;’s (and
|sym K| <108, |sym K |<36) except ¢33 = c#1 or axgx,x,
together with ay,y,y, that breaks only one Z,. For
¢;3=c7#1, we can repeat the previous analysis and
|sym K | = 36 or 12. For axyx,x, and ay, y, y,, only three
Zy’s survive in sym K, namely

ol

A = diag(a,a,a,1) or diag(1,e,a?,1) and x; - ax;, y; —~ay;.
Thus |sym K,| = 6:3-3-3-2=108-3. The only possible
freely acting Z,’s are A = diag(1,a,a%,1) and

A=
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But 4 = diag(1,a,@%1) breaks P; to Z, and

-h

breaks 4 = diag(1,a,a?1). Thus |sym K | = 36.

Finally, we must consider the case of nonmaximal per-
mutation symmetry generated by (p(3),9(3)) only. This is
simply a Z,. In this case we must at least take B or
¥ = ¢#0,1 in (19) in addition to @ = 1 and break two Z;’s.
Thus |sym K| <54 and |sym K |<18.

(v) The permutation symmetry contains elements of

the type (p(4),4(4)): We assume there exists at least one
element of type (p(4),9(4)) that, without loss of generality,
we take to be ((0123),(0123)). The ¢ matrix takes the form

a B v &
5 a B ¥y
= 22
¢ v 5 a B (22)
Yy 6 «a
The a and b terms become
A (XX Xy + X1 XaX3 4+ XoX3Xg + X3XpX,), 23)

b(yoy1 Y2+ Y2Y3 + Y23 Yo+ Y3 Vo V1)

Now we want to see which permutations of order 4 can
coexist with this one. There are 3! = 6 cyclic permutations of
four objects. We will denote them as p= (0123),
g = (0231), r=(0312), p~!=(0321), ¢ '= (0132),
r~! = (0213). Then, our original element is (p,p) and its
inverse (p~',p~!') is automatically included. Any other
compatible element (s,) must have both s and ¢ different
from p and p~', since, if, say, s=p, #p,
(' H(pt) = (1,p7"t) with p~ 't #1. But we have the
freedom of independent cyclic renamings of xy,x,,x;,%; and
Yo Y1» Y2» 5 Without affecting (p,p). Under such cyclic re-
namings:

g = (0231)— (1302) = (0213) = '~ (1320)
= (0132) = ¢~ ' (1203)
= (0312) = r-(1023)
=(0231) =gq.

Any extra (s,¢) can be brought to the form (q,q} [its inverse
(g7 Y¢™") is, of course, included]. More elements (s,t)
compatible with (p,p),(q,q) (and their inverses) must have
st #p.q,p~',q”"'. We can have (r,7) and its inverse or
(r,r= ") anditsinverse [ (#,r) and (7,7~ ") are not compatible
with each other since their product is (r2,1)]. But

@2 (g9 (@ o™ = (rr)

and this element together with its inverse is automatically
included. From the above discussion it is obvious that no
other element of order 4 can coexist with these. Thus the
maximal set of elements of order 4 consists of
(»,p),(4.9),(rr) and their inverses, i.e., all “diagonal” (act-
ing identically on x’s and y’s) permutations of order 4.
Now note that ¢ 'p~'=(123), rp~'=(023),
gp~ ! = (013), and ¢~ *(012). By taking various products
of the diagonal permutations of order 4 we can produce all
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diagonal permutations of order 3 [there are eight such per-
mutations (s,s) with s = (123),(023),(013),(012), and
their inverses]. No other permutation (s,t) with st can
exist since

(s7LsTH(s) = (1,57

with s7't#1. Also p*=(02)(13), ¢°=(03)(12),
rZ = (01)(23). So all three diagonal permutations of type
(s(2"),5(2")}withs = (02)(13),(03)(12),(01)(23) canbe
produced, too. No other element of type {s(2"),2(2" )} with
55t can exist since

(s(27),8(2"))(s(2"),2(2")) = (1,st),
with st # 1. Finally note that

p=1(0123) = (012)(03) = (1230) = (123)(01)
= (2301) = (230)(21) = (023)(12)
= (3012) = (301)(32) = (013)(23),

g = (0231) = (2310) = (231)(20) = (123)(02)
= (1023) = (102)(13) = (021)(13).

The six diagonal permutations of type (s(2'),s(2")) with
s=(01),(02),(03),(12),(13),(23) can thus be obtained.
No other element of the type (s(2'),£(2’)) with s#¢ is al-
lowed since (s5,5) (s,t) = (1,5¢) with st #1.

The maximal permutation symmetry in this case is the
24-element group of all “diagonal” permutations. In (22)
we must then have § = y = §. This maximal permutation
symmetry of K, can be achieved with the minimal number of
parameters by taking ¢,y = ¢,, = ¢,, = ¢;; = 1 and all other
parameters zero. In this case we have three Z,’s (x, - ax;,
yi—a%;, i=123) and the Z, swapping. Thus
|sym K| =24-3-3-3-2. There are two independent freely
acting Z’s generated by

Sk

A = diag(1,0%,a,a) or

0 1 O
P=]10 0 1
1 0 O
For A = diag(1,@’,a,a), the group of permutations breaks

to Z,XZ, (diagonal permutations in 0,1 and 2,3) and
|sym K| =2-2-3-3-2 =72, For

).

the three Z’s reduce to one generated by
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wrEk

A = diag(l,a,a,a) and, consequently, |sym K,|<24-3-2.
This implies |[sym K |<48. Introduction of more a’s, & ’s, and
¢’s breaks the three Z;’s (remember f=y=4§) and
|sym K| <48. Thus |sym K |<16.

Lastly, we must consider the cases of nonmaximal per-
mutation symmetry of K. This means that we must take at
least one of the parameters £,7,6 in (22) different from zero
(together with #0). But then the three Z,’s are broken and
tsym K,|<48. This implies that {sym K |<16 in these cases.

The overall conclusion is that the two K ’s constructed in
(ii) with |sym K | = 108 are really the maximally symmetric
spaces.

In conclusion, we have identified specific complex
structures of the three generation Calabi-Yau manifold that
lead to four-dimensional superstring models with maximal
discrete symmetries. Armed with this information the next
step is to investigate the physical implications that are a con-
sequence of these symmetries. We hope to discuss this in the
future.
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The SU(3/1) superalgebra is constructed using Schwinger’s harmonic oscillator technique.
Finite-dimensional irreducible representations of the superalgebra are obtained choosing a
suitable weight W, , which will be called the maximal weight, using the commutation relations
of the superalgebra only and without any knowledge of the matrix elements of the generators
of the superalgebra. Atypical representations of the superalgebra are obtained and a
comparison of these representations is made with finite-dimensional irreducible representations

of SU(4).

1. INTRODUCTION

Lie superalgebras have become increasingly important
in theoretical physics in the last decade and a half.! We only
mention their application in superunification,” nuclear phys-
ics,” and in supergravity.*

The classical Lie superalgebras have been classified by
Kac,” and independently by Scheunert et a.*’ Finite-dimen-
sional irreducible representations (FDIR’s) of Lie superal-
gebras were studied by Kac® and these were divided into two
groups, typical representations and atypical representations.
Kac constructed a character formula for typical representa-
tions for the classical Lie superalgebras and thus solved the
weight space problem for representations of these superalge-
bras. Atypical representations are harder to deal with as the
weights decouple at some particular stage.’

However, representations of very few superalgebras
have been analyzed in detail,'®'! and it is of interest to find
explicitly the decomposition of the irreducible representa-
tion (IR) of the superalgebra into at least a direct sum of
IR’s of its even parts, in order to visualize the total represen-
tation and in order to gain an understanding of the action of
its odd generators.

We examine the FDIR’s of the SU(3/1) superalgebra as
an example, with a view to answering this question. We be-
gin by noting the strong analogy between representations of
the SU(2/1) (see Ref. 10) superalgebra and the SU(3) Lie
algebra.'”'* We also note that the IR’s of SU(2/1) become
atypical, when the odd lowering operators (defined differ-
ently from Ref. 9) act on a certain weight ¥, , which we call
the maximal weight (to distinguish it from the highest
weight W, ), to give zero, thus making the atypical represen-
tation of SU(2/1) analogous to an elementary representa-
tion of SU(3). We thus define the maximal weight of SU(3/
1) in a suitable way and note that indeed the FDIR becomes
atypical if the action of one of the odd lowering operators on
amaximal state of SU(3) is zero. For the independent opera-
tors,'* the decoupling takes place at the first stage ¥, itself.
For the nonindependent operators, the decoupling takes
place at a later stage and is coupled with the elementarity of
the representation (see Sec. III for clarification) as we shall

» Present address: EP Division, CERN, CH-1211, Geneva-23, Switzer-
land.
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see. In SU(2/1), both odd lowering operators are indepen-
dent.

This premise gains further ground from the knowledge
of the fact that any member of the osp(1/2p) sequence con-
tains no finite-dimensional atypical representations.'® If one
examines the osp(1/2) superalgebra,'® we note that the ac-
tion of the odd lowering operators on the maximal state can
be zero, only if the representation is trivial (this has been
elaborated in Sec. II). The same result holds for the osp(1/
4) superalgebra, and we conjecture that this holds in gen-
eral.

Our task would have greater validity if a familiarity with
SU(3) tensorial techniques would have enabled us to write
down the actual matrix elements of the generators of the
SU(3/1) superalgebra on an element of the IR space. Never-
theless, fairly general statements on the nature of the FDIR
space can be made with this simple, “workman’s” technique,
especially on the nature of the decoupled representation, the
reason being that the so-called “spin” associated with the
lowering operator under consideration for the maximal state
is zero. In particular, we also show that the adjoint represen-
tation of SU(3/1) is atypical.

This paper has been given a pedagogical approach and
the notation used is that of Ref. 13, which, though just ade-
quate for the present paper, needs to be modified if a general-
ization to the SU(n/1) case is contemplated. This will be
done in a forthcoming paper.

The outline of this paper is as follows. In Sec. II, we
review the FDIR’s of the SU(3) Lie algebra partly to estab-
lish the notation for the SU(3/1) case, but basically to dis-
play the strong analogy between the FDIR’s of SU(3) and
those of SU(2/1).

In Sec. III, we construct the SU(3/1) superalgebra us-
ing Schwinger’s harmonic oscillator technique'®!” and ob-
tain the FDIR space of SU(3/1). We also show how the
FDIR space becomes atypical using the above-mentioned
conditions. In Sec. IV, we make a comparison of the FDIR
space of SU(3/1) with that of SU(4) [the FDIR space of
SU(4) being discussed in the Appendix] and also study the
structure of atypical representations of SU(3/1) vis-a-vis
their SU (4) counterparts. In Sec. V, we end by summarizing
our conclusions and with some comments on our philosophy
and outlook.
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Il. COMPARATIVE STUDY OF THE FDIR SPACE OF
SU(3) AND SU(2/1)

In this section we develop the FDIR space of SU(3) and
dwell on the analogy between the two algebras SU(3) and
SU(2/1) while constructing the FDIR space of the Lie su-
peralgebra (LSA).

A. FDIR space of SU(3)

The SU(3) Lie algebra (LA) is made up of the eight
generators F; ({=1,...,8) (see Ref. 3) with commutation
relations

[E9F}]=iquk9 (2.1)
where the £, are the structure constants of SU(3) that are
totally antisymmetric in i, j, and k. If one chooses the linear
combinations of these F;,

T, =F +iF,, (2.2a)
V, =F,+iF;, (2.2b)
U, =F,+iF,, (2.2¢)
T,=F,, (2.2d)
Y= (2/\3)F;, (2.2e)

one obtains the following LA for the generators T, , V',
U,,T;,and Y:

[TwT,)]=xT,, [¥T,]=0, (2.3a)
[TV, ]=x Ve, [TWV.i]=2xV,, (2.3b)
(U, ]=F4U., [¥U.]=20U,, @30
[T,.,T_}=2T, [U,U_.l=3Y-T,

(Vo V_1=3Y+T,, (2.3d)
[Ti’V:t]=[T:\E’U?{:]=[Ui’yi]=0’ (2.3¢)
[TL,Ve]}=FUsz, [TLUL]=212V,, (2.3f)
[UeVe]= 3T, [T,Y]=0. (2.3g)

A representation state is taken to be an eigenstate of the
completely commuting set of operators T, ¥, and T2, and is
labeled as |2,¢5,y) where

TS‘t!t:S’y) = f3|t,t3,}’), (2.4a)
T2tt,p) = t(t 4 D|tt,y), — <6<t (2.4b)
Y|tt,p) = y|t.ts.p). (2.4¢)

In order to obtain the IR space, we label the maximal
state ¥, as the one for which the eigenvalue of T; is the
maximum and cannot be raised further. As T, , ¥V, ,and U_
raise t;, we stipulate that

TV, =V.v,=U0_Y,=0 2.5)

The term maximal is used for ¥, in order to distinguish
it from the conventional usage of the term “highest weight.”
The maximal weight of a representation ¥, is not, in gen-
eral, the highest weight ¥, that is defined:

r.vy,=v.y,=U,%,=0.

The FDIR space, denoted by the labels (p,q), where p
and q are positive integers, is obtained as follows. The bound-
ary of the IR is obtained by the repeated application of ¥ _on
¥, p times:

pery, 0.
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After this we apply 7_ on the state V”_ ¥, ¢ times,
until we reach a point

THye ¥, =0.

The boundary of the IR space is completed by applying
U,onT2 V2 ¥, ptimes, V, on UP, T_ V2 ¥, ¢
times, T, on V9 U’ T? V7 ¥, ptimes,and finally U_
onT? V9 U*P T? V? V¥, gtimes. The boundary is a six-
sided figure, symmetric under reflections about the y axis, as
well as under rotations by 120 ° (Fig. 1). Also there is only
one state at each site on the boundary (specified by eigenval-
ues of the commuting operators 7 and Y), two states at each
site on the inner layer, three states at each site on the next
layer, until a triangular layer is reached beyond which the
multiplicity ceases to increase. For “triangular” or elemen-
tary IR’s characterized by either p or ¢ equal to zero, each
site is occupied only once.

The representation space is best understood by the har-
monic oscillator realization of SU(3).'%!” If one introduces
creation and annihilation operators for two sets of three-

dimensional harmonic oscillators, a;t, b, ¢, b,
(i = 1,2,3), one obtains
[an,at] =8, [b,bj"]=6;. (2.6)

The following realization of the operators T, V', ,
U, , T, and Y is obtained:

T,=a%a,—b,"b, T_=aa, —bb,, {(2.7a)
V,=atay—b}b, V_=asta,—b b, (2.7b)
U,=ata,—b;}b, U_=ajta,—bjb;, (2.7¢c)
Ty=i(a'ta,—a; a,— b b, +b,'b), (2.7d)
Y={(al"a, +a,7a,—2a;a; — b b,

—b; b, +2b5by). (2.7e)

The IR space is obtained as follows. Making the identifi-
cation

¥, = (a;"%b 5 /\p'gh) |0},
|0) being the vacuum state, one notes that
yeriy =yt Wy =0.
Also the eigenvalues of T and Y for ¥, are given by
LY, =[(p+¢/2}¥Y,, (2.92)
W, =[(p-q7/3]¥, . (2.9b)
Further,

(2.8)

(a) ' i) A? @

FIG. 1. FDIR’s of SU(3). (a) With p> ¢ = 0. (D indicates double helicity.
(b) With g = 0. (c) With p=0.
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vy, =i3Y2-T,1¥,, = — (¢/2)¥,,, (2.9¢c)
VsV, =1{3Y/2+ T,1¥,, = (p/2)¥Y,, (2.9d)
States on the boundary of the IR space consist of only
one linear term of the form a;*’a*?~"b;? or
a?b b7 (i=23, j=13,r=1..p s=1,..9),
while states on the next inner layer involve a linear combina-
tion of two terms. For instance, operating with ¥_ on the

state (a;" b ;+ 9)/\p'q!)|0), one obtains
v — [\/;_)a“’"a*p*" \/aal+pbl+b3+q—1j||0>
b Jp—1igl Jg— T '

(2.10a)

However, operating with 7_ on the state
(ar?b;+ b5 9 /\plg — 11)|0) [obtained by operation of
U_on (a; ?b ;" 7/\plq!)|0) ], we obtain the state ¥, with the
same (73,Y) content as ¥,, being given by ((p — 1)/2,
(p+29)/3—1)

v — ‘/iaz+al+p—lb2+b3+q—l lo) al+pb1+b3+q~1 |0>
7 = _—_——— .
vp—llg—1! Vplg — 1!

(2.10b)

It is easy to see that ¥, W, and so one can easily check
that the layer adjacent to the boundary contains a double
multiplicity of states unless either p or g is zero. One chooses
linear combinations ¥{ and ¥; of ¥, and V¥, characterized
by the tvalues of (p + 1)/2and (p — 1)/2, respectively, i.e.,
so that

T, v;#0, T, ¥;=0. (2.11)
When g or p is zero, the IR space is spanned by the states

+jipy +irfy + s
|0) or él_b_z__b3— |0> ,
p! Va!
where i, + i, + iy = p and j, + j, + J; = ¢, and one of two
sets of operators b ;* b, or a;* a; (i, j = 1,2,3) annihilates the
IR space.

In retrospect we collect together the following well-
known points regarding the structure of the FDIR space of
SU(3) that will have relevance in the context of the IR space
of SU(2/1).

(1) V..., is characterized by a U spin value of g/2 and a
V spin value of p/2 [see Egs. (2.9¢) and (2.9d)].

(2) When p(q) =0, the V(U) spin content of ¥, is
zero, and the IR space is elementary with each (73,Y) side
having single occupancy only.

(3) When both p,g+#0, the IR is “multilayered,” i.e.,
there are two states on each (73,7) site on the layer adjacent
to the boundary, three on the next, and so on until a triangu-
lar layer is reached.

(4) This multilayered structure necessitates that we
specify each (T,Y) site by the eigenvalues of T2 as well.

+ i

a2+ 'za;‘ 53

B. FDIR space of SU(2/1)

The SU(2/1) or spl(2,1) Lie superalgebra'® consists of
eight generators. The even generators @5, Q , , and B form
the SU(2) @ U(1) algebra given below:
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[Q&Qi ] =+ Qi ’ [Q-HQ—] = 2Q3’ (2.12a)
[@..B]=1[Q:,B]=0 (2.12b)

The odd generators ¥V, ¥V_, W, and W_ obey the
following commutation relations:

[Q..V.]=0 [Q. .V ]=VF (2.12¢)
[Q..W,1=0, [Q.. W ]=W_, (212d)
[GV.]=24V,, [GW,. ]=+iW,,
(2.12¢)
[BV,.]=4V., [BW . ]1=—1W,, (12
(VoW ]l=20,, [ViWr]=—-0;%B,
(2.12g)

VeV 1=[VeiVs]
=Wy W, ]=[W, W:]=0.
(2.12h)
The states of the representation space are taken to be

eigenstates of the completely commuting set of operators B,
Q72 and Q; and are labeled as |b,q,9;), where

B |bg.q:) =blbg.g,), (2.13a)
Q2b.g,9:) = q(q + 1)(b,q,q5) ,
Q0,10,4.93) = q5]b,q,95) . (2.13b)

As for SU(3), the maximal state ¥, of the FDIR space
of SU(2/1) is defined as one with the highest value of 0, i.e.,

oV, =V.V¥,=W,¥, =0, (2.14)
asQ,, V,,and W are the operators that raise the eigenval-
ue of Q.

From the commutation relations (2.12f) we note that
V, raise the eigenvalue b of a representation state by J,

while ¥, lowers it. Hence if ¥ = Q™ W, is that state
|6:9.q3),

Vo699 = +aVgFgslb+4g— g +4)  (2.152)
and
W, |bguas) = £BVgF qs|b—4g—Las 1), (2.15b)

using the facts that ¥, , W are tensor operators of spin }
and a and B are constants depending only on b and q.

However, from (2.12h), the representation space can-
not accommodate the states whose eigenvalue B is given by
b+ lorb—1,ie,

Volb+4g—14g)=W_|b—1g—1g)=0. (2.15¢)
However,
Volb—1q—4g:>
=efgt g +ibgg 1))
+6\aF s —ilbg—~Lgs £, (2.16a)

and similarly
Wolb+4a—4a) =nfat e +1lbag: +
+6J9F g —ilbg— 1,45 +

(2 16b)
¥, €, 8, and § being constants depending on b and g alone.
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Hence a state with eigenvalues of B and Q; being given
by b and ¢;(g;<g — 1) has double multiplicity in general.
Finally,

V,lbg—1g)=mg+q:|b+1g—La:+ 1),
W, bg—1.g5) = afg+aq:b—Lg—4g:+1), (2.16d)

7 and @ being constants depending only on b and q.
It turns out that three of the constants a, B,...,» are
independent. Assuming these to be a, 3, and §, we obtain

(2.16¢)

y=(l/a)(g+ b)/2q, (2.17a)
e=(1/By(g—b)/2q, (2.17b)
(= —at/B, (2.17¢)
r=(1/8)(q —b)/2q, (2.17d)
we _ B atb _1g+b (2.17e)

ad 2 & 2q

The FDIR space of SU(2/1) is given in Fig. 2, we shall
comment subsequently on its similarity to the FDIR space of
SuU(3).

The FDIR space becomes “truncated triangular’ when
theactionofeither W _ or ¥V, onQ™ W, ,0<m<g,is zero.
In this case, the double multiplicity of the full representation
space, mentioned above, is absent. It is easy to see when the
FDIR space becomes truncated triangular.

If one operates both sides of the second relation (2.12g)
on V¥, =|b,g,q), one has

[Vi ’W¥ ]|b’q:q> =[- o, iBIIb,q,q)
=V, W_lbgq)=(—q+b)|bgq

or W, V_|bgq)=(—q—b)|bggq),
using the fact that V', |b,q,9) = W |bg,q) =0. Hence
V_W¥,orW_V¥, iszerowhenb= — gorb = + g, respec-
tively.

These “truncated triangular” representations are split
parts of the full FDIR space (typical FDIR space) of
spl(2,1) and are called ‘““atypical.”

The representations of SU(3) and SU(2/1) are remark-
ably similar, as is to be expected since the two algebras have
the same rank, the same number of generators, and a very
similar structure. Identifying

T,-Q.,
;-0

Y- —B,

V., U -V V_
U_V_-W_W_.

-— b=t}
e %_ e ee—g bt} (b}ﬂ L _.Ab:;z
-- - b
-~ - = %b“\i —_— b=-9
(c]v-—- .—.l/.-‘i-&

FIG. 2. FDIR’s of SU(2/1). (a) Typical FDIR of SU(2/1) with & # + q.
@®indicates double helicity. (b) Atypical FDIR of SU(2/1) withb = ¢. (¢)
Atypical FDIR of SU(2/1) withb= —g.

(a)

722 J. Math. Phys., Vol. 30, No. 3, March 1989

We note that, except for numerical factors occasioned
by the commutation relations, the algebras and their repre-
sentations are identical except for the fact that for the odd
generators in spl(2,1), ¥?, = W? =0, which prevents
them from being applied more than once, and which is re-
sponsible for “truncation™ of a triangular representation.
This is also the reason for no more than double occupancy of
a state with eigenvalue of B and Q; being given by b and g,:
lgs|<g — 1.

Also we note the fact that atypical representations in the
GLA case correspond to elementary representations in the
LA case, arising due to the fact that the relevant “Vspin” or
“W spin” content in the graded case is zero for the particular
representation.

Also,as V%, = W?_ =0, there is no more than double
occupancy for a site on the layer inner to the boundary.

We now find the ¥ spin and W spin content of the maxi-
mal state ¥,,,. From (2.15a) and (2.16b),

W,V_lbagq) =aylbgq) .
Noting that

T,T_|bgq) =2q|bq.9)
implies that the maximal state ¥, has T spin given by g;
from (2.17a) we note that the V spin content of
¥V, =|baggq)is (b+q)/2.

Similarly the W spin content of ¥, is (b — ¢)/2. It is
easy to see that when b = + g, either the ¥ spin or the W
spin content of the FDIR is zero, and the FDIR space
“splits,” i.e., becomes atypical. Thus we see that atypical
representations of SU(2/1) correspond to elementary repre-
sentations of SU(3). It is natural to speculate whether
FDIR’s of higher rank Lie superalgebras, e.g. SU(n/1), be-
come atypical when the action of one of the odd generators
on V¥V, is zero, so that the “spin” content of that generator is
zero. This hope is strengthened by the fact that for osp(1/2),
which contains no atypical representations as a special case
of the Hochschild-Djokovic theorem'® (see also Ref. 10),
the anticommutation relations of the odd generators read

[V+1V—] = _%in

The action V_V¥,, can be zero only for the trivial repre-
sentation. The same conclusion is arrived at for the osp(1/4)
superalgebra if one studies the commutation relations of the
same,'®i.e., the action of the odd generators on the maximal
state turn out to be zero only for the trivial representation.

In the next section, we shall obtain FDIR’s of SU(3/1)
thinking along these lines.

(2.18)

lii. FDIR OF THE SU(3/1) SUPERALGEBRA

We begin this section by constructing the SU(3/1) su-
peralgebra (see also Ref. 19). After this we examine the
SU(3) content of its FDIR space and comment on the struc-
ture of the atypical representations of the superalgebra.

A. Construction of the SU(3/1) superalgebra

The SU(3/1) superalgebra consists of 15 generators,
nine generators being even, which form the SU(3) e U(1)
Lie algebra. The rest of the generators, which are six in num-
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ber, form a 3 4 3* representation of the even generators.
Labeling the even generatorsas T, ,V, ,U, ,T;, Y,and B,
B being the U(1) generator, we label the two sets of odd
generators as {X,, X_, X,}, and {X", , X"_,X{}, the for-
mer forming a 3* representation of SU(3) and the latter, the
3 representation. The algebra is constructed using one set of
three bosonic harmonic oscillators a; (i = 1,2,3) and aset of
fermionic oscillators b,

[a.a+]=6, [bb*1=1, 3.1

all other commutators (anticommutators) being zero, and
the following identification of the generators of the superal-
gebra:

T,=a*a, T_=aa, V, =aa, V_=ala,,
U, =aa,, U_=aja,; (3.2a)
Ts=4(aj"a,—a; @), Y=\(a/"a,+a; a,—2a5 aj),
(3.2b)
B=1\(ata,+a;;a,+as a;+3b7b); (3.2¢)
X,=ab*, X_=—ab”*, X,=ab"; (3.2d)
X', =a'bh, X' =a'h, X{=aib. (3.2¢)

Itiseasytoseethat 7 ,7_,V, ,V_, U,  U_,T;and ¥
form the familiar SU(3) algebra given in (2.3a) and also
that each of these generators commute with B, i.e.,

(T:.B]l=[V..B]=[U,.B]
=[T,B]={YB]=0. (3.3a)

We next check that X | , X_, and X, form a 3* representa-
tion of SU(3) under the adjoint action, i.e.,

[T, X,1=0, [T, X;]=X,, (3.3b)
[T, Xo] = [T5X] =0, [¥.X,] =3X,, (3.3¢)
[ToX, 1= £4X,, [VX,.]=-4X,, (330
[V, X,]1=0=[Us.X,], (3.3¢)
(ViX_J=Xo= —[U,.X,], (3.31)
V_X)=X_, [U_X)=—X", . (3.3)

From (3.3f) and (3.3g), we note that the de Swart phase
convention has been built in. We also note that

[BX, ]=4X,, [BX)]=4X,. (3.3h)

Similarly the commutation (anticommutation) rela-
tions of X', , X’_, and X with the other generators turn
out as follows:

[T, X, ]=0=[T,.X{], (3.4a)
[TWXy 1= 44X, [YX,]=iX,,  (34b)
[T5,X5] =0, [Y.X;]= —3%Xq, (3.4c)
[Vi’X':t]=0=[U:F’X':t]’ (3.4d)
[V X', 1=X=[U_X"_], (3.4e)
[V_X3]=[U_X5]=0, (3.4f)
[VoXo]l=X",, [UX;]=X"_, (3.4g)
[BX.1=—14X,, [BX;]l=—1X;;  (3.4h)
[Xi,X':F]= —T;+[Y/72+B],

[XoX3]= —Y+B, (3.52)
723 J. Math. Phys., Vol. 30, No. 3, March 1989

[XoXo]=2T., [XX.]=V,,
[XoX™ ] =U., (3.56)
(XX, 1=U_, [XsX_1=-V_, (3.5¢)

[Xj:’X:t]=[X:t’X3F]=[Xj:’X0]=[X,i’X':t]
=[X’i,X{,]=[X’i,X'¢]=O. (3.5d)

Note from (3.2) that all the generators have zero super-
trace.

B. Structure of the FDIR space of SU(3/1)

We begin by noting that T, V,, U_, X, and X",
raise the eigenvalue of T; for any state. In addition, we note
that the generator X, raises the eigenvalue of ¥ by  without
changing the eigenvalue of 7. We define the maximal state
Y, to have the maximal value of ¥ consistent with the maxi-
mum eigenvalue of T;. Hence ¥,, obeys the relations

T.VY,=VVvV,=U_VY¥,, (3.6a)

X v, =XV, =XV¥,, . (3.6b)

We obtain the FDIR space by application of the three
lowering generators X_, X’_, and X on the irreducible
SU(3) multiplet containing V¥,,,.

If (1, J2), /122, j»> 1, specify the SU(3) multiplet con-
taining ¥, , then the (B8,7,75,Y) content of ¥,, is

(b, I +.12’ Jit/ N =) )’ if BY, =b¥,, .
2 2 3

It is easy to see that

3.7

X_\I/m =N_V_ =N_‘ b+ %’jl +.]2'—1 JitJ— 1’

2 2
Ji—J— 1) ‘4
3 ’ (3.82)
Xo¥, =NyW, =Ny | b— L ath
3 2
Jitia Jy —j2—2> 356)
2 3 ’

N_ and N{ being normalization constants depending on b,
Ji» and j, alone.
Also, as

T.Y_=N_T XV, =N_[X_T.¥,+X.¥,]=0,
V,.Y_=NV.XV¥,=N_[X_V,V¥,]=0,
UVY =NUXVY,=NXUUVY, =0,

WV _ is the maximal state of the SU(3) multiplet character-
ized by shift operators ( j, — 1, j,).
Similarly, it is easy to see that WV}, is the maximal state of
the SU(3) multiplet with shift operators ( j, — 1, /, + 1).
The same does not hold for X *_ ¥, , even though
T.X' V¥, =V, X"_V¥,=0,
U X V¥, =X¥, #0.
We may nevertheless write

X' V¥, =NU XV, +N"_¥_, (3.8¢)
where
v U_V_ =0, (3.9a)
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Njand N'_ being normalization constants depending on &,
J1s and j, only.
It followssince 7, X" ¥, =0=V_X'"_V¥,, that
v,y =T, ¥v_ =0, (3.9b)
in addition to (3.9a), and ¥’ is the maximal state of a
SU(3) mutltiplet with (B,7,75,Y) eigenvalues given by
(b- Lhti=lhti=l jmht])
37 2 72 3
and hence characterized by the SU(3) shift operators

(Jnj2— 1.
The representation space is completed using the fact
that

X =X7? =X2=0.

Hence

X V_=X{¥,=0. (3.10a)
It also follows that
X WX’ XoV¥, = —-X( X", ¥, =0, (3.10b)
X WX XV, =XX, ¥, +U_V¥,, =0. (3.10c)

From (3.8a),
X, X' V¥, = -NUXX ¥V, +N_X', ¥_
= —X_ X, ¥, =0=X", ¥

ie, X' ¥ =0. (3.10d)
'From (3.5d) we obtain
(X X, +X, X )W,=X X V¥,=0
> X . ¥v_=0, (3.11a)
and similarly X,¥_ =0. (3.11b)

Hence, from (3.11a), (3.11b), and (3.10a), we note
that there exist no states with eigenvalue of B greater than
b+1

Other IR’s of SU(3) contained in the FDIR space of
SU(3/1) are as follows:

() XoW_ =N ¥, _, (3.12a)
N/ _ being a normalization constant depending on b, j,,
and j, only.

It is easy to check using (3.8c) and (3.10d) that

T VW, =V, ¥, =U_¥; =0,
and so W} _ is a maximal state of a SU(3) IR with
(B,7,T,,Y) content given by

(b— 2 h+hp—1 jitjh— l’jl —J— 1)

37 2 72 3
and hence characterized by the SU(3) shift operators
(JjisJ»— 1). Also ¥, _ is obtained by the action of X °_ on
W} as follows:

X" _ W, =N'"_,¥, . (3.12b)
It follows from (3.10d) that X, W5 _ =0. (3.12c)
(2) Defining normalization constants N _ and N _, de-

pending upon &, j,, and j, alone, one obtains further SU(3)
multiplets in the SU(3/1) FDIR as follows:

X W_=N_{[{V_W¥,]+N_o¥_,,

(3.13a)
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where

V_ V. ¥ =0 (3.13b)
generates a SU(3) multiplet. It is easy to check that

TV ,=U_V¥_,=0. (3.13¢)
Thus W_, is a maximal state of the SU(3) IR with
(B,T,T,,Y) content given by

(b b= =1 ji—i _1)

’ 2 2 73

and hence by the shift operators (f, — 2, j, + 1). It also fol-
lows from (3.13a) that

X, ¥_,=0. (3.13d)
(3) The next IR of SU(3) contained in the FDIR’s of
SU(3/1) is obtained by considering X*_ X_W,.. This state
has the (B,T5,Y) content as
(b, jl +]2 -1, jl '—]2)
2 3
and can belong to three different SU(3) IR’s.

(i) The SU(3) IR generated by ¥,, itself. Herein,
there are two states that occupy this site; we denote the
required linear combination as ¢, 7_¥,, + a,¥":
T,.¥"=0.

(ii) The SU(3) IR generated by V¥ _, the required
site being U ¥ _,, which has single occupancy.

(iii) A new multiplet generated by a state we call

0 4

Hence
X _ X_V¥,=N"_(a,T_ V¥, +a,¥") +N"_ U, ¥_,
+N__V__, (3.142)

where N’ ,N’_,,and N'_ _ are normalization constants

depending on 4, j;, and j, alone, and T, W__ =0. (3.14b)
Alsoa,T_V¥,, + a,¥'"" is a normalized state.
Applying ¥, on both sides of (3.14a), we note that the
lhs vanishes as
VX X V¥, =X"_XV¥,+X_X_V., V¥, =0.

Ontherhs, V, U ¥ _,=0,as ¥, and W__ belong to
different SU(3) multiplets, a, and a, being determined by
the normalized linear combination required, so that®®

Vi [a,T_V¥, +a¥"]=0. (3.14c)

Hence V_ V_ _=0. (3.14d)
Also as

U [a,T_ ¥, +a,¥"|«<V_V¥,,

applying U_ on both sides of (3.14a) it follows using
(3.13a), that

UVY__=0.

Hence W_ _ is the maximal state of a SU(3) multiplet with
(B,T,T,,Y) content given by

(b Jiti -1 It —1 jl_jZ)
2 2 3

’

and described by the shift operators (j, — 1,7, — 1).
(4) The last SU(3) IR contained in the FDIR space of
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SU(3/1) is obtained by the action of X’_ on ¥,_ or X on

v__
X" W_o=N__o[a|T_¥; +a;¥§"]
+N'__o\l’_-o+N' _oV ¥,
(3.15a)
where
T,¥Y__,=0 (3.15b)
anda),a,, N__o N'_ _,, and N’_ _ are normalization
constants depending on b, j, and j, above,

a) T_W, + a, V" being a normalized state.
Applying ¥ on both sides of (3.15a), we obtain

0=N__oV, [a\T_V¥; +a;¥"]
+ N V.V W
+N__ YV, ¥Y__,. (3.15¢)

We choose aj,a}: V., [a;T_W; + a;¥§V¥] =0 as we
did earlier. _

Then, it is obvious that N'_ _, = 0if ¥’_ has nonzero
Vspin, and that V_ WV__,=0as¥__j,and ¥"_ belong to
different SU(3) IR’s.

Finally, applying U_ on both sides of (3.15a), we ob-
tain, after putting N’ _, =0,

XiW_o=N__oa!V ¥, + UN" _¥__,
or, applying X} on both sides of (3.13a), we obtain

N_

—0

=N__aV_V,+U_N" _V__, (3.15d)

Again, a7 is a normalization constant taking care of the ac-
tion of U_. From (3.15d), we note that

UWY__,=0, (3.15¢)

there being no other states on either sides of the equation
belonging to the same SU(3) IRasW’_ _, and henceW_ _,
is the maximal state of a SU(3) IR with (B,7,7;,Y) content
given by

VXV,

(b_ A jiti o hth —jz—z)

3 2 2 3
and hence characterized by the SU(3) shift operators
i —2.J2).

The same state can be obtained in a suitable linear com-
bination after applying X on ¥ _ _.

In Fig. 3 the action of the SU(3/1) odd generators on
the maximal weights of the SU(3) IR’s is demonstrated
along with the B, T}, and Y eigenvalues of the maximal and
highest states. If one calculates the dimensionality of this IR,
it turns out to be 2*' X {j,(j, + 1)(j; +j, + 1), which
agrees exactly with Ref. 9, as the highest weight of the SU(3/
1) FDIR is contained in the SU(3) IR generated by ¥ _ with
dimensionality § j, ( j, + 1) (j; +j2 + 1). (See Fig. 3.)

C. Analysis of atypical representations

In this section we turn to the main object of this paper,
viz., the analysis of atypical FDIR’s of SU(3/1).
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FIG. 3. Typical FDIR’s of SU(3/1).

Atypical representations are those IR’s of the superalge-
bra that truncate at some stage, i.e., the product of the odd
generators becomes noninvertible, according to Ref. 9. In
our analysis presented below, we will find that the decou-
plings for the independent odd lowering operators take place
at the first stage itself, as we find the conditions for the inde-
pendent operators (to be defined below) to vanish when ap-
plied on ¥,,. For the nonindependent odd lowering opera-
tors, the decouphng takes place at a later stage as we shall
see. This is a generalization of the SU(2/1) case where both
odd lowering operators are independent.

By an independent lowering operator, we mean an oper-
ator, the vanishing of whose action does not require simulta-
neously the vanishing of the action of another lowering oper-
ator. We see that the operator X’ is not one such operator,
since

X v,=0 (3.15a")
implies from (3.8c) that U X (V¥,, =

Hence j, +1=0, i.e., j, = — 1, which is impossible.
Rewriting (3.15a") as X U, ¥, = 0 implies

(HU, ¥, =0 or (2) X,¥, =0.

If U, ¥, =0, j,=0, however, in the SU(3) FDIR
Wy« X4V, characterized by the SU(3) shift operators

(j1— 1,1), the state U X ¥, cannot be obtained. This
cannot be allowed; hence we note that X*_ ¥, 5£0 indepen-
dentof X[ ¥,,,.

It may, however, happen that ¥’_ is not contained in
the FDIR space of SU(3/1). This is possible if j, = 0. How-
ever W_, is contained in the representation space, it may
decouple if we impose X *_ W{ = 0. This decoupling and re-
sultant atypicality of the FDIR of SU(3/1) is related with
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the elementarity of the SU(3) FDIR’s containing ¥,, and
will be dealt with subsequently in this subsection.

The casej, = 0is not covered by the above case since the
vanishing of j, is directly related to the vanishing of both odd
independent lowering operators X ;W,, and X_V¥, as we
shall see later in this subsection.

Thus our atypicality conditions are

(HXx v, =0=[X, X_]¥,=0,

(2) XV, =0= [Xp,X5]¥,, =0,

(3) (a) X’_ ¥, =0 in conjunction with elementarity
of ¥,, or
b) X' ¥, =0= [X, X" ]¥, =0 in con-
junction with (2).

We now obtain the atypical representations of SU(3/1).
Case I:

X_\I/m=0:> [X'+ ,X_]‘ymzo (3.163)
S [—T,—Y/2—B1¥, =0
e, b= — (2, +i)/3. (3.16b)

In this case ¥_ and the SU(3) IR’s generated by it,
namely, ¥_,, ¥_ _,and ¥ _,, are not contained in the FDIR
space that contains only the SU(3) multiplets generated by
¥ W, W ,and ¥} _, pictorially represented in Fig. 4(a).

(i) If, in addition to (3.16a),

XiV¥,, =0,
then

[Xe:X5]Y,, =0, ie., b= (j,—j)/3.
Combining (3.17b) and (3.16b), we see that

Ji=0.

Hence the FDIR space of SU(3/1) reduces to the two
SU(3) IR’s [denoted by (b,j,,/,)] (—Jj./3,0,j,) and
(j»/3 — 1,0, j, — 1), pictorially represented in Fig. 4(b).
This representation corresponds to the elementary represen-
tation j;A; of SU(4), A, being the 4* IR’s of SU(4) (see the
Appendix).

(ii) If, in addition to (3.16a),j, = 1,j, =0, then ¥’_ is
not contained in the FDIR space of SU(3/1). Thus (3.8¢c)
reduces to

X'V, =NU_X,V¥,, (3.17¢c)

since ¥’_ is not contained in the FDIR space of SU(3/1).
The latter reduces to the two components (4,1,0) and
(0,0,1) corresponding to the six-dimensional elementary
IR’s of SU(4), A, [see Fig. 4(c) and Appendix]. When

(3.17a)

(3.17b)

X -Y.=0 L“k.ﬁo, ‘&,I\-PM= o e o
. . = Tm=
Yol bo 1) y wedo i) Yool h oJ.
J'x;\ ) lx"
Wit ) YR lx' 0,1} @
AN o IR [0,ju-1] )
hJa—
X! 4
I
“j-y, 1) @

FIG. 4. Atypical FDIR's of SU(3/1) whenx — ¥, = 0.
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J1> 1 one obtains the atypical IR’s with the SU(3) IR’s gen-
erated by ¥,, and W characterized by shift operators (5,,0)
and (j, — 1,1), respectively.

We do not obtain an exact analog for the representation
JaAz o> 1, since the odd generators cannot be applied
more than once.

(iii) If, in addition to (3.16a),

X v, =0, (3.18a)
then
[X . X" ]¥,=0
ST+ _211 +B]‘Il,,, —0, ie, b= J*—*;zfi
(3.18b)
Combining (3.16b) with (3.18b), we see that
= —J (3.18¢c)

which can be satisfied only if j, = j, = 0. Hence the FDIR
space of SU(3/1) is trivial, making X /¥, =0. Hence
X’_V¥,, is not zero, independent of X (V..

Case 2:

XV, =0= [XpX5]Y,, =0 (3.19a)
=[—Y+B1l¥, =0,ie,b=(j, —/,)/3.
(3.19b)

Hence (3.8¢) reduces to

X WV, =N"_V_. (3.19¢)
From (3.13a), we note that

XoVW_ocXoX ¥V, =[Xe, XV, =V_V,
using (3.19a), implying that the SU(3) IR generated by

¥ _, is not contained in the FDIR space of SU(3/1). Simi-
larly, as

W «XiX W, = —X"_ XV, =0,

W¢ _ is also not contained in the FDIR space of SU(3/1).

Finally, we note that W’_ _ is also not contained in the
FDIR space if (3.19a) holds. Applying X ; on both sides of
(3.14), we obtain

XX X_W, =X;N_[a,T_V¥, +a,¥"]
+N__XW_ (3.20a)

Here N’_ has been set equal to zero since ¥ _ is not con-
tained in the FDIR space. Using the commutation relations
(3.5¢) of SU(3/1), (3.20a) yields, using (3.19a),

X VW, =N_aX;%V N _X;W__. (3.20b)
We now note that X (W'« X’ V_V¥, .
From (3.19a),
VXV, =XV W, =0. (3.20¢)

Now U, V_W¥, contains the two states ¥V and T_V¥,,:
X,T W, =T X3V, =0,
XU V.V, = +X"_ V.V, +UX,V. Y,
=X'_V_V¥, [using (3.20c)].
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X ;WY is contained in X°_ V_V¥,,, i.e., belongs to the
SU(3) IR’s generated by W’_. Hence X ;W _ _ is contained
onlyinW¥’_,and ¥ _ _,is not contained in the FDIR space of
SU(3/1).

The full atypical IR space shown in Fig. 5(a) is thus

(byjlyjz)s (byj] - 1)j2 - 1) ’

(b +%,j| - 1,j2)9 (b_% ;jpjz - 1) )
where b = (j, — j,)/3. It contains four SU(3) IR’s.

The adjoint representation of SU(3/1) characterized by
(0,1,1) is an example of such an atypical representation. It
contains the (b,j,,/,) components given below:
(0,1,1) & (0,0,0) constitute the even part of the superalge-
bra SU(3) @ B. The odd generators (X , ,X,) belong to the
SU(3) IR (4,0,1), while the generators (X ’, ,X ;) belong to
the SU(3) IR( — ,1,0).

(1) If, in addition to (3.19a),

X v, =0,
we obtain

(X X_¥,=0=[-T,+Y/2+B1¥Y, =0,

ie, b= (j +25,)/3. (3.21b)
Comparing (3.19b) and(3.21b), one obtains

=0,

(3.21a)

i.e., the atypical representation contains only the compo-
nents ( j,/3,j,,0) and ((j, + 1)/3, j; — 1,0) corresponding
to j;A,, A, being the elementary four-dimensional IR’s of
SU(4) [see the Appendix and Fig. 5(b)].

We note that in this case ¥ _; cannot be contained in the
IR space. This may be seen by applying the second relation
of (3.5¢) and (3.13a) on ¥, which immediately yields
N_, =0, showing that ¥ _; is not contained in the IR space.

Case 3:

(1) X’_ ¥§ = 0 in connection with j, = 0.

(2) X’_W¥,, = 0in connection with cases 1 and 2.

The second condition has been already dealt with in
cases 1 and 2; we only deal with the first condition in what
follows. We note, however, when ¥, is characterized by
j» =0, b arbitrary, the FDIR space of SU(3/1) does not
contain the SU(3) IR generated by ¥*_ and ¥_ _ (Fig. 6)
as j, — 1 becomes negative. This case is not analogous to
j1 =0, however, because j, = 0 implies that the action of
both independent operators X __ and X, on ¥,, become zero
automatically.

The resultant representation becomes identical to the
atypical representation discussed in case 1(i). The condition

K40 N s0, K100
Wt ja
'4\] 3.\} xp’ \Y_ [j.—l, O]
K-
. e Xx-
%"{j., jx} - []I-" i)
Yljn0) ()
X’ Y
W, juet] t

FIG. 5. Atypical FDIR’s of SU(3/1) when X X,, = 0.

727 J. Math. Phys., Vol. 30, No. 3, March 1989

W (j-1,0 ,
T

Wl o] Yo -2 ;1]
Xo, '

FIG. 6. Atypical FDIR’s of SU(3/1)
when j, =0, x_ ¥, =0.

Yo §,-41]

j» = 0 does not entail any such restriction even on the depen-
dent operator X °_ ,i.e., X"_ V¥, #0.
(i) The SU(3/1) FDIR’s with ¥, generating a SU(3)
IR with j, = 0 becomes atypical if
X_y,=0,

ie.,

(3.22a)

(X, . X_ ¥ =0=[—-T,+Y/2+B]¥;, =0,
ie.,
b= (,+2)/3. (3.22b)

Hence ¥,,_ is also not contained in this atypical IR in
addition to ¥’_ and ¥_ _.

It so happens that imposition of (3.22a) results in the
atypical representation consisting of the SU(3) IR’s genera-
tedby ¥, , V¥, ¥V _,and W _,. Itis a rather involved calcula-
tion to demonstrate explicitly that ¥_ _, drops out. Here
one uses an intuitive argument, viz., that the boundary states
of the SU(3/1) FDIR’s have unit SU(3) multiplicity corre-
sponding to unit SU(3) multiplicity of the boundary states
of SU(4) and unit SU(2) multiplicity of the boundary states
of SU(2/1) and SU(3). Hence ¥, for this FDIR is the sole
occupant of the floor with eigenvalue of B, b = (j, + 1)/3.
This also gives the FDIR, a symmetry under a certain rota-
tion about the B axis [corresponding to 120 ° rotation for the
SU(3) LA]. The explicit computation of the matrix ele-
mentsof X , , X", , X, and X ; is left to a later communica-
tion.

IV.COMPARATIVE STUDY OF FDIR OF SU(4) AND SU(3/
1)

The SU(4) LA and the structure of its FDIR are dis-
cussed in the Appendix. We note the following equivalence
among the non-SU(3) generators of both algebras:

T4 Ty, Ty (XX, X))

76T The(X" X X)),

- 4""B s
apart from numerical factors between the generators 7, and
B.
Because of the subsidiary condition X2 =X
= X /> =0, the lowering operators of SU(3/1) cannot be
applied more than once.

The points of similarity between the FDIR’s of SU(4)
and SU(3/1) are obvious. Like T,,, X _ reduces the value of
Ji for the SU(3) IR generated by ¥,,, it cannot be applied
more than once.

Like T,;, X{ reduces the value of j, by one unit and

raises j, by the same amount; it cannot be applied more than
once.
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Finally X*_ operates on the state X, V¥, to yield a
SU(3) IR characterized by ( j,,j, — 1); again it cannot be
applied more than once.

Further, for the SU(4) IR’s under consideration, the
floor containing ¥, contains three SU(3) IR’s, one genera-
ted by the vector with the same (7,,75,T,) content as
T_ ¥, and another with the same content as V_ ¥, corre-
sponding to the products 7,7, ¥,, and T, T5, ¥,,,, respec-
tively. The multiplicity as one goes inward goes on increas-
ing in the upgraded case; for the graded case it stops at the
first stage.

For the next stage in the graded case, the (7,,75,8B)
content of the SU(3) FDIR’s (occupying the same floor as
X4 W,,) is the same as that of X W, T_ Xy ¥, and
U, X V,, corresponding to the products of the odd genera-
torsX_ X" X,V¥, and X' W, respectively.

It transpires that the atypical FDIR’s in the GLA case
are analogous to the FDIR’s in the LA case when one of the
shift operators j, or j, is zero. This is seen as follows.

MmHx_v,=0oT7,V¥,=0Iie,j=0.

The SU(3) content of the atypical FDIR’s of SU(3/1)
is shown alongside the max SU(3) content of SU(4)
FDIR’s [characterized by shift operators ( /|, /,, j3) ] below:

SU(3/1)
VY, = (jpj)
l Xg,\ X

i—Lia+D Guh=D'

X' X4
l )/ 0

(i =L
SU4)
VY, = (Jajs)
T4
(0, /, +Jj») + other SU(3) IR’s
} T4
0,/2)
)XV, =0T5,¥, =0,ie,j,=0.
The SU(3) content of the atypical FDIR’s of SU(3/1)
is shown alongside that of SU(4) in the following diagrams:

T,

SU(@3/1)
(Ji—LJj2)
B X_ X
V, =0k Ui— Lj,— 10N
X’,/ X,
(Jpia—1)
|
(HX_ V¥, =X, ¥, =0 o
le,j,=0, b= —j,/3,
SU(@3/1)
B v, =1(0,/,)
X’ -7,
0,,—1)
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SU4)
(0, /3)
74
V¥, = (j,/3) + other SU(3) IR’s
| 74
(j]yo)
3)X_V¥Y,=0 /=0T, V¥
ie.,j; =0.
This is the most interesting case. Since there is no analog
of j, in the GLA case, the additional condition X '_ ¥ =0

has to be imposed. The SU(3) FDIR’s content of SU(3/1)
versus SU(4) is shown in the following diagrams:

—T,

=0, T,, ¥; =0,

m

4y SUQB/D
(j,—1,0)
B X~\X{)
Y, =00 (iLi—21D "
X()l X,
(ji— LD
SU(4)
(J220)
T4
-1 W, = (j, +/,0) + other SU(3) IR’s "
Tj;‘t
(Juj2)

In the case of SU(4), j, =0, i.e., elementarity of the
SU(3) IR’s generated by VW, is sufficient to ensure that 7,
¥! = 0. This is related to the fact that 7, can have only
eigenvalues proportional to p/4, p being an integer. How-
ever, B need obey no such restriction so when one drops the
condition X’ W{ =0, one obtains in the graded case a
FDIR with no analog in the ungraded case. The condition
X7 ¥} = 0 must be imposed to set the eigenvalue of B at
the requisite rational analog of p/4.

The similarity in the representation content of the LA
versus the GLA case is subject to the restriction that any
change in the shift operator content ( j,, j,) of ¥,, in the LA
case, although accompanied by a corresponding reduction in
the GLA case, cannot in the latter take place by more than
one unit.

Finally, a few words are in order regarding a compari-
son between the elementary IR’s of SU(3/1) versus those of
SU4):

T W, =T,Y, =0,

ie,j, =j,=0,
SU(4)
Y, =(0,7)
1T€4
(0,0)
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)XV, =XV, =0 -
4

T24wm =0= T34‘I’m

ie,j,=0, b=j/3 T, =j,=0=j,=0
B SU(@3/1) SU@4)
(ji—1,0) (0,0) :
X_ 1 T{t‘l
¥, = (j,,0) ¥, = (j1,0)
%=1 j,=0, andX_ V¥, =0 > T,WV,=0=T,Y,
-7, Le,j,=j=0
B SU((3/1) SU4)
W, = (1,0) v, = (j,0)
lx; |74
(0,1) (0, 72)

In the graded case there is no analog of j,A, [ A, being
the six-dimensional elementary IR of SU(4), j, > 1].

V.CONCLUSION

We conclude that typical FDIR’s of SU(3/1) are analo-
gous to FDIR’s of SU(4) with all shift operators j,, j,, j;
nonzero. Atypical FDIR’s are like those of FDIR’s of
SU(4) for which one or more of the shift operators are zero,
and have a similarly reduced structure.

Our atypicality conditions read as follows:

MHX Vv, =0=[X, X_]¥,=0, (5.1)
)XV, =0= [X5,X]V,, =0, (5.2)
(3) X'_ ¥, =0 in conjunction with j, = 0. (5.3)

Some comments on the philosophy of this technique
may be in order at this stage. Instead of starting convention-
ally from the highest state ¥, one starts from a state mid-
way between the highest and the lowest.”' Two advantages
of this technique that deserve mention are as follows.

(1) Operation of the odd lowering operators on a maxi-
mal state of a SU(3) FDIR yields another maximal state of
new SU(3) IR’s, making it relatively easy to determine the
shift operator content. This is not so for the highest state, as
is evident from Fig. 3, since the operation of X | on the high-
est state of SU(3/1) characterized by

_(h=1 h+2p—1 i)

(TyTyB) ( L
does not yield the highest state of X ;W _.

(2) Starting from some ““in between” state makes it easi-
er to assess the various spin contents of the FDIR’s and
hence easier to determine when the FDIR’s get truncated
without any knowledge of the matrix elements of the opera-
tors, which is the problem under investigation.

It must also be mentioned that this technique does not
show explicitly why some SU(3) IR’s drop out, e.g., in the
third case, why W _ _, is truncated and one then has to resort
to symmetry arguments as we did to “see” the SU(3) con-
tent. This may get complicated for higher » in a generaliza-
tion to SU(n/1).

Besides, j, = 0 for ¥,, in SU(3/1) does not automati-
cally, in the third atypicality case, imply that ¥ _ _, drops
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out, unless X’ W = 0 is imposed, which sets a restriction
on the eigenvalue of B. This4s not required in the SU(4) case
as the range of T, is fixed to be of the form p/4, p being an
integer. In the other two atypicality conditions, the restric-
tion on B is automatically imposed and no other restrictions
are necessary.

We plan to generalize the results of this paper to SU(n/
1) in a forthcoming work.

APPENDIX: FDIR SPACE OF SU(4)

The SU(4) Lie algebra is constructed by the use of the
four sets of bosonic harmonic oscillator creation and annihil-
ation operators a;, ;" :

lanat} =6, Lji=1,.4
The SU(3) operators are

T,=aa;, i#j=1,.4,

1 [ . .

T, =7— z afa,—(i—NData,|, i=2,.4

k=1

(Ala)

(Alb)
The SU(4) LA is obtained as follows:
[T3T,.]=[a"aa,a,]
=8mTin — 6 Tpys (A2a)

unless i = n, m = j simultaneously.

[(T,T,,]=0, j<i<m, (A2b)
= —[G=D/T,,, i=j<m, (A2)
=(/PNT,,, i<j<m, (A2d)
=0, i<m<j, (Ale)
=0, j<m«i, (A2f)
=[(j—=D/1T,, m=j<i, (A2g)
= —(UPNT,,, m<j<i, (A2h)
=0, m<i<j, (A2i)

(T3T)=—-T,+ T, /i

+ - +JT/(j—-1), K2, (A2))

[(T5: T =T+ +jT;/(j—1). (A2k)
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From (A2b)-(A2i) itisseenthat T',, T3, T35, T4, and
T,, are the operators that raise the eigenvalue of 75,73, T35,
T4, and T,, are the operators that raise the eigenvalue of T3;
and T, T,,, and T, are the operators that raise the eigen-
value of 7,. We define our maximal state ¥,, as one for
which

le\l’m = 09 ]> 1: (A3a)

The SU(4) FDIR space is generated by the action of the
generators 7, T,,, and 75, on ¥,, and the SU(3) FDIR’s
generated by ¥,,,.

Before we obtain the FDIR space of SU(4), itis conven-
ient to examine the elementary IR’s of SU(4). These are
three in number.

(1) A,: For this IR, in addition to (A3a) and (A3b),

T,¥, =0, i<j. (Ada)

In this case ¥,, is the maximal as well as the highest
state of the SU(4) IR. The IR, characterized by only one
shift operator, has four states, ¥,,, T, ¥,,, T3, ¥,,, and
T7,¥,.NowV¥, T, ¥, and Ty, ¥,, form a 3 representa-
tion of SU(3), while T, ¥,, forms a 1 representation of
SU(3). Hence the SU(3) (j,, /,) content of the 4 represen-
tation of SU(4) is given by

4=(1,0) & (0,0), (A4b)
WY, =1v,, (Adc)
T,[TyWY,]=—3T,¥... (A4d)

(2) As: For this IR, in addition to (A3a) and (A3b),
T,v%,=0, j>3, (AS5a)
T,¥, =0, (AS5b)

This IR, which we denote by 4*, contains the four states
v ,T,,Y,,T,,V¥,, and T,, ¥, . The SU(3) shift operator
content of 4* is given by

3=j<k.

4* = (0,1) & (0,0). (ASc)
Also

Y, = —1V¥,, (A5d)

Ty [T2a¥, ] =3 120, (ASe)

This IR is the conjugate representation to A,.

(3) A,: This IR is conjugate to itself. In addition to
(A3a) and (A3b), the following conditions on ¥, are im-
posed:

T4l\l/m =0, (A6a)

T,,¥,, =0. (A6b)
This IR consists of the six states ¥,,, 7,, ¥,,, 75, ¥,,,

WY, TV, ,and T, T,, ¥, . Wedenote it by 6. The 6 IR
has SU(3) content given by

6=(10) & (0,1). (Aé6c)
Also

Tw,=-1v,, (A6d)

T,[TWY,, ] =4 [T5.¥.] (Abe)

The FDIR space of SU(4) in general contains a combi-
nation of all the 3 A,’s, applied j; times, the j; being integers:
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Ji>0,i=1,2,3. Hence T,, can be applied at most j, times on
¥,., T,, can be applied j, times on ¥,,, and T, can be ap-
plied at most j, timeson ¥,,,.

The last statement follows from the fact that one basis
has been chosen so that the operators 7,,, Ts,, and T,; are
independent, i.e.,

T41|A3> = T34|A3) =0,
T34|A1> = T23|A1) =0,
T41|A2> = T23|A2> =0,
|A,) being the maximal state of A;. Also we note that

[T\5:TH]1Y,, = [Tz +T3/2+4% T4]‘I’,,, =jV¥,, (A7a)
(T34 T51¥,, = [ —T,+4 T4]\I/m = —i¥,, (A7b)
[T55,T5,]1Y,, = [ -T,+3 T3]\I/,,, = —j;¥,,. (A7c)
Hence
[7)3T5,]¥,, = [T, + 3Ty/2]Y¥,,
=[[T41,T4] — (T30 Tu31l¥,,
= (/i +/2)¥n, (A7d)

and so, as T, and T, can be operated on ¥, (j, +j,) and
J times, respectively, the SU(3) IR generated by ¥, is char-
acterized by the shift operators ( j, + j,, /3).

Let us consider the states

v =T4HV¥,, (A8a)
v, =T%4V¥,, (A8b)
W] = T4,V (A8c)

It is easy to check that ¥, ¥;, ¥; are the maximal
states of the SU(3) IR’s they generate, which are character-
ized by (2, /3)s (jj2 +J3)» and (jy, /), respectively.

The FDIR space of SU(4) characterized by ( j,, j,, j5)
has the maximum SU(3) content ranging as given in the
following diagram. The expression maximum SU(3) con-
tent is used, because there are more SU(3) IR’s in each floor.
The maximum SU(3) IR is characterized by the highest
value of j:

T 4 \I’Q e (j l’j2)

b7
Wi = (Juj2+J3)
{74
Wm - (jl +j2’j3)
T
Wi = (JasJ3)

We now reobtain the elementary IR’s of SU(4) as fol-
lows.

(1) If j, = 0, the SU(4) IR contains the SU(3) IR’s
ranging as shown below:

T, ¥:-(0,/,)

fra

V- (0,/,+J5) .
7
‘I’m - (jz» js)
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(2) If j, = 0, the IR contains the SU(3) IR’s ranging as
shown below:
(JuJ2)
frs
¥, - (i +j0) .
|
(/20)
(3) If j, = 0, the FDIR of SU(4) contains SU(3) IR’s
ranging as follows:
(/10
{74
V., - (i) .
T
(0, /3)
(4) If j, =j, =0, the SU(4) IR contains SU(3) IR’s
ranging as shown below, yielding the FDIR j A :
¥, —(Jj0)
jri
(0,0)
(5) Ifj, = j, = 0, the FDIR contains SU(3) IR’s rang-
ing as shown below and yielding the FDIR j,A,:
(0, 2)
T4,
¥, - (/20)
(6) If j, = j, = O the FDIR space contains SU(3) IR’s
ranging as shown below yielding the IR j;A,:
(0,0)
{74
¥, -0,/
Before concluding this account of the FDIR space of SU(4),
a word must be mentioned about the multiplicity of SU(3)
IR’s at a particular floor. It turns out that the site occupied
by T_ ¥, is spanned by three different SU(3) IR’s, in gen-
eral, obtained because T,,7,,¥,,, T,,T5,Y¥,, and

7,.7,,¥,, are contained in three different SU(3) IR’s, one
being the SU(3) IR generated by ¥,, itself. The two others
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have their maximal state at the same site as T_ ¥,, and
V_V¥,,, respectively. The multiplicity of SU(3) IR’s in-
creases as one goes inward into each floor.

Finally, one must mention that the same SU(3) IR is
obtained after a more conventional analysis of the FDIR
space on the lines of Refs. 22 and 23. We present this analysis
in order to relate to the FDIR of SU(3/1) and to establish
our notation.
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Conservation of angular momentum for systems of charged particles
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It is shown that the interaction part of the electromagnetic angular momentum density of a
system of charged particles is integrable over any forward light cone. A covariant definition of
the mechanical momentum is then given and it is shown that angular momentum is conserved.

. INTRODUCTION

In Ref. 1, I showed that the interaction part of the ener-
gy-momentum tensor is integrable over any forward light
cone. In this paper, I will show that the same is true for the
angular momentum density. The interaction part of the an-
gular momentum density M ;,,, are those terms of the angu-
lar momentum tensor that involve products of fields of dis-
tinct particles.' It is given by Jackson? that

ME =TE X"-TZ, X%, (1.1)

where T,,,, is the interaction part of the energy-momentum
tensor. One can show that the interaction part of the angular
momentum tensor has zero divergence. That is, M %% , (x)
= 0 for x not on a world line. The usual definition of the

electromagnetic angular momentum™*

L*(0) =ifMﬂ“ﬂda,,, (1.2)
Cc Jo

where ¢ is a spacelike hyperplane, has several problems.
Most importantly, the angular momentum tensor M is O(1)
towards spatial infinity because the null fields vanish at spa-
tial infinity like O(r—'). Thus the integral defining the field
angular momentum diverges for point particles. This has
been discussed in arecent paper.® In Ref. 1, I showed that the
interaction part of the energy-momentum tensor is integra-
ble over any forward light cone. In Sec. II, I will show the
same for the angular momentum tensor. In Sec. III, I will
prove conservation of angular momentum for systems of
charged particles interacting by retarded fields. Unlike other
relativistic treatments of conservation laws for systems of
particles,® I define the mechanical angular momentum as a
function defined over all Minkowski space instead of as a
function of the world lines of each particle.

I will use the following notation and conventions: The
pseudometric g is defined by g #* = diag{1, — 1, — 1, — 1},
velocities have unit length, and I will denote the forward and
backward light cones with apex at xby L * (x) and L ~ (x),
respectively.

T

Il. INTEGRABILITY

I consider two charged particles whose world lines W
and W * are parametrized by Z(-) and Z *( ), respectively.
The electric charges associated with W and W * will be de-
noted by e and e*, respectively, and the electromagnetic
fields by F and F*, respectively.

In this section, I will show that L*? defined by

1
L“B(xo) =— M’(‘i';f) dO'p
C JL*(x)

(2.1)

is finite. Without loss of generality, I will assume that x, = 0.
The field F'is given by

F(x) = e(T*M*? —T?M <), (2.2a)
where

T*=X*—Z%n,), (2.2b)

p=T"2(,), (2.2¢)

Q=T"Z(r,), (2.2d)

M*=(1/p)Z+ [(1-Q)/p1Z", (2.2¢)

and 7, is theretarded proper time. The quantities I'*, p*, @ *,
and M * are defined similarly. I will assume that Wand W'*
intersect L * (x;) so that unique retarded times exist for all
XeL *(x,).”

The light cone L * (0) can be parametrized by

X¢= i + o+ wuvw), u,v, weR, (2.3a)
= (raupw), (2.3b)

where r = \/u2 + v7 + w?. The surface element da# =J, do
is given by’

(I = (ee*/4mr) [((T* M)(X-M*) — (M-M*)(T*-X)]T"

+ (ee*/4mr) [(T-M*)(T'*-X) — (T* T)(M*-X)|M*
+ (ee*/4mr) [(T-M*) (X-M) — (M *-M)(X-T) ] I"**
+ (ee*/4ar) [(T* M)(T'-X) — (T* T)(M-X) I M **

+ (ee*/4mr) (T T*)Y(M-M*) — (T-M*)(T*-M)]1X"°.
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do, = (1/nX, dudvdw=J, do. (2.4)

In Ref. 1, I found that
(2.5)
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Thus
M’(‘{,’f)Ju = T‘(‘i‘:,)X”J,, _ T‘(‘ﬁ,,X“Ju

(2.6a)

= (ee*/4mr)[(T* M) (X-M*) — (M-M*)(T'*-X)][T°X? —T*X ]
+ (ee*/4mr)[(T-M*)(X-M) — (M-M*)(I'-X)][T*°X? — I'*x °]
+ (ee*/4mr)[(D-M*)(I'*X) — (T* T)Y(M*-X)][M°X? - M°X°]

+ (ee*/dmr) [(T* M) (T X) — (C*-T)(M-X)] [M*X? — M*X“].

In Ref. 1, I also showed that for XeL * (x,)
rr* X I'*X=0(), (2.7a)
‘M, T*M, XM, XM*=0(r"?%, r-w.(2.7)

These order relations are not valid for X on some spacelike
hyperplane. The assumption that XeL * (x,) is crucial. Fur-
thermore,

r— oo,

I°X? —TPX°=Z°X"—Z°X?=0(r), r-w, (2.82)
T*X? —T*X°=Z*X*— Z*X = 0(r), r-o.
(2.8b)

One may verify that each term in Eq. (2.5) is O(r™*) at
infinity. Therefore, M ;,,, is integrable towards spatial infin-
ity. The singularities of M ;,,,, at the point of intersection of
the world lines W and W * and the light cone L *(0) are
integrable because these singularities are no more singular
than r~2. Therefore, the interaction part of the angular mo-
mentum tensor for a system of charged particles is integrable
over any forward light cone.

I now show that Eq. (2.1) is a reasonable definition of
the field angular momentum by showing conservation of an-
gular momentum.

lll. CONSERVATION OF ANGULAR MOMENTUM

Let W, W *intersect L * (x,). In particular, assume that
Z(r* ), Z*(t** )eL* (x,). Define the mechanical angu-
lar momentum L ..y (%) by

Lt(zrlr;\ech) (‘x())
=mZ(r*)ZP(r7) + m*Z*(r* ) Z*(78)

where m and m* are the masses associated with the world
lines W and W *, respectively. From now on, I will write Z
for Z(7"), etc. The gradient of L ., is given by

Ly,
= (m/p)Z°ZPT7 + (m*/p*)Z **Z *FT*"
— laeB], (3.2)
where T=x,—Z, TI*=x,—Z* p=TI'Z and

pt=r* -Z * [see Eq. (2.2b) ]. I now compute the direction-
al derivative of L ;,,, in some timelike direction /. Thus

L;’ﬁ:;l,,:-l—limiU - M’“’”d%]-
¢ -0 € L™ (x+ €D L+ + (xy) (3 3)

Let T, and T} be tubes of radius A that surround the world
lines Wand W *, respectively, and let S be the portion of the
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(2.6b)

r
spacelike hyperplane X° = R that lies between the cones
L *(x,+ €l) and L * (xg). Choose the normal to S to have
positive zeroth component. Then Eq. (3.3) becomes

B,
L ‘(zint‘; (x())ly
—lim lim lim U _ _J _f
€~0A—0R—w | JL*(x,+ €D L+ (xy) Ty T3

+J +f +f —f Mﬂaﬁda,,].
Sg Ta TX Sg

The first four integrals combine to an integral over a closed
and bounded surface. Since M %29, , = 0 on the interior of
this surface, Gauss’s theorem implies that these integrals

sum to zero. I now compute

(3.4)

lim | M**do,.
A—-0 T,

(3.5)

In Ref. 1, I gave a parametrization of the surface 7, , com-
puted its surface element, and evaluated integrals of prod-
ucts of I'’s. From this work it follows that

lim | M5 do,
A-0 T,

_ _S f CFrZ())Z, () Z5(s)ds — [aB ],
' (3.6a)

lim | M“® do,
A-0 7Y

e* (1 .
= ——J FZ*())Z2(5)Z*(s)ds — [a-B ],
¢ Jn

(3.6b)

where 7, and 7, are defined by Z(r,)eL *(x,) and
Z(1,)el *(xy + €l); ¥ and 7¥ are defined similarly. These
integrals can be identified as line integrals along each world
line. However, 7,—7,=I-14+0(¢) and +¥—7*
=TI*-]4+ O(¢). Thus

L Z?::; (x0)1,

. * .
= ST DF**Z, 25— (T* )F*Z*Z*
c c

— [aeB] —1lim lim | M%% do,, (3.7a)
€—~0 R~ Js,
= — L@ 1, —limlim | M%% do,. (3.Tb)
€-~0 R— o Sk
The equations of motion
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meZ* = (e/c)F**Z,, (3.8a)
m*cZ** = (e*/c)F¥Z}, (3.8b)
were used to derive Eq. (3.7b) from Eq. (3.7a). Thus

(L, + LB ", = —1lim lim M2 do,.

€=~0 R-w Js,
(3.9)

The right-hand side of Eq. (3.9) is identified with the angu-
lar momentum that escapes to infinity. One should not ex-
pect the right-hand side of Eq. (3.9) to be zero because of the
dissipative nature of this problem. Equation (3.9) is a rela-
tivistic generalization of the conservation of angular mo-
mentum for a multiparticle system.

IV. CONCLUSION

Conservation of angular momentum for systems of
charged particles interacting by retarded electromagnetic
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fields has been proven in a manner similar to the conserva-
tion proof given in Ref. 1. The lack of a proof of integrability,
plus the difficulty in defining the electromagnetic and the
mechanical angular momentum in a consistent fashion, have
been stumbling blocks for many treatments of this and simi-
lar problems.
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A general solution for the determination of a variable coefficient in the 1-D wave equation
from an additional boundary condition is presented. The Gopinath-Sondhi equation is shown
to be a special case of this general solution. One application of this inversion method is to
determine the structure of vertically inhomogeneous media from the backscattered waves
generated by arbitrary incident waves. When a priori information about the unknown structure
is available, a method is presented for the incorporation of this information to stabilize the

inversion algorithm.

. INTRODUCTION

The forward problem for the wave equation is the deter-
mination of the wave field as a function of space and time
when the wave equation together with appropriate initial
and boundary conditions are given. Various numerical al-
gorithms are available to solve the forward problem. The
inverse problem, on the other hand, is to determine un-
known variable coefficients in the wave equation when a
boundary condition, in addition to those that are required to
solve the forward problem, is available. This additional
boundary condition is usually provided by recording back-
scattered waves generated by an incident wave.

There are practical applications of the inverse problem
for wave equations. One example is the determination of the
elastic structure of the earth by processing backscattered
waves recorded on the Earth’s surface. For three-dimension-
ally inhomogeneous media, no exact solution of the inverse
problem is known. However, for media that are inhomogen-
eous only in the vertical direction, several inversion schemes
are available.

In the literature there are many exact methods devised
to solve slightly different inverse problems. The pioneering
work of Gel’fand and Levitan' was originally developed to
determine the Schrédinger potential from the spectral func-
tion. The equation of Marchenko? recovers the potential
function from a frequency-dependent reflection coefficient.
Gopinath and Sondhi® treated the inverse problem on a
transmission line. Burridge* summarized these methods in
the time domain and discussed the applications to geophysi-
cal inverse problems. The time domain formulation of the
Marchenko equation was also considered by Kay,” Ware
and Aki,° and Balanis.” Carroll and Santosa® generalized the
Gel’fand-Levitan method and relaxed the smoothness re-
quirement of the unknown impedance function. A survey of
works by many other contributors can be found in Ref. 9.

As pointed out by Balanis, '° the time domain formula-
tion, when compared to the frequency domain formulation,
yields more natural and intuitive derivation of key inversion
results. This paper, inspired by Balanis’ work, considers the
1-D wave equation in the time domain with arbitrary bound-
ary conditions that do not necessarily involve the Dirac §
function.

The second-order wave equation is first decomposed
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into a simultaneous system of two first-order equations. The
representation of the wave field involves the boundary con-
ditions and two auxiliary functions that are uniquely deter-
mined (and vice versa) by the unknown variable coefficient
in the original wave equation. When the causality principle is
invoked, two integral equations are obtained to relate
boundary conditions to the unknown coefficient. These two
integral equations are not independent of each other, and
either one can be the basis of the inversion scheme. Further-
more, the Gopinath-Sondhi equation is shown to be a spe-
cial case of one integral equation derived here.

In practical applications the inversion schemes are un-
stable for bandlimited incident waves. Tikhonov regulariza-
tion procedures'! can mathematically restore the stability,
but they usually also introduce physically unacceptable arti-
facts. When a priori information about the unknown medi-
um is available, a method, which will be presented here, to
incorporate this information can be used to stabilize the in-
version algorithm. This method has proven successful on
real seismic data and has yielded useful geological informa-
tion.

Finally, in the concluding remarks (Sec. VI) we briefly
discuss the possibility of extending the inversion method
presented here to dissipative wave equations.

Il. FORMULATION OF THE INVERSE PROBLEM
We shall consider the equation
Ult - Uzz - q(Z) Uz = 0’

for — w0 << o0 and z>0. The subscripts denote differentia-
tions. The term g(z), a continuous function, is related to the
acoustic impedance a(z) by g(2) = a,/a. Hereafter, a(z) is
normalized such that a(0) = 1.

After being decomposed into a system of two first-order
equations, the above equation becomes

V, +A(2)V, =0, (la)
where
—a(2)U,
V(Z,t):( UI )’
and
{0 a(z))
A) =(1/a(z) 0/ (15)
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The inverse problem is then formulated as follows: Giv-
en the initial condition V(z,¢) = 0, for ¢ <0; and boundary
conditions

V0,1 = (f,((t’)) ) , (1c)

for t>0; find the unknown function a(z).

For the forward problem a(z) is known, and the quies-
cent initial condition together with either f(#) or g(¢) will be
sufficient to uniquely determine the wave field V(z,¢). For
the inverse problem a(z) is unknown, and it has to be deter-
mined by both f(¢) and g(¢). For artificially created f(¢) and
g(1), there may be no solution for a(z). If fand g are pro-
vided by physical measurements, the solution for a(z) exists
but may not be stable.

lli. DERIVATION OF THE INTEGRAL EQUATIONS

To facilitate the derivation of the solution of the inverse
problem, we define two auxiliary functions V,(z,¢) and
V,(z,t) as solutions of Eq. (1a) with conditions'?

5 (¢

for te( — o0,o).

The terms V, and V, are nonvanishing in the region
z>|t|, and are uniquely determined by a(z) when there is
only one spatial dimension. For higher spatial dimensions,
the one-to-one correspondence between a(z) and the auxil-
iary functions breaks down.

Here, V can be expressed in terms of V; and V, as

Vzt) = f I(t — )V, (z,y)dy

—j R(t—p)Vy(z)dy, @)

where
(llz(t)) _ 1 (f(t) +g(t))
0/ 2 \f(1) —g)
for £>0, and both I(¢) and R(t¢) vanish for ¢ <0. Due to
physical considerations, we can call 7(¢) the incident wave
and R (1) the reflected or backscattered wave.

A heuristic argument to justify the above representation
is to transform Eq. (1a) to the frequency domain. Equation
(1a) becomes a system of two first-order linear ordinary
differential equations, with the transformed V, and V, as
two independent solutions. Therefore V can be expressed as
a linear combination of V, and V, with coefficients given in
Eq. (2).

Superficially Eq. (2) is of little use because there are too
many unknowns. However, when we eventually restrict our
attention to the area outside the light cone, i.e., z> |¢|, the
causality principle will force the physical field on the left-
hand side of the equation to be zero. The resultant equation
then relates boundary conditions (/ and R) to auxiliary
functions (V, and V,), which in turn are related to a(z).

A few useful properties of V, and V, are listed in the
following. The proofs are given in the Appendix.

Property 1: Let
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_ p(z,t))
V](Z,t) —(W(Z,t) ’
then
_ p(z, - t) )
Va(ah) = ( —w(z,—0)"
Property 2: For continuous a(z), V,(z,¢) has the form
Vi(zt) =6(z—1)D(2) + H(z— )B(z,1), (3)

where H is the Heaviside step function, and D and B are
continuous vector functions, with the support of B(z,¢) in
the region z> |z |. Here a, (0) = 0 is assumed.

Property 3: D(z) is directly related to a(z) by

D(2) =( va(z) ) (4)
1/Ja(z)
Property 4: Let
_ bl(z,t))
Bzn= (bz(z,t)

then B is the solution of the following Goursat problem in
the region z> |t |:

B, (2,1) + A(2)B, (2,1) =0, (5a)

(2/Va(2))b,(z,2) — 2\a(z)b,y(z,2) = —a,(2)/a(z),
(5b)

B(z,—2z)=0. (5¢)

Property 5: Defining S(z) = §*_ ,B(z,t)dt, (6a)

then

5,(2) 1 1 —va(z)
S()E(x‘ )=()—D =( ).6b
‘ 2(2) 1 2 1 —1/Ja(z) (60)

With these properties, we can derive the integral equa-
tions to recover a(z). Inserting Eq. (3) into Eq. (2) and
using Property 1, it follows that in the region z> |t |:

Va(z) ) by (z,y)
T (i B e
C+N _ e =Ny (z0) Y
i b,(z,y)
— | R@ ( ! )d 7
» (t+y) — b,(zy) (7N
Or, written in two scalar equations,
0=R(t+2z2)— f I(t— y)[b (Z’y)] ly
a(z)
b,(z,p)
+f R(r+y)[ (8a)
\laz
0=R(t+2) +f 1t — ) [Na@ by(zp) ] dy
+f R+ [Va@ b,z ay, (8b)

forz>|t|.
Since I and R are given, one can solve Eq. (8a) for

b,(z,p)/Ja(z) and obtain s5,(z)/Ja(z) as defined in Eq.
(6a). It follows from Eq. (6b) that a(z) is recovered by

a(z) = [1+s,(2)Va(2)] 2 (9a)
Similarly, solving Eq. (8b) one obtains ya(z)b,(z,y) and
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hence ya(z)s,{z). The term a(z) is then recovered by

a(z) = [1 +Ja@)s,(2) ]~ (9b)

Either Eq. (8a) or Eq. (8b) can be used as the basis of an
inversion scheme. It should be pointed out that these two
integral equations are not independent of each other. A little
algebra will confirm that Eq. (8a) multiplied by ya(z), then
differentiated with respect to z, is identical to Eq. (8b), dif-
ferentiated with respect to t.

IV. GOPINATH-SONDHI EQUATION AS A SPECIAL
CASE

The inverse problem posed and the solution provided by
Gopinath and Sondhi® can be summarized as follows:

Problem: V, + AV, =0, for z > 0. Initial condition
V(z,t) =0, for t < 0. Boundary conditions

)
VO, = ( ht;;)

for t>0. Here, A is defined as in Eq. (1b). Here A(z) is the
backscattered wave generated by a Dirac-6 incident wave.

Solution: a(z) = G*(z,z). Here G(z,t) is obtained by
solving

Z

Ga,t) + % ()t —y)Gzydy =1,

in the region z>> |t |. Here h=h — é.

We shall show that Eq. (8a) can be reduced to the Go-
pinath-Sondhi equation. The boundary conditions given by
Gopinath and Sondhi imply that R =} (h —8) =4 h and
I=1(h+6) =R + 6. Denoting b,(z,y)/Ja(z) by b(zy),
Eq. (8a) becomes

0=R(t+2) —J [R(t—y) +6(t—y)]b(z,y) dy

"z

+ R(t 4+ y)b(z,y)dy,

or, after rearranging terms and replacing ¢ by ¢’,
O0=R(t'+2z) —b(z,t")

t

— R(t'—y)[b(z,y) — b(z, — y)] dy.

Integrating over ¢’ from — z to ¢ (¢ is restricted by
|t| <z), the above equation leads to

0=R(t+2) — F(z,1)

14 t

—| ar dyR(t' —y)[b(z,y) — b(z, — y)],

— 2z —Zz

where R and F are defined as

I_Q(t)EJ R(s)ds,
0

]

F(izt)y= b(z,y) dy.

Changing the order of integration, it follows that
0=R(t+2z) — F(z,t)

t

— | dyR(@—p)b(zy) —b(z,—p)].

4
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Using b(z,y) = F,(z,p) and integrating by parts, one
obtains
0=R(t+2)[1+ F(z2)] — F(z,t)

{3

- R(t —y)[F(z,p) + F(z, — y)] dy.

Replacing ¢t by — ¢ in the above equation yields
0=R(—1t+2)[1+F(z2)] — F(z,— 1)

—f R(—t+y)[F(zy) + F(z, —y)] dy.

The sum of the last two equations yields
0= — [R(t+2) +R(—t+2][1+ F(z2)]
+ [F(z,t) + F(z, — 1)]

4

+ | R(t—y|\[F(zp) + F(z, — y)1dy.

-z
Recognizing
'z

R(|t—y\dy=R(t+2z) +R(z—1),

and defining
G(zy)=1—[F(zy) + F(z, — y)1/11 + F(z,2) ],
it follows that

'z

1= Gz +f R(|t—y|)G(zy) dy

h(|t —y|)G(zp) dy,

bt 4

1
=G(z,t —
(2)+2

which is the Gopinath-Sondhi equation.

Finally, since F(z,z) =5,(z)/Ja(z) by definition and
5,(z) = 1 —\a(z), from the definition of G it follows that
G *(z,z) = a(z), which completes the reduction.

V. INCORPORATING A PRIOR/ INFORMATION

In shorthand notation both Eqs. (8a) and (8b) can be
expressed as

0=R + Kb, (10)
where K is the given kernel of the integral equation, and
b=b,/\a for Eq. (8a) and yab, for Eq. (8b). In practical
applications the solutions of the integral equations are usual-
ly unstable. By imposing bounds on b or its derivatives, the
Tikhonov’s regularization procedure reformulates the inte-

gral equation as an optimization problem: find the function b
that minimizes the functional

#[b]=|Kb+ R|?+ (e/M)?||Bb %

where B is a constraint operator that has a bounded inverse,
€ is estimated from the signal-to-noise ratio in the recorded
data, and M is the bound imposed on Bb, i.e., |Bb || <M.
Although B can be the identity operator or derivatives of any
order, experience with real seismic data indicate that the
identity operator is usually sufficient to restore the stability,
and derivative operators seldom add any improvement to
the quality of the inversion results.

The arbitrariness in selecting the operator B and the
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upper bound M implies that some mathematical artifacts
that bear no physical relevance can be introduced into the
final inversion results. When a priori information about the
medium is available, we shall present a more satisfactory
way to incorporate the a priori information that also stabi-
lizes the inversion algorithm.

Based on the @ priori information, a resonable imped-
ance function a,{z) can be constructed. The backscattered
waves generated from this test impedance function may not
be compatible with the physical measurements. The follow-
ing inversion algorithm, which is stable, can improve the test
impedance function to yield a final model that is consistent
with both physical measurements and the a priori informa-
tion. ,

By replacing the unknown a(z) with the given ¢, (z) in
Eq. (5), the Goursat problem yields a unique solution

bol(z,t))
b 02 (z,1) ’

In conforming to our shorthand notation in Eq. (10),
the original inverse problem is reformulated as finding the
function b(z,¢) that simultaneously satisfies the following
inequalities:

IR+ Kb | <e, (11a)
lb — bol| < M, (11b)

where b, = b°, /\Ja, or \[a,h®, depending on whether Eq.
(8a) or Eq. (8b) is used in the inversion scheme. Here € is
again estimated from the signal-to-noise ratio of the real
data, and M reflects our confidence level in the a priori infor-
mation. The more confidence that we have, the smaller is the
value of M that can be used.

Equivalent to Eq. (11), an integral equation of the sec-
ond kind

K*Kb + (e/M)*(b — by) =0, (12)

is solved in practical applications. Here K* denotes the oper-
ator adjoint to K. The resultant solution b via Eqs. (6) and
(9) gives the final impedance function a(z). The usefulness
of this inversion method has been tested on a real seismic
data set.!> A travel time inversion method that does not ac-
count for the amplitudes and waveforms in the data provides
the a priori model. The application of this inversion method,
constrained by the a priori model, confirms the existence of a
controversial low-velocity zone at the base of the oceanic
crust in the North Atlantic.

BO(Z,t) = (

VI. CONCLUSIONS AND FINAL REMARKS

A general solution to the inverse problem of the one-
dimensional wave equation is derived, and a method for in-
corporating a priori information to stabilize the inversion
algorithm is presented. While the derivation presented here
israther simple and straightforward, it nevertheless provides
a general framework that includes the Gopinath-Sondhi
equation as a special case. A reexamination of the derivation
shows that the success of the 1-D inversion hinges on two
things: the availability of the wave field representation [Eq.
(2)] and the causality principle. Equation (2) is available
for 1-D space-time because there the roles of space and time
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are interchangeable. For higher-dimensional inverse prob-
lems, the causality principle still holds, but the benefit of the
representation similar to Eq. (2) is lost.

A possible generalization of this inversion method is to
recover the velocity and the electric conductivity profilesina
stratified medium that supports electromagnetic waves. The
nonzero conductivity introduces one additional term U, to
the wave equation. Auxiliary functions are still available to
give a representation of the wave field, and it seems possible
to solve this inverse problem for dissipative wave equations
following a procedure similar to that outlined in this paper.
The properties of the auxiliary functions and the form of the
integral equations may be altered due to the presence of the
dissipative term. Research on this inverse problem is in prog-
ress.
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APPENDIX: SKETCHY PROOFS OF PROPERTIES

Property 1: If V| = (557)), it can be easily verified that
(_~2% %) and V,(z,t) satisfy the same equation and condi-
tions; hence they are identical.

Property 2: For continuous a{z), the most singular part
of V,(z,t) along z = ¢ will contain a delta-function term fol-
lowed by the next singular part that contains the Heaviside
function. '

Property 3: Substituting Eq. (3) into Eq. (1a), it follows
that

—8(z—1[D—AD] —8(z— 1) [B— AD, — AB]
+H(z—1)[B, +AB,] =0.

Setting the coefficients of &', §, and H to zeros, one ob-
tains

A(z)D(z) = D{(z}, (A1)

B(z,z) — A(z2)D,(2) — A(2)B(z,2) =0, (A2)
and

B,(z,t) + A(z)B,(z,¢t) =0, in z>|t|. (A3)

To obtain Eq. (4), D is first solved as the eigenvector of
A with eigenvalue 1, which gives

D(z) =( va(z) )d(z),
1/{a(z)

where d(z) is a scalar function to be determined.
Multiplying Eq. (A2) from the left by

[1/Va(z) Ja(z)], it follows that
[1/Va(z) Va(z) 1D, (z) =0.

When combined with Eq. (A4), the above equation
yields d, (z) = 0. The term d(z) is therefore a constant, and
this constant is determined to be 1 from Eq. (3) and the
boundary condition of V, at z = 0.

(A4)
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Property 4: Equation (5a) has already been proven as
Eq. (A3). Inserting Eq. (4) into Eq. (A2) results in Eq.
(5b). Because V,(0,1) = 0 for <0 and the Cauchy data
propagating along z = — toriginating from the origin is also
zero, V,(z, — z) = 0. Equation (5c) therefore follows by
setting r = — zin Eq. (3).

Property 5: Integrating Eq. (5a) over ¢t from —zto 2,
and making use of

S.(z) =B(z,z) +J B, (z,2) dt,
which is obtained by differentiating Eq. (6a}, one obtains

B(z,z2) + A(2)[S,(2) — B(z2)] =0.

Combining the above equation and Eq. (A2), it follows
that S(z) + D(z) = const. This constant is determined by
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the initial values S(0) = (3) and D(0) = (; ). Hence S(z)
= (!) — D(z), which is Eq. (6b).
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For an arbitrary one-dimensional quasiperiodic tiling constructed via the grid method with
periodically spaced grids, an algebraic equation is derived for the positions of the vertices
dependent on a single variable, the cardinal position of the vertices.

I. INTRODUCTION

Interest in quasiperiodic tiling predates the 1984 discov-
ery by Shechtman et al." of an alloy of aluminum and manga-
nese that exhibits an electron diffraction pattern with icosa-
hedral symmetry. In 1981 de Bruijn® developed a grid
method to construct the prototypic two-dimensional quasi-
periodic Penrose tilings,> and showed that these tilings
could also be constructed by a projection method from a
higher-dimensional space. Mackay®’ constructed a three-
dimensional icosahedral quasiperiodic tiling using a pair of
unit cells. The projection method was generalized to the con-
struction of three-dimensional icosahedral quasiperiodic til-
ings by Kramer and Neri.® With the discovery by Shechtman
et al." much work has been published on the construction of
three-dimensional quasiperiodic tilings using grid meth-
ods®!! and projection methods.'>~° Gahler and Rhyner!'
have shown the equivalence of the two methods. We shall
consider in this paper one-dimensional quasiperiodic tilings
constructed via the grid method with periodically spaced
grids. Those tilings constructed using quasiperiodically
spaced grids or tilings generated by inflation rules not ob-
tainable by the projection method®' will not be considered.

In 1986, using special sequences of ones and zeros intro-
duced by de Bruijn,?* Litvin and Litvin® derived an algebra-
ic equation for the positions of the vertices of a one-dimen-
sional quasiperiodic tiling consisting of two basic tilings with
the equation dependent on a single index, the cardinal posi-
tion of the vertices. In this paper, we shall derive an analo-
gous algebraic equation for the positions of the vertices of a
one-dimensional quasiperiodic tiling consisting of an arbi-
trary number of basic tilings. In Sec. II we define an arbitrary
one-dimensional quasiperiodic tiling using the grid method
and state the algebraic equation for the vertices of this tiling.
In Sec. III we give an inductive proof of this equation. In Sec.
IV we compare this work with the results of Ref. 23.

Il. ARBITRARY ONE-DIMENSIONAL QUASIPERIODIC
TILING

We construct an arbitrary one-dimensional quasiperio-
dic tiling with p basic tilings using the grid method as fol-
lows: On a number line we plot the p set of points

{nt; + y,|nez}, i=12,..p, (1
where we shall assume that the ratios 2,/7, i#j,
i, j=1,2,...,p, are irrational and the y; are constants such

that y; < ¢, for i = 1,2,...,p. This construct divides the num-
ber line into segments that can be characterized by a p-tuple
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of integers (M,,M,,..,M, ), where the (M, M,,....M, )" seg-
ment is defined by

XMt <x < (M, + 1)1,NM,t,
X< (M, + DN MM, <x < (M, + Dt} (2)

For each p-tuple (M,,M,,...,.M,) determined above we con-
struct on a second number line for a given p-tuple of real
numbers (a,,a,,...,@, ) the point

X(M,,Mz,...,Mp) =Ma, + M,a, + - +M,a,. (3)

The problem that we consider is the derivation of an algebra-
ic equation dependent on a single index, the cardinal position
of the vertices, for the set of points defined by Eq. (3) for all
p-tuples of integers (M,,M,,...,.M,) defined by Egs. (1) and
(2). We shall prove the following theorem.

Theorem: Let N= M, + M, + -+ + M, be the cardi-
nal position of the point X(M,,M,,...,.M,) defined by Eq.
(3). Then the position X(X) is given by

p P Y — Y o\
X(N)=2 (N+1+Z——’)(Z—’) a,
i=1 m=1 by KZu ity

. 4)

where L 1 denotes the integer function, L y J is the great-
est integer less than or equal to y.

Il. PROOF OF EQ. (4)

We shall give an inductive proof of Eq. (4). We shall
prove that the theorem is correct for the cases of p = 2 and
p =13, and then for an arbitrary integer g, prove that it is
correct for the case p = g 4 1 assuming the equation is valid
forthecase p =g.

A.p=2
The vertices of the tilings in the case p = 2 are given by
X(M.M,) = Ma, + M,a,. 39

We subdivide this set of points into two subsets; the first, the
vertices at the end of tilings of length a, and the second, the
vertices at the end of tilings of length a,. We denote the
points of these two subsets, respectively, as X(N,) and
X(N,), where N, and N, denote the cardinal positions of the
vertices in the tiling. We have that

X(N)=Ma,+ | (Mt +y,— 7))/ | a,,  (5a)
X(N,) = I_(Mztz+7’z—7’1)/t1J“1+Mzazr (5b)

where
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Ny=M,+ L(Mt, +y,—9,)/t,d, (6a)

N,=M,+ L(Mt, +y,—v))/t, 4. (6b)
We can invert Egs. (6): SinceLydl =yp— A, where
0<A <1, we can rewrite Eq. (6a) as

Ni=M,+ (M, +7,—71)/t,— A
and consequently,
N+ 1=M[(t;, + ,)/t] + (11 — v2)/t, + (1 — A),
(N, +1)—2 +(7’2_"‘)=Ml+(1—A) L

L+t L+t L+t

Since M, is an integer and 0<(1 — A)t,/ (¢, + 1,) < 1, we

have on taking the integer function of both sides of the pre-
vious equation that

M, = L(N1+ 1)[32/(11 +t2)] + (7’2_7’1)/(’1 +22)J,

_ 2 -1
M1=l_(N.+1+——72 7‘)(2 i) J
L k=1

In an analogous manner we derive from Eq. (6b) that

2 _
M, = [(N2+1+7—‘_—ﬁ)(22) lJ. (7b)
1 K=11

The coefficient of @, in Eq. (5a) is, using Eq. (6a), equal to
N, —M,, and using Eq. (7a) and the relationship that
— Lyd =L —yd +1,wehave

(7a)

Ny—M,=N,+1+ l_—(N1+1+7—2t_—”‘—)
2 t -1 2
()]
k=ltk
n=nY{v L)~
N, —M, = (N,+1+-‘——2—)(Z—2) .
L K=t Iy

(8a)
The coefficient of @, in Eq. (5b) is, using Eq. (6b), equal to
N, — M,, and using Eq. (7b) we have

_ 2 -1
Ny, — M, = (N2+1+12_&)(2 g) _
L K= b

(8b)
We can now rewrite Egs. (5) as

_ 2 -1
X(N,>=[(N,+1+12—74)(2 —"—) a,
L La=g i 52 |
Yi—72 AN
N +1+——)( —) a
* _( ' 4 ;gl L _ ’
_ 2 -1
X(N,) = ,.(N2+1+_7L_71_)(2 i) a,
17 K1 8 J
(N +1 7’1—7’2)( = tz)—l
+ R4 Rk £ L) ).
L. ’ 4 k§=:l L/ ’

and since the cardinal positions of the two subsets of vertices
are mutually exclusive we can write a single equation for the
positions of the vertices

X(N)=|-(N+1+Iﬂ_l_)(§2: _tL)—IJ a
L) k=11
Y17 AN
+ (N+1+ : 2)(2—2) ay,
L K=

which proves Eq. (4) for the case where p = 2.
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B.p=3

The vertices of the tilings in the case p = 3 are given by

XM M,M,) =Ma, + M, + Ma,. (3")
We subdivide this set of points into three subsets; the first,
the vertices at the end of tilings of length a,, the second, the
vertices at the end of tilings of length a,, and the third, the
vertices at the end of tilings of length a;. We denote these
subsets of points, respectively, as X(N,), X(N,),and X(N,),
where N,, N,, and N, denote the cardinal positions of the
vertices in the tiling. We have that

XIN)=Ma,+ LM, +v,—7.)/t,1a,

+ LMty + 7, — 1)/t da,, (9a)
XN))=LMt, +v,— )/t da, + Maa,
+ LMot + v, —7v3)/t: A a, (9b)
X(N;) = LMyt +ys— )/t da,
+ L(Msts +y; — v2)/t, d ay + Maa,, (9¢)
where
Ni=M+ LMt +v,—7,)/t,4
+ LMt +v—73)/t5d, (10a)
No=M,+ L(Myt; +y,— )/t ]
+ LMy, + v, — v3) /554, (10b)
Ny=M;+ L (Mst; + 75— 7,)/t,
+ L(Mts+y5—v2) /84 (10c)
We can invert Eqgs. (10): Since**
La+pBd —I<Lad + LBl La+ ], (11)

from Eq. (10a) we have

I\Ml(_t'l-_i_t—l)"" Vi—”? + Vi—7%s J—1<N1—M1

L ) 29 12
<M (i+_fl_)+ M=V,  Ni—¥s |
' t2 t3 12 t3
From this it follows that
M,——lgl-(Nl+1+72—yl+’}/3—yl)

t ty

3 t -1
x(z —’) <M,.
k=1 tk

Since M, — 1 and M, are consecutive integers we have

1‘11= I'(N1+l+ Y2— ¥ + 7/3"“71)

t ty

( 3 t] ) -1 I
>< - + y
k§=:1 t

where J = O or 1. This constant /is determined by taking the
limit of Eq. (12) then ¢, goes to infinity. In this limit we

obtain the p = 2 case and Eq. (12) must become identical
with Eq. (7a). We find that 7 == 0 and

3 —1
wi= | (W Bzt Bmm) (3 897
L t K=1 b

(13a)

(12)
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In an analogous manner we invert Eq. (10b) and (10c) and

obtain
3 _
M,= (N2+1+7/‘_72+7’3_7’2)(2 ’_2) J
L 4 ’3 K= ¥
(13b)
3 _
M, = (N3+1+71—73+7'2—73)(2 2) _
L L t, Pt
(13¢)

Equations (13) are then substituted in Eq. (9). Denoting
the coefficient of @, in Eq. (9a) by C,,, we have

C12= |.|_(Nl+1+72_71 + 7’3_‘7/1)
L 1)
AN A T 2
(3 8) " ||
K= b L2 5

C,, = Nl+1+7’| 7’2+7’3_7’2)
L 1 t
3 1
(34)-s2]
k=1 &g tz
C, = (N|+1+ Yh— 7% + 7’3—7’2)
| 51 I

where 7 is some integer. On taking the limit of 7, going to
infinity we obtain the p = 2 case and this coefficient must
then become identical with Eq. (8a). Consequently, / =0
and

_ 3 —1
Cp= (N1+1+”'_72+73 ”2)(2’—2> .
L £ K=1 &g

In an analogous manner the coefficients C; of ; in Egs. (9),
i=1,2,3 corresponding to Eqgs. (9a), (9b), and (9c), re-
spectively, and j = 1,2,3, can be shown to be given by

| (o 522 (22)

Since the cardinal positions N,, N,, and N; of Egs. (9) are
mutually exclusive, we then can write a single equation for
the positions of the vertices given by Egs. (9),

=) (34 [

(14)

3 3
XM=Yy (N+1+ s

ji=1 m=1

proving the theorem, Eq. (4), for the case p = 3.

In the general case we subdivide the set of points repre-
senting the vertices of the tiling into p subsets X(X¥,),
i =1,2,...,p, where N, is the cardinal positions of the vertices
at the end of tilings of length a,. We have

X(N,) = z 4, i=12,..p, (15)
Jj=1
where
Ci=LWMt,+y,—yd, Lj=12,..p (16)
and
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N, = z Cy» (17)
j=1
Assuming that the theorem, Eq. (4), is valid for the case

P = g, we have for the case p = g that

g ¥; g . \—!
a2 =30 ]
m=1 t K=11
Lji=1.2,..8, (18)
and in particular that M; = C; for i = 1,2,....g.
For the case p =g + 1, from Eqgs. (16) and (17) we
have

e+1 | M.t C— .
Ni= Z i 1+1/1 7’1 ,
=1 5

and therefore

g+1 ¢ g+1 Yi Y;
N+l=M Y —+ —’+1—2A
F =2 U SR = f =1
where A, is defined by
LMt +y, — )/t = (Mt + v, —v,)/t; — A
It follows that
g+1 =Y g+1 ti -1
\.(Ni+1+2—7’ 7)(2—) J=M,-+1,
= K=1 b
(19)

where I is some integer. Equation (19) in the limit that ¢,
goes to infinity, g#i, must become the expression for
M, = C, given by Eq. (18), for i =, in the case p = g. Con-
sequently, / = 0 and for the casep =g + 1,

(g ) (57

m=1
Substituting this into Eq. (16) in the case of p=g + 1 we

have
C. — _i>
tm

= ||+ s

— +1 .\ -1
Ym 7’1) (gz _5_) J + 1’

tm k=1 tk
where I is some integer. This equation is the limit that 7 ,
g#1,j goes to infinity must become the expression for C;
given in Eq. (18) in the case p = g. Consequently, 7= 0.
Since the sets of cardinal positions ¥, i = 1,2,....g + 1, are

mutually exclusive, Egs. (15), for p = g + 1 can be written
as a single equation

a
I
N
=
+
+

M
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g+1 — . g+1 ¢\ !
<N+1+ 3 _7'_"'_&)( _z_) Jaf"
me1 K=11

m

g+1
XWNy=y

i=1
proving the theorem given in Eq. (4).

IV. COMPARISON WITH THE RESULTS OF LITVIN AND
LITVINZ

The positions X '(N) of the vertices of a quasiperiodic
tiling with p =2 basic tilings of lengths a, = sin 8 and
a, = cos 6, constructed via a projection method was given in
Eq. (9) of Ref. 23,

X'(N)=Nay+ (Ly* + N/a*1 — Ly* 1)(a, —ay),

S

+[N—

X(N) = [N(t1jtz)—l+

2

L+Y— N a
th+1t,

+{w-
t, t+1,

and

where a* and y* are constants. This can be rewritten as
X'(N)=LN/a*+y*— Ly*1 lgq,
+(N— LN/a*+y*— Ly*d 1)a,
(20)
From Eq. (4) for p = 2 we have
mm=“wu+ﬁ%ﬁﬂuﬁflm

2 t2
-1
+ [(N+ 1 +l’ﬂ2_) (1 _|_t_2) J a,,
t t,
from which we derive

-1
(ve1+ 2m) (52,
t2 t2

N(tx‘*'tz)_l_i_ LY+V—Ya J ]02,

—1
X(N)zl'N(tl“"tz) +
53 L+t

LtY2—Y | LbtYa—" a,
L+t

b

+{N_[N(t_¢zz_)"'+tz+n—n _
L L+t

U I Tl ekt S YOS a,).
L+t

Comparing Eqs. (20) and (21) we have
a*=(t + tz)/tz,
Y=+ -/ + 1),
and the positions of the vertices given by Egs. (20) and (21)
are related by a change in origin
XN =X'(N)+LO+r.— )/ (6 + 6 (6 +ar).
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A nonlinear eigenvalue problem in astrophysical magnetohydrodynamics:
Some properties of the spectrum
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The equations of ideal magnetohydrodynamics (MHD) with an external gravitational
potential—a “magnetoatmosphere”—are examined in detail as a singular nonlinear eigenvalue
problem. Properties of the spectrum are discussed with specific emphasis on two systems
relevant to solar magnetohydrodynamics. In the absence of a gravitational potential, the
system reduces to that of importance in MHD and plasma physics, albeit in a different
geometry. This further reduces to a form isomorphic to that derived in the study of plasma
oscillations in a cold plasma, Alfvén wave propagation in an inhomogeneous medium, and
MHD waves in a sheet pinch. In cylindrical geometry, the relevant model equations are those
for a diffuse linear pinch. The full system, including gravity, has been applied to the study of
flare-induced coronal waves, running penumbral waves in sunspots, and linear wave coupling
in a highly inhomogeneous medium. The structure of the so-called MHD critical layer and its
contribution to the continuous spectrum is examined in detail for a model magnetoatmosphere,

based on properties of the hypergeometric differential operator. The relationship of this
singular region to critical layers in classical linear hydrodynamic stability theory is also
discussed in the light of a specific model (in the Appendix).

1. INTRODUCTION

In this paper, a magnetoatmosphere is defined as a sys-
tem, which, when linearly perturbed about a stable equilibri-
um, may support wave motion due to the combined restor-
ing forces of compressibility, buoyancy, and magnetic
fields.' Systems of this type have been of interest in a num-
ber of areas in solar physics: that of running penumbral
waves in sunspots,* flare-induced coronal waves,” waves in
“magnetic flux tubes,”®’ and the associated problem of cor-
onal heating.®° Indeed, there has been a resurgence of inter-
est in the latter problem in recent years, because the outer
solar atmosphere has been shown to be highly inhomogen-
eous inasmuch as it consists of myriads of magnetic flux
tubes in complicated field configurations.® Such structures
are of interest because they are believed to be capable of
supporting waves that may be crucial in determining energy
balance in the solar corona (and, by implication, the coronae
of at least other stars similar in spectral type to the sun).

In the corona the effects of buoyancy and gravity-in-
duced density stratification may often be neglected, and the
ideal magnetohydrodynamic (MHD) equations form the
basis for models of flux tubes and their stability.” Similar
configurations on a smaller scale are of great importance in
plasma physics, particularly in connection with nuclear fu-
sion devices and their MHD stability. '>~'? In this area, there
has also been interest in the problem of MHD stability in the
presence of an external gravitational potential'® (the Ray-
leigh-Taylor stability problem), not because gravitational
forces per se play an important role in laboratory plasmas
(usually they do not), but because acceleration forces that
act on many plasma configurations can be simulated by a
gravitational-type term in the equations.'*

Another aspect of the formulation of the Rayleigh-Tay-
lor problem, namely that of stable systems, is ideally suited
to magnetoatmospheric wave propagation problems. In
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Secs. IV and VII specific attention will be paid to the spectral
analysis of the differential operator arising in the study of an
isothermal atmosphere permeated by a uniform horizontal
magnetic field. The solution of this system has been utilized
in a model of the low corona-chromosphere transition re-
gion, for comparison with observations of flare-induced cor-
onal waves.” In that model, horizontally propagating distur-
bances were found to exist in a waveguide formed by the
sudden density increase into the chromosphere below, and
by the rapidly increasing Alfvén speed above in the corona.

Another topic of interest in solar physics for which
models of this type are relevant is that of running penumbral
waves.* These waves have been observed in H,, propagating
horizontally outward across sunspot penumbrae. It appears
that these are essentially gravity-modified magnetoacoustic
waves (the @, modes discussed in Sec. VI). A considerable
number of papers have appeared on magnetoacoustic-gravi-
ty waves; detailed accounts and references may be found in
the reviews by Thomas,? Campos,'’ and also the paper by
Zhugzda and Dzhalilov.'®

It should also be realized that magetoatmospheric or
magnetoacoustic-gravity (MAG) systems can be supple-
mented by plane or rotational shear (and for such systems
we will adopt the acronym SMAG). Some theoretical work
has been carried out for SMAG waves (that is shear-modi-
fied MAG waves).'”?* The study of shear in incompressible
fluids is the basis for much of classical linear hydrodynamic
stability theory, of interest in oceanography and meteorol-
ogy alike.?* So-called “critical layers” are associated with
those levels z, within the fluid such that the horizontal phase
speed ¢ is equal to the local flow speed U(z.). The topic is
not only one of the relevance to geophysical fluid dynam-
ics.?* The study of waves in SMAG systems leads to a gener-
alized critical layer that may be of significance in the study of
Evershed flow in sunspots'® (though it must be pointed out
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that the physical significance of MHD critical layers is still
in dispute). '

In general, in all these types of systems, the normal
modes have a continuous as well as a discrete spectral com-
ponent.'®'225-2% The former is not of the type associated
with a spatially infinite operator domain?® (though this may
occur), but it comes from the presence of a frequency-depen-
dent singularity in the governing ordinary differential equa-
tions in the finite (or infinite) spatial domain. Associated
with this singular point (or set of such points) are singular
normal modes,*® or improper eigenfunctions.?' The inclu-
sion of such modes is necessary for completeness in a math-
ematical sense. An alternative to the normal mode approach
in problems of this type is the initial value problem (IVP).
Careful analysis shows, in general, that they yield identical
results,?>*! but that the IVP is often more straightforward
from a physical point of view. The time-harmonic, Fourier-
transformed system of partial differential equations, or the
Fourier—Laplace-transformed system for the IVP, gives rise,
in general, to an ordinary differential operator of the form

d ad N
dz[A(z,c)dz} + B(z,¢)
together with such boundary conditions and/or initial con-
ditions as may be appropriate. In (1.1) the terms 4(z,¢) and
B(z,¢) may be highly nonlinear in the eigenvalue ¢. (Here &
is a horizontal phase speed. In Sec. II the eigenvalue is
w® = &k 2, where k is a Fourier wavenumber. ) However, for
the case of incompressible shear flow 4 has the misleadingly
simple form®%*?

(1.1)

A(z,8) = (U(z) — &)~ (1.2)
In the case of incompressible magnetic shear flow,*?
A(z,8) = {(U(z) — &) — a?k 2}, (1.3)

a(z) being the Alfvén speed (defined below). Clearly, MHD
systems, of which (1.3) is illustrative and typical but by no
means general, contain the hydrodynamic systems in the
limit @ — 0. The difference between the solutions for the two
systems is characterized by the nature of the coefficients 4:
in (1.2) forreal ¢, A is always non-negative, whereas in (1.3)
A can change sign in the interior of the domain (see Ref. 33
for a detailed discussion of a specific example in this con-
text). The solutions in the neighborhood of a critical layer at
z =2z, have been discussed elsewhere.*>>* Another major
difference between MAG problems and SMAG problems is
that in the former case, as noted above, the operator F(r) is
formally self-adjoint, and the eigenvalues w” are therefore
real, whereas in any shear-type problem the operator is for-
mally non-self-adjoint, and eigenvalues may be complex.
There is much in the literature on complex eigenvalue
bounds for such systems, the most well known being
Howard’s celebrated ““semi-circle theorem” for incompress-
ible plane parallel shear flow under gravity.*> There are a
number of interesting modifications of the extensions to this
result: further details may be found in Ref. 21.
Mathematically, the state of a magnetoatmospheric,
MHD, or plasma medium can be represented as an element
in Hilbert space, and the powerful theory of self-adjoint lin-
ear operators becomes available, together with many fruitful
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analogies in quantum mechanics. '° Ironically, the latter sub-
ject can be regarded as more straightforward (relatively, at
least!) and “classical” than when compared with the exceed-
ingly rich structure inherent in the MHD systems discussed
above.

There are several classification schemes for the spec-
trum of self-adjoint linear operators in Hilbert space, and,
while some differences exist, for the purpose of this paper
they are essentially equivalent. Two will be stated here since
each one is germane to topics introduced in the main body of
the paper.

In Eq. (2.11) we denote the operator p, 'F + o* by

T, =T— Al (1.4)

where I is the identity operator on the domain of T = p; 'F
and A = — o’ here is real (since T'is formally self-adjoint).
If T, has an inverse

R(D=T;"'=(T-AD"",

R, (T) is called the resolvent operator.

If H is a Hilbert space and T: D(T) — X, a regular value
A of T'is a number (in general complex) such that (i) R; (T)
exists, (ii) R; (T) is bounded, and (iii) D(R,;) = X, i.e,
R; (T) is defined on a set which is dense in X. The resolvent
set p(T) of T is the set of all regular values A of T, and its
complement o(T) = % — p(T) in the real line is called the
spectrum of T. A partition of the spectrum is as follows.3¢

(i) The point spectrum Po(T) is the set of A such that
R, (T) does not exist. Equivalently, it is the set of A such that
T, is not injective, i.e., its null space N(T,) is nontrivial.
The point spectrum is thus the set of all eigenvalues.

(ii) The continuous spectrum Co( T') is the set of A such
that R, (T) exists, its domain is dense in X, but R, (T) is
unbounded. Thus 7 is an injective operator.

Returning to the original operator, the initial value
problem would have the form

[po'F+@*]d=S, (1.6)

where S contains the initial data. Here, »? being in the point
spectrum of 7 = p, 'F means that

[P0 'F+ 0?16 =0
possesses a nontrivial solution.

It is worth noting that the discrete spectrum Do (T) [of-
ten identified as being synonymous with Po(T)] is the set of
all isolated spectral points, excluding eigenvalues of infinite
multiplicity. Thus Dg(T) C Po(T). Furthermore, if an ele-
ment of Po( T) is not isolated from the Co(T), it is said to be
in the point-continuous spectrum, PCo(T).

Consider the self-adjoint  operator Ty = (p-
(2)y') + q(¥), a<z<b < . The two linearly independent
solutions of

T,(p)=T(y) —As(z)y=0 (1.8)
are §(z,A) and (z,1), and these satisfy the initial conditions

¢(a)/1) = _a2’ ¢,(ay/{) =a]/r(a),

¢(a/1) =a|9 wl(a)/{') :az/r(a)’

(1.5)

(L.7)

(1.9)

where a€R, a.€R, and |a,| + |a,]|#0. Each solution of
(1.8), except multiples of ¢, can be expressed as a multiple of
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Y=9¢+my, me?.

If, at a point b, < <, the boundary condition

B y(bo,A) + Bar(by)y (bg,A) =0, (1.10)

where 3,€R, [.€R, and |B,| + |B.]#0, is imposed, then
for Im(A) #0, as the ratio 3,//3, takes on all real values, m
describes a circle in the complex A plane, with center

S= — W(d,bo)/ W(th,¥*by) (11D

and radius

(a% +a§)l/2

R= : 1.12
2|Im(A)|f2s(2) |9)* dz ¢

Here W is the Wronskian of its arguments and * denotes
the complex conjugate of ¥. As b, increases with A fixed, R
decreases and then the circle either approaches a limit circle
C_ (A) or a limit point m_ (A).*® In the former case all
solutions are square-integrable over (g, ) relative to the
weight function s(z). In the latter case only one solution,
y=d¢ + m_ ¢, is so square-integrable.

The paper is arranged as follows. Having introduced
areas of application and spectral theoretic terminology in the
present section, Sec. II deals with the basic equations of ideal
MHD, and the fundamental reduced wave equations
(2.16)—(2.18) is stated. In Sec. III the so-called exponential
magnetoatmospheric wave equation is expressed in canoni-
cal hypergeometric form. The spectral problem is studied in
Sec. IV, including a discussion of the number of zeros of the
dispersion relation, and a point of accumulation of such ze-
ros is identified. Conditions are derived under which the end
points for the operator domain are limit point or limit circle
in nature (in the sense of Weyl and Titchmarsh).

In Sec. V the effect of a finite upper boundary in the
exponential magnetoatmospheric problem is discussed. An-
other important case—the constant parameter magnetoat-
mosphere—is examined in detail via its governing dispersion
relation. In Sec. VI the effect of gravity on the hierarchical
ordering of characteristic frequencies is identified, as are
points of accumulation for the various discrete subspectra
that are present in the system. Conditions under which the
discrete spectra are Sturmian and anti-Sturmian are given.
In the light of these properties, the spectrum of the exponen-
tial atmosphere is discussed further, and a fuller description
of the nature of the spectrum is presented in Sec. VIL.

Finally, the Appendix deals briefly with other material
of relevance to the paper: the comparison of the spectral
analysis of a shear flow system with that in Sec. IV.

In what follows, p,(z), po(2), By(2), and ¥,(z) repre-
sent the equilibrium distributions of pressure, density, mag-
netic field intensity, and external potential, respectively.
Linear perturbations to these basic field variables have no
subscript (e.g., p, p, B,1). The velocity perturbation field is
v, the ratio of specific heats for the medium is denoted by 7,
the sound speed c,(z) = (¥po/po) ''% and the Alfvén speed
ay(z) = |Bo|/p’% a, = B, /py’?, etc. Other variables are in-
troduced as needed.
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Il. THE IDEAL MAGNETOHYDRODYNAMIC EQUATIONS

The equations of ideal magnetohydrodynamics are
those of momentum, induction, isentropy, and continuity,
respectively:

p[%—j——i—v-Vv] = —Vp—-BX(VXB) —pVy, (2.1)

JdB

~— =VX(vXB), (2.2)
at
[—5- + v-v]<pp—7> o, (2.3)
at
[—‘Z—{—v-V] = —pV-v. (2.4)
ot

The equations are linearized about a static equilibrium de-
fined by

Voo + By X (VXBg) = — po V. (2.5)
If the external potential 3, corresponds to a uniform gravita-
tional field, as assumed below, then Vi,
= —g= — (0,0, —g), and the right-hand side of Eq.
(2.5) is replaced by the vector p,g.

In terms of the linear Lagrangian displacement field
g(r,2), defined by
V=98,

at
the equation of motion of ideal MHD is obtained by integrat-
ing and eliminating all dependent variables except §. Thus

(2.6)

‘;:% =p; 'F(§), (2.7)
where the “force” operator F(§) is defined as
F(§) = V(7poV'E + &Vpy) — BoX(VXQ)
— QX (VXBy) + Ve(po€) Vi, (2.8)
where
Q = VX(EXB,). (2.9)

The operator p;~ 'F can be proved to be self-adjoint for many
boundary conditions of interest in MHD.?®
We now regard §(x,),z,t) as an integral superposition of
harmonic terms, with £ and its first x derivative vanishing at
infinity: thus
E= 1 f e “d(z;k)e™ dk,
2m J - o

where the horizontal wave vector K is described with respect
to oriented axes such that k = (4,0,0). Thus, in general, the
horizontal magnetic field has components given by

B, = (B, (2),B,(2),0).
Now Eq. (2.7) becomes

— po’d = F(d,k). (2.11)

Eliminating all dependent variables except ¢, we obtain an
equation of the form*’

dé,
dz

where, after some algebra, the coefficients 4(z,w) can be
expressed as

(2.10)

(2.12)

—"—[A(z,w ] + B(zw)d, =0,
dz
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A(z,w)
_ pol@ + @ + )0 — 0t (2)@® — 03(2))
Bl (@ — 02 (2))(0 — &3 (2))

(2.13)
and
B(z,w)
2 22 2
=Po[(w2 — 0} (2))— ((fz 52(::% ) (wa;liz;)‘z‘) p]f) £
i[po(ai‘i‘c(z))(wz“wg)”’ 2.14)
dz | (0* — 03) (@ — w?)
where
@ (2) = azk?, (2.15)
w3 (2) =arcik*(a; +¢) 7, (2.16)
wi(z) =1[k*(d: +a, + ) — A], (2.17)
0 (2) =4[k*(a; +a) +c5) +A], (2.18)
wi(z) =alcdk*(a; +c3) 7, (2.19)
where
A’ =k*(d: +a} +c3)* —4aicsk*. (2.20)

The expressions w3 and w3 are thus seen to be the roots of the
quadratic in @’ given by

w* — 0’k (@ +a + ) + alcgk* =0. (2.21)
I1l. THE “EXPONENTIAL” MAGNETOATMOSPHERE

We now restrict ourselves further in system (2.12) by
considering the special case of an isothermal atmosphere
(¢co =c=constant) with a uniform magnetic field
(B,,0,0). Under these circumstances the equilibrium den-
sity field is given in terms of a constant scale height
H[H= —p;(z)/po(2)] as

po(2) = po(0)e ™ # (3.1)
and the Alfvén speed

a,(z) =a, (0)e”*". (3.2)
(Hereafter, in this section we drop the subscript x for simpli-
city.) This magnetoatmosphere was examined by Nye and
Thomas in connection with a model of flare-induced coronal
waves,” and by Adam*! in a study of critical layer behavior
(see also Ref. 16). Equation (2.12) simplifies considerably
[on multiplying by p, '(@® — ¢?k?)] to become the equa-
tion
{wzcz + (wz _ czk 2)al(o)ez/H}¢n _ cszH—]¢l

+ {(wZ . c2k 2)((()2 - a2(0)ez/Hk 2)

—g(g—c/H)k’}¢p =0. (3.3)

Let us make the following transformations of dependent and
independent variables:

#(z) = e *flw), (3.4)
w=wye 7, (3.5)

where we have noted that since & ? appears in Eq. (3.3), we
can replace k by |k | without loss of generality, so
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K=|k|H, (3.6)
and

w, = 0’c*/a*(0) (&} — v?) (3.7a)

={B¥k¥* - 1)}, (3.7b)

where 82 = a*(0)/c%. (See Fig. 1.)

Under these transformations Eq. (3.3) appears in the
canonical form of the hypergeometric differential equation,
namely,

w(l —w) dz, +{c—(a+b+ l)w}d—f—abfzo,
dw” dw
(3.8)
or, in terms of Riemann’s P symbol,
0 0 1
f=p| 0 K+3;-5 0 W[ (3.9)
-2k K+1+S8 O
Thus
a+b=c=2K+1 (3.10)
and
ab=H?0*/c* + K+ (y — )K**/yH**. (3.11)
In Eq. (3.9), S(K,w) is defined as [with Re(S) > 0]
S={K*(1 =N +1{(1 —o’/0})}''* (3.122)
={}—R(Kw)}'" (3.12b)
where
R=K>’(N¥o? - 1) + 0°/40?, (3.13)

Bz‘”o

FIG. 1. The mapping &° —Buw, defined by Eq. (3.7b), where 8 = a*(0)/
¢’. The expressions for W, are found in Sec. VII [Eq. (7.20)]. The
hatched region on the »” axis corresponds to the union of subacoustic and
superacoustic horizontal phase speeds, which corresponds to (semi-infi-
nite) intervals of 82w, (see Sec. VII for details).
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and we have written S and R (called the propagation num-
ber) in terms of the Brunt-Vaisala frequency N, where

N*= —gps/p,— 8/¢*
[ = (y — 1)g°/c* for this isothermal atmosphere], and the
acoustic cutoff frequency w, = yg/2¢c. (See Fig. 2 for the
physical significance of S and its magnetic counterpart in

Fig. 3.)

In terms of S, then

a=k—-—S+1 (3.14)
and

b=K+S+14. (3.15)

There has been much interest in the literature concerning the
significance of the singularities »’ = »? and ©® = »? in the
differential equation (2.12) with 4 given by (2.13).'%4!42 In
the system considered in this section it is the latter singular-
ity that is of concern, namely, when

(@ + A)w* = d*c*k?, (3.16)
or, in terms of w, w = 1.

The hypergeometric differential equation possesses reg-
ular singularities at w =0, 1, and «, and that at w=1is
often referred to as the cusp singularity in the MHD litera-
ture.*’ It is in some ways analogous to the classical “critical
layer” singularity in hydrodynamic stability theory. A par-
ticular example of the critical layer problem is compared and
contrasted with the cusp singularity in the Appendix.

The boundary conditions for the exponential magne-
toatmosphere are taken to be the simple forms required by
Nye and Thomas®; namely, a semi-infinite (0<z < 0 ) medi-
um bounded below by the rigid plane z = 0, with the vertical

S2=0

§2=0

§%<0

o k

FIG. 2. Thelocus S % = Qin the @ — k plane delineating regions of vertically
propagating acoustic-gravity waves (S? <0) from vertically nonpropagat-
ing waves (57> 0), where S'is defined by Eq. (3.12a).
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w

0 k

FIG. 3. The propagation-nonpropagation curves for the constant param-
eter magnetoatmosphere (Sec. VI). The curves are appropriate roots of the
quadratic in »” with k, = 0in Eq. (6.2) [see (6.4)]. Note the asymptotic
behavior as illustrated by the broken lines. The w_ curve may approach the
asymptote from below (see Fig. 7).

displacement remaining finite as z— o« . The general solution
of Eq. (3.8) convergent in the range |w| < 1 is, for constants
E and D,

Aw) = D,F(a,byc;w) + Ew' ~°¢

X, Fa—c+ 1L,b—c+ 1,2 — qw) (3.17)
provided 1 — cis not zero or a positive integer. Other repre-
sentations of the solution will be used for jw| > 1. The boun-
dedness condition at infinity implies that f(w) must be regu-
lar at the origin w = 0, and since 1 — ¢ < 0 this means E must
be zero. The other condition, ¢(0) = 0, yields f(w,) =0,
i.e., for nontrivial f,

F(a,byc;w,) = 0. (3.18)

Hence we have that the roots of the eigenvalue equation cor-
respond to the zeros of the hypergeometric function
»F\(a,byc;w,) in a plane cut along the interval 1 <w, < .
Let us note several properties of the mapping (3.7b) (see
Fig. 1):itis clearly a one-to-one mapping of the right ¢ plane
(¢5¢) into the w, plane, with real & mapping onto real w,
according to

ee(0%,c7 ) »wee(0™,00 7)),

6€(C+,00)—>w0€( - wv[ _B-Z]_)’
where ¢ = w/k is a horizontal phase speed. Again, for real
we may take @ > 0 without loss of generality.

The domain of w,(¢) is thus ée(0*,c~)U(c*, ), and
the range is weEe(— w0, —B U0, w). For w,
G( _B _2!0)’ 62 <0
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IV.THE SPECTRAL PROBLEM FOR THE EXPONENTIAL
MAGNETOATMOSPHERE

A.S52>0

We utilize the notation and results of Van Vleck* to
investigate the eigenvalue problem corresponding to Eg.
(3.8). To this end we define A4,=11-¢|=2K,
Ay=|c—a—b|=0,andA;=|a — b| = 2S.Here, E[q] is
defined to be the integral part of g if ¢ >0, and to be zero if
q<0. We now summarize the pertinent results of Van Vleck
without proof in the form of a theorem.

Theorem 4.1: If 1 — c<0 and S$2>0, the number of
roots of ,F| (a,b,c;w,) in

(a) (O,1) is E{i(/lg A=A+ 1)};

b)) (— o,0)is E{i(lz —A -4+ 1)};

(c) (1,0) is zero, unless J{A4, + 4, — 4, + 1} is a
positive integer.
If this is the case, there are four situations to consider: Let
m; = E(A,), i=12,3. The number of complex roots of
F(a,b,;w,) within the half-plane Re(w,) >0 if

(i) m,>m, + m, is zero;

(i) my>m, + m,, is E{U /2},
where

U= E{%(/{z +A— 4+ 1)}

—E{id,—4;—4,+ 1},

unless 4, — A, — A;isan odd integer, in which case the num-
ber of complex roots is zero;

(iii) m;>m, + m,
[this is result (ii) with subscripts 2 and 3 interchanged];
(iv) m;<m; + m,, foralli jk=1,2.3,is
E{§(A;+ 4, -4, + D}

We now examine each of (a), (b), and (c) in turn for R <}
and hence S real.

Lemma 4.1: F(w,) has no zeros in (0,1).

Proof: The number of roots in O <wy< 1 is given by
E[S — K +1]. For exactly n real roots, it is necessary that

n+1>5—K+1>n>l. 4.1

It can be shown that this inequality is inconsistent with the
model under consideration for which N*>>0 and K>O0.
Hence there are no roots of F(w,) for w,e(0,1).

Lemma 4.2: F(w,) has no zeros in ( — «,0).

Proof: The number of roots in — o0 < wy <0 1is given by
E[} — S5 — K]. Again, for exactly n real roots, we require
n+1>1—-8—K>n.

This clearly cannot be satisfied for any integer n>1 since
both S and K are non-negative. The result follows.

Lemma 4.3: F(w,) has no zeros in (1,00 ).

Proof: There are no zeros unless S— K +1=2p +1,
p=0,1,2,..1e.,

S=p+K+1L (4.2)
As noted in Theorem 4.1, there are four cases to consid-

er. Since, however, the operator p; 'F(£) in Eq. (2.7) is
formally self-adjoint, we know the eigenvalues »” are real,
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but we can show that there are no real eigenvalues either in
each category. Details can be found elsewhere.*® Hence in
summary, we have the following theorem.

Theorem 4.2: F(w,) has no zeros in w,
€(0,1DU(1,00)U( — 0,0) for §%(»,K) >0.

B.52<0

Theorem 4.3: Let R(K)>) and S=iu, pu
=(R-1)) 2 Then there exists an infinite number of zeros
of (3.18) for wye(1, » ), and they accumulate at (or diverge
t0) oo.

Proof: Since we are interested in |w,| > 1 we use the lin-
ear transformation formula*® [valid for |arg( — wq)| < 7|1,
noting that, since w, is real, the second term is the complex
conjugate of the first, so we may rewrite the eigenvalue equa-
tion (3.18) as

Re{d( —wp) ¥~ K+ F(K+{—iul—~K—iu,

1 — 2imwy H} =0, (4.3)

where
A=TQK+ HrQip)/{T (K + i+ iu)}?, for lwel > 1.
(4.4)

It can be shown that, neglecting real multiplicative factors,
this result reduces to

Re[[1+ Bwg ']

xexpi{glnw,~m(K+1) +0@}] =0, (4.5)
where B = B, + iB; with
B, = (a +2u®)/(1 + 4u?),
B, =u(2a — 1)/(1 + 4u?),
and
a=1—-K?—uy%
thus, on identifying
L ¢=plnw,— 7K+ 1) + O, (4.6)
Eq. (4.5) is satisfied when
cot ¢ = B _ p2a—1) (4.7)

wo+ B, a+27+ (1+4u)w,

This is a limiting eigenvalue relation for u > 0 (i € 1 for sim-
plicity, but this is not necessary) as w,— <. For given 1 and
K, the right-hand side is a monotonically increasing function
of w,, tending to 0~ as w,— o if @ + 2u? > 0. Whatever the
value of this right-hand side, the left-hand side attains it an
infinite number of times in this limit, proving the theorem.

Theorem 4.4: In terms of the parameter A = — S?,
there is a continuous spectrum in Ae(0, ), and a point
spectrum (which may be null) in Ae( — «,0).

Proof- We make use of some results of Titchmarsh.*’
Starting with the canonical form (3.8) of the hypergeome-
tric equation, let

w= —sinh® iz (4.8)

and
f=r(2)uy, (4.9)
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where
r(z) — {(ei_ 1)/(€2+ ])}1/2+(1/2)(a+b)—c

X sinh — (/2 (a+ bz, (4.10)
Then Eq. (3.8) reduces to
d—2u+{A—q(2)}u=O, (4.11)
dz
where
A=ab—(a+b)’= —8§* (4.12)

and
g(z)=[2(a+b—1)(2c—1—a—b)coshz+ 2(a+ b)>
—4¢(a + b) + (1 — 2¢)?]1/(4sinh’2) (4.13)

(we can simplify these expressions by using c=a + b for
this particular problem; but for complete generality at this
stage we do not do so). From a theorem of Titchmarsh,*’
since g(2) -0 as |2| > oo, the result is established.

In fact, for A€(0, ), the continuous spectrum contrib-
utes to the expansion of some g(Z) an amount

1 J‘“’ (@ (c—b) |?
2a+b+2,” o I‘(c)F(a-b)
XMJ u(y,A)g(y)dy, (4.14)
\/K o

for ¢ > 2 (see Theorem 4.5). There will also be a finite num-
ber of simple poles on the negative real axiswhena = — nor
¢c—b= —n n=0,1,.2,.., with residues ( — 1)"/n!. Since
a =K —§ + 1 =c— b, this means, for poles to exist, that
S>0and hence S?> 0. (This also follows from the fact that
A <0 implies § 2> 0.) For the boundary conditions consid-
ered in Sec. ITI, we know from Theorem 4.2 that there are no
roots of the dispersion relation in this case, i.e., the point
spectrum is null.

Theorem 4.5: For Eq. (4.11) the origin (2 =0; w =0)
is of limit circle type if ¢ <2 (K <), otherwise it is of limit
point type. The point w=1 is of limit circle type if
0<a+ b — ¢ 4 1 <2; this is always true for the problem at
hand.

Proof: Asz—0, r(3) ~2"? ", w~2,

f(w)—'ly

A second linearly independent solution corresponding
to Eq. (3.8) as w—0is f{lw) - w' ~“: thus

u(z) L 1/2(22)1 —c_>23/2—c.

Examining the square-integrability of these asymptotic solu-
tions, we find

so u(2)»3z-12

|

o 2¢

and
f23‘2‘d2~ i
o 4 2

These are both in .¥°2(0,1) if (i) ¢>0 and (ii) 4 — 2¢>0.
Hence the origin is limit circle type if 0 < ¢ < 2. This corre-
sponds to K <}, since K is non-negative by definition.
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The transformation @ = 1 — w in (3.8) yields the hy-
pergeometric equation in parameters a, b, and ¢, where
¢ =a + b — c + 1; thus the above analysis holds for i -0,
i.e., w— 1. Both solutions are in .#2 (0,1) if 0 <& < 2. Since
a + b = ¢ for the problem at hand, the point w = 1 is of the
limit-circle type irrespective of the value of K. The cases in
which a + b = c¢ for the hypergeometric equation give rise to
logarithmic solution behavior, as is well known. Indeed, the
general solution of (3.8) in the neighborhood of w= 1"
(@ =07%) is of the form

A ~fi( @)+ 3 ¢,
r=1

Since £, (i0) —» 1 as w—0,
sz(ﬂ))dﬂ;~f In? i div
1} (1]

~{@[n*® —21In @& + 2]}, < 0,

(4.15)

thus exhibiting the limit-circle behavior at that point.

Finally, we consider the model equation in the light of
some results of Dunford and Schwartz.*® If we denote the
hypergeometric differential operator in (3.8) by H %>°, then
the transformations

a=4(c—1), B=ia+b—c), t=2w-1,
(4.16)

and

fw) =+ 1" —1)"%(0), (4.17)
give

H i f}-L%{¢}, (4.18)
where

af_ d o [d 2 282

L’Bz_[Z](l_t)[3?]+1+t+1—t’ (4.19)

on ( — 1,1), a>0, £>0.

Properties of operator L ®# were discussed by Dunford
and Schwartz, and we merely note those that are germane to
the analysis presented here. For any A, L — A4 has regular
singularities at — 1, 1, and o with respective exponents
{a, —a}, {B,— B}, and {1+ [2 +14]1"24 — (2 + 1]}
There are three cases to consider.

(i) a>4, B>1. Clearly a = K and = 0 for the problem
at hand, so this case does not apply. In this case though, the
deficiency indices of L are both zero, so L gives to a unique
self-adjoint operator in Hilbert space.

(ii) a>), 0<B < ). (The transformation ¢~ — ¢ inter-
changes a and Bso there is no loss of generality. ) In this case
(K>), B = 0) the deficiency indices of L are both unity: one
boundary condition is required to define a unique self-ad-
joint operator in Hilbert space.

(ii1) 0<a <}, 0<B <. All solutions of (L —A)¢ =0
are square-integrable at both end points. The deficiency in-
dices of L are both 2, so two boundary conditions must be
imposed to obtain a self-adjoint operator in Hilbert space.

V. A BOUNDED MAGNETOATMOSPHERE

Consider the domain 0<z<d < o for the system dis-
cussed in Sec. III. The boundary conditions
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#(z=0) =0=¢(z=d) are chosen, corresponding to
we|wg,aw,), where a = e ~4/# < 1. If Jw,| < 1, the bound-
ary conditions yield, for constants D and E not both zero,
D ,F,(a,b;c;w,)

+ Ewl~F(a—c+ L,b—c+1;2 —cw,) =0
(5.1

and
D,F,(a,b;c;aw,)

+ E(awy)' ~%F (@ —c+ L,b—c+ 1;2 — caw,).
(5.2)

The necessary and sufficient condition for nontrivial solu-
tions yields the following dispersion relation for the discrete
spectrum:

wh—{a' ~ F,(wo) Fy(aw,) — F,(awy)F,(w,)} =0,
(5.3)

where F| and F, denote the first and second hypergeometric
functions in each of the expressions (5.1) and (5.2).

The general solution for ¢(z) valid for |w|> 1 is the
linear combination

Gw “,F(aa—c+La—b+ Lw™ ")

+Hw °,Fi(bp—c+Lib—a+ Lw™") (5.4)

or
Gw ™ °Fy(w™") + Hw= °F,(w~"). (5.5)

If jaw,| and hence |w,| is greater than unity, the por-
tions of discrete spectrum residing outside any continua are
described in terms of solutions of

wo-(a+b)[a—bFl(wo— l)Fz(a-lwo—l)
—a~F(a'wg WF(wg )] =0. (5.6)

It is apparent that, in the light of the analysis carried out in
Sec. IV B for S = iu, expressions (5.3) and (5.6) indicate
that the singular point w, = «o is not a point of accumula-
tion for that part of the spectrum. The case with |aw,| < 1
and |w,| > 1 is apparently different, containing as it does the
major case of interest in Sec. III (@ = 0). Consider Eq. (3.8)
for |w| = |aw,| < 1, and the appropriate analytic continu-
ation of this equation for |w|= |w,|>1, subject to the
boundary conditions ¢(0) = ¢(d) = 0:

DF (aw,) + E(aw,)' ~ ‘F(aw,) =0 (5.7)
and
DA (wi ") + E(we)' ~ Ay(wg ) =0, (5.8)
where
A = )b —a)
re)i(c—a)
X(—wy) ", F (a1 —c+a;l —b+aw; ")
I'(e)T'(a — b)
I'(a)T(c—b)
X(—wp) ~°,F, (b1 —c+ bl —a+ buwg '),
(5.9)

with a similar expression for 4,. From these two equations
we have the condition
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wh ~ {F,(awy)A, — a' ~ °F(awy)A,} = 0. (5.10)

The expressions above for 4, and 4, both contain, in particu-
lar, a term w¥ = exp(iu In w,). This implies, as before, the
existence of a sequence of eigenvalues accumulating at
w, = oo, but, for this representation to be valid, we require
that |aw,| < 1, which constrains «, and hence the position of
the upper boundary, to change accordingly. This rapidly de-
generates to the case of the semi-infinite magnetoatmos-
phere discussed previously.

VI. THE CONSTANT PARAMETER
MAGNETOATMOSPHERE

In order for the Alfvén speed to be uniform, it is neces-
sary that (d /dz) [ |Bo|’0s '] = 0. This condition, together
with the equation of magnetohydrostatic equilibrium in the
form

d B, B,

o+
dz Po 2

and the perfect gas equation, yield for constant sound speed
a density scale height H = (2¢? + ya®)/2yg. For simplicity,
welet B, = 0, sothat the wave vector k lies in the plane of the
magnetic field and gravity vectors. The coefficients 4 (2.13)
and B (2.14) are independent of z, and a Fourier analysis of
Eq. (2.12) in the z direction yields the following expression:

[wz _asz][w:t _ [cz +aZ]K2a)2

+ Pa*k*K?* + N%*k?] =0. (6.2)
The first term represents the decoupled Alfvén mode, while
the other term represents the fast and slow magnetoacoustic

modes modified by gravity, as is well known.* In these ex-
pressions,

K?>=k?>+ k2 +1/4H%, 6.3)

k, being the vertical component of the wavenumber
k = (k,0,k,),and N? = g(1/H — g/c*) being the square of
the Brunt-—Vaisala frequency, when positive. The fast and

slow modes correspond to the plus and minus roots &’
defined by

]= —Po8 (6.1)

wzlL =%[62+QZ]K2
4C2k2(N2+a2)K2 172
(@ +a)k? ] ]

X[li[l (6.4)

(see Fig. 3). It is a straightforward matter to show that

0 =a’k /(P + ) <o’ <o? <K* (@ +*). (6.5)
In the absence of gravity (N = 0), it is always the case that
0’ <0} = a’k’<w?_ also. When N #0, these inequalities
still hold provided k2>K? = N%c%a~* — (4H?)~'.For k,
in the range (0,K,), w> is greater than o} = a’k 2. How-
ever, w3 < max{w?},0> } always.

A related matter is that concerning the points of accu-
mulation of the discrete spectra corresponding to the above
“4 and —” modes. In a magnetoatmospheric “slab”
bounded by the rigid infinite planes z = 0 and z = d, we may
identify the wavenumber &, as nw/d, n — 1 being the num-

ber of interior nodes of the eigenfunction ¢(z). Thus increas-
ing k, is heuristically equivalent to increasing the node num-
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ber n for the specified value of 4. Retaining terms of O(k [ %)
as k, — 0, k being fixed, it transpires from (6.4) that''

o’ = (@ +a)kl-wl= o, (6.6)
so that o is an accumulation point of the fast mode discrete
spectrum, and

@ -k /(P + %) = Wl (6.7)
The slow mode discrete spectrum accumulates at the point
w? (see Fig. 4). We may notice the interesting fact that if
N3>0, w* | as k, t such that o> —w3*. This corresponds
to an anti-Sturmian discrete subspectrum. If, however,
NZ?<0,0* task,t. Thus an unstable gravitational equilib-
rium gives rise to a Sturmian discrete subspectrum. Further-
more, if in this case a” is sufficiently small, > may become
negative for some range of finite k,. This is related to the
interchange or hydromagnetic Rayleigh~Taylor instability,’
stabilized here for sufficiently large k,.

The behavior of the (point) spectrum for the constant
parameter magnetoatmosphere lays the basis for an appre-
ciation of what the spectral theory discussed earlier in Sec.
IV means in physical terms. A piecewise uniform model will
be used in the next section.

€
N -N
/E/
™~

xl_ . ____

[} 2 kz

FIG. 4. The w” — k, diagram for the constant-parameter magnetoatmos-
phere (Sec. VI). For the upper branch (the “fast™ mode modified by gravi-
ty), dw*/dk, > 0 indicating a Sturmian discrete spectrum accumulating at
infinity. For the lower branch (the “slow” mode modified by gravity),
8w’/ Jk, <0, indicating an anti-Sturmian discrete spectrum accumulating
at w’ = w?. Note that this point of accumulation —0 as a—0, so compress-
ibility-modified gravity waves accumulate at »? = 0. The horizontal line
@’ = w? represents the infinitely degenerate Alfvén mode (decoupled here
for k, =0).
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VIl. SPECTRUM OF THE EXPONENTIAL
MAGNETOATMOSPHERE: DISCUSSION

It has already been noted that the appropriate disper-
sion or eigenvalue relation for the discrete spectrum is Eq.
(3.18), i.e.,

2F (a,b;cwy) =0,

provided |wy| < 1. If |w,| > 1 then the analytic continuation
(4.3) is used, being set equal to zero. In what follows, these
equations will be referred to as EI and EII, respectively.
Since it is precisely these equations that have been used in a
model of flare-induced coronal waves, the notation of Ref. 5
will be adopted in the remainder of this section for ease of
identification. Thus if

QO =wH/c, (7.1)
then

wy = Q¥/BHK?— 0. (7.2)
For EI, the condition |w,| < 1 yields the conditions

0<Q*<B?K*(1+B8H) "' <K? (7.3)

and if 32 > t (which is permitted in this model for which a is
not constant)

Q25 B2K2(B*—1)"'>K2 (7.4)
For ElI, the conditions are

K?>0%>B%K*(1+B%)! (7.5)
andif 82> 1

K2<Q*<p’K*(B* - 1)~ (7.6)

These regions are illustrated in Fig. 5. In terms of the origi-
nal variables, the four inequalities (7.3)—(7.6) become, re-
spectively,

,  a*(0)c*k?

O<w <m=m§(0)<c2k2, (1.7

a*(0)>c?, a)2>{%2(%)))cj—k;>czk2, (7.8)

k2> 0P ———Z:((g))ik;, (7.9)
and if

a*(0) > ¢, c2k2<w2<Zj—((g%. (7.10)

The union of these four regions [or two of them if
a*(0) < c?] represents the domain of the discrete spectrum
outside the continuum region. This continuum arises
through the term (0> — @3 (2)) in Eqgs. (2.13) and (2.14);in
the more general, case of variable sound speed ¢(z) and
B,5%0 there will, in general, be four continua, which in
weakly inhomogeneous media may be separated from each
other by portions of the discrete spectrum and regions of
spectral nonmonotonicity,*® e.g., {@? (2) } and {} (2) }.
The expression

®} (2) = a*(0)c%e” "k /[a*(0)e” " + ¢?]
is a monotonically increasing function in 2€[0,%),

w? (0)<w? (z2)<w} () = ¢’k % (see Fig. 6). Hence this may
be inverted to give a monotonically increasing profile
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0 K

FIG. 5. The Q-K plane (or dimensionless w-k plane) illustrating the do-
mains of validity (7.3)-(7.6) of the dispersion relations (3.18) (EI) and
(4.3) (EII). For El and 7 < 1, the sector KOC is the appropriate domain;
for B2 > 1, itis sector QOA. For Ell and 87 < 1, the domain COB is appro-
priate; for 82> litissector AOB. Reference to Fig. 9 shows that the domain
EIl (87 < 1) coincides with the continuous spectral region {w?}: if any dis-
crete spectral values are embedded here, they are in the point-continuous
spectrum, and constitute a previously unnoticed set of eigenvalues.

2z, = z,(@?). The set of frequencies w’e{w?3 (2)|0<z< o}
constitutes the continuous spectrum: the set of improper
eigenvalues of the operator p~ 'F (see also Fig. 7).

It has been shown*® that although systems of the type

#(0) ¢%k?

aiioi +c2

o z
FIG. 6. Schematic behavior of the function «?(z)=d’(z)c’k?

X (@*(z) + ¢%)~" for the exponential magnetoatmosphere (Secs. 111 and
V).
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|

ack
w '(a2+c2)‘/2

B(‘)z

o] k

FIG. 7. The propagation curves for the constant parameter magnetoatmos-
phere (Sec. VI). This is similar to Fig. 3, but with the »,, ,, and &, lines
present, illustrating, respectively, the relative positions of the Alfvén,
“limiting” slow, and Lamb modes. The Alfvén mode is the only true mode:
the other two are limits related to the accumulation points of the discrete
spectra. The solid vertical line segments correspond to branch-line integrals
in the related initial-value problem.™*

(2.12)—(2.14) are highly nonlinear and hence non-Sturm—
Liouville in the eigenvalue w?, partial monotonicity of the
discrete spectrum can nevertheless be established outside the
regions {@}(2)}, i = 1,2,3,4. Specifically, if in Eq. (2.12)
the expression for 4 is positive, then the discrete spectrum is
Sturmian outside U ,{w?(z) }, meaning that the node num-
ber (or number of oscillations) of the eigenfunction ¢(z)
increases with increasing eigenvalue ”. If, on the other
hand, 4 <0, the discrete spectrum is anti-Sturmian, so the
node number increases as the eigenvalue decreases ( this con-
cept was discussed in terms of the constant parameter atmo-
sphere in Sec. VI). Clearly, if the regions {a),z} are disjoint
(by virtue of weak inhomogeneity in the system, for exam-
ple), then we may have the discrete spectrum changing from
Sturmian to anti-Sturmian or vice versa every time one of the
factors [w® — w?(2) ] changes sign. In the case of the expo-
nential atmosphere of Sec. I11, A4 is defined by

A(z,0) = py(a@® + *)(w* — 03 (2))/(0® — c?k?).

(7.11)
For the model at hand,
sup @ (z) = ¢’k ?, (7.12)
50 A >0 when
(i) @* <inf w3 (z) = a*(0)c?k 2/[a*(0) + 2]  (7.13)
and when
(i) @*> c*k 2. (7.14)
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In these regions, the discrete spectrum, if it exists, is Stur-
mian in nature. There is no region, outside the continuum
{w§ (z)}, for which the coefficient 4 is negative, by virtue of
(7.12). In the case of a finite upper boundary, however,
2 272
. a*(0)ck
infw? (z) = ——""" _<w? (z)<sup w2 (2)
1@ 02(0)+C2\ 2(2)s ZP 2

2 27 2
= 2Ok e (7.15)
a (0) 4+ c’a
where a = ¢~/ (as in Sec. V) for an upper boundary at
z = d. Then the spectrum, if it exists, is Sturmian in the re-
gions denoted by (7.13) and (7.14), and anti-Sturmian
when

a*(0)c*k ¥/[a*(0) + Pa] <w® < k> (7.16)

Returning to the case of a semi-infinite medium (a = 0),
considerable insight is afforded into the nature of the spec-
trum by examining a piecewise uniform atmosphere with the
same basic features (e.g., increasing Alfvén speed with in-
creasing values of z), To this end, we refer to Eqgs. (6.4) in
Sec. VI and Fig. 4 [see also Egs. (6.6) and (6.7)]. First,
consider the purely acoustic-gravity case for which a*>=0.
Under these circumstances it is easy to show that the upper
branch ©?, (k,) - o as k, increases, whereas &> (k,) -0
as k, increases. Thus the gravity-modified acoustic spectrum
accumulates at oo (Sturmian spectrum), whereas the com-
pressibility-modified gravity spectrum accumulates at 0*;
the spectrum is anti-Sturmian®® (see Fig. 4). As the Alfvén
speed is increased from zero, the “line” of accumulation
moves upward from o’ = 0 to w’=a’c*k */(a® + ¢?) as the
magnetic term gradually dominates the gravitational term.
(This can happen for sufficiently large values of k no matter
how small ¢ is.)

In Fig. 8 the w*-k, diagram for the w , modes is present-
ed schematically: for “weak” stratification the plus and mi-
nus modes may emanate, respectively, from above and below
their values in the absence of gravity.

Figures 8(a)—8(c) show the progressive behavior of the
modes (for a prescribed value of k) as the Alfvén speed in-
creases. This is loosely equivalent to moving upward in the
continuously varying exponential atmosphere. As @* in-
creases, the line o = (w3} ), moves progressively closer to

2 = &% = k2% Thus, for the slow mode, the w?-k, curve
gradually flattens out and moves slowly upward until it col-
lapses onto the line @”> = k ?c* (the Lamb mode). It has al-
ready been noted that the discrete spectrum for the constant
parameter atmosphere is anti-Sturmian for the slow mode,
accumulating at «” =w3. As a’ increases, these lines,
o’ = (@} ); accumulate from below to w® = k ’c?, and the
spectrum becomes infinitely degenerate in the limit a”— .
Referring to the exponential model discussed in Secs. ITI and
1V, it can be seen that as z— o0, @>— o; thus, for the slow
mode, @’ —>w?~ = (k%?)~. This is the result found in
Theorem 4.3, namely that w, = o is a cluster point or accu-
mulation point of the eigenvalues of the system: physically
the slow mode accumulates to the Lamb mode eigenvalue
(@ = c’k?) from below. The fast mode accumulates at
©’=w as noted earlier: this corresponds to
wy— ( — B ~2)~ (see also Fig. 1). Figure 9 illustrates the
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w? w? w"’/
1 2
¢ wi(z,)
4 w?(z,)e
wi(z,)e
-2
Wi - - - - - - - - -------- 1 ————————
4 wi(zy) 4;.>_—_—.
wa(z,) 8- ---- -
wg(z1) ===
0 k © k O kz
(a): 2=z, (b):z=z,>2z, (c):z=2y>z,

aZ>c? a2>a? a3>a}

FIG. 8. (a), (b), (¢) A schematic sequence of w’-k, diagrams for a constant
parameter medium (for simplicity, g = 0 here, without much loss of genera-
lity). The sequency (a)—(c) may be regarded as mimicking the evolution of
alocal w’-k,(z) diagram as the Alfvén speed increases with altitude z. The
diagrams are drawn for a > ¢ at all locations z; for ¢ > a any given diagram is
schematically very similar, the only difference being that the positions of &?
and @] are interchanged. Note how the anti-Sturmian slow-mode is collaps-

ing (from below!) onto the Lamb mode «® = &3 as a increases.

relationship between real values of w® and w,, again in a
schematic fashion.

It is clear that the restriction of S ? to negative values for
the analysis in Sec. III and parts of Sec. IV will place some

T 1% oo -0t
-5 o \/ \/ - -7

r T T T T — Wy

i [ ) ! [ |

! ' 1 i l f

1 t i 1 1 1

1 I | | 1 1

1 | I t ) t

1 1 | i I |

1 1 i 1 I '

] | 1 | ! ) wZ

h 7 ; .l " d

r 0 wil0) aj @5(0) o

1

1 I i | 1 H

| ) ( | | |

| 1 [ I ) 1

i I ] I 1 1

! ) ( | ) 1

1 I 1 1 ] 1
Bz<1: L | 1 2

l ~EI—-—EX— I ?

l t 1 ' 1 1

1 1 I ' v I

i 1 ! 1 1 |

t 1 ¢ 1 1 |

[ 1 ' 1 1 1

1 ) 1 I | 1

1 1 1 I I I

1 1 1 1 1 1
B2>1! ' ! fCEL T El 2

FIG. 9. A schematic representation of the relationship between w, and «’,
as defined by the mapping (3.7b). The quantity &;3(0)
= d*(0)c*k *(a*(0) ~— )~ ' exists only for 82> 1. Also illustrated are the
subspectra (both discrete and continuous) which are permitted by the var-
ious dispersion relations EI (3.18) and EII (4.3).
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restriction on w, also. To examine the implications of R > 1
(i.e., S? <0) for w,, we have that, from (3.7a),

54[4(y7: n 1]w§

8(y—1) 4(y—1)
0* = a*(0)’k *wy/ [ + a*(0)wy] . (7.17) +62[—("——— (1+4K2)]wo+”——>0.
v (7.18)
Note that w? <0 for — ¢*/a(0) < w, <0, corresponding to ) 5 . '
convective instability. On substituting for ? in the expres-  Denoting I + 4K = by a, it follows that
sion (3.13) for R, the condition R > ! becomes, after some Blw,>W, or Llw,<W_, (7.19)
manipulation, where
|
w - (e —8r+8 +{(ar’ —8y+8) +16(y - Dy —2)*}'"
.
Since 0 0 1
Brw, = 0 (k? — o) 7!, (721)  f=P{ 0 K—JI+K? W(1+v) wp, (AD)
these constraints on w, correspond to —2K K+J1+K? i(1—wv)
, kW, , kAW _ 792 where K =kH, v= (1 —4Jwy)?=iu if 1 <4Jw, and
@ >7 + W, or @< +w_ a2 5= ogHV ~? is the Richardson number for the flow. The

For realistic magnetoatmospheres 1 <y <2.
In particular, ifa = 2,i.e., kH = 1/2,and y = 5/3 then
W, =4and W_ = — 6. Reference to Fig. 1 yields the fol-
lowing inequalities in w*:
(i) 0.8c¢%k?*<w*<c’k?
(i) ck?<w?<1.2c%?

(subsonic branch)
(supersonic branch) ’

APPENDIX: HYDRODYNAMIC SHEAR FLOW: A
COMPARISON

Miles examined the shear flow given by®'

Uz)=V(1—e "), 0<z<ow, (A1)
with density profile
In(p(0)/p(2))=0(l —e "), O<o<l, (A2)

for an inviscid incompressible fluid bounded below by a rigid
horizontal plane z = 0, filling the half-space z > 0. The gov-
erning Fourier-transformed ordinary differential equation
and boundary conditions are (in terms of the perturbation
stream function ¢)

" N’ v 2
¢ +{(U—c)2_U—c_k $=0 (A3)
and
(U=¢c)"'¢=0 (z=0), (A4)
=0 (z=w), (A5)

where ¢ = w/k is the (possibly complex) horizontal phase
speed. As in Sec. 111, a set of transformations of dependent
and independent variables yields the hypergeometric differ-
ential equation. Thus if

$(z) =e M f (w), (A6)
w=we 7", (A7)
where
we=V/(V-c), (A8)
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above boundary conditions yield the following eigenvalue
equation:

(1 —wy) V2 =1+ F (a,b;1 + 2K;w,) =0, (A10)
where

a=114+v)+K— (14K (A11)
and

b=4(1+v) +K+ (1+K%)"2. (A12)

Of physical interest in a system such as this, governed by an
equation of the type (A3), are those values of z (if any) for
which U(z) = c—the so-called critical layer singularities. It
is easily seen that this corresponds to the regular singular
point w = 1. Using techniques similar to those used here,
Miles establishes the following results, which we state in the
form of a theorem.

Theorem A.1: For Jw, <}, ,F\(a,b;2K + 1,w,) has
(1) one zeroin wye(0,1) iff0<v < v, (K);

(11) no zeros in wye(1, e );

{(iii) #n zeros in wye( — o0,0)

iffv, <v<v,,,,

where v,(K) and v, (K,n) are specified expressions. Miles
established that there are no unstable modes for any K and J.
When Jw, > }, the relation (A10) can be written as
Re{d *(1 — wy) V2~ '+ F (a,b;1 + iu;1 —wy)} =0,
(A13)
where

A=T1+2K)T(iu)/T(a)C(d) . (Al4)
On examining this as w,— 1 ~, we obtain the limiting eigen-
value relation
— (=D cot{(J—H'"?In(1 —wy) } = (X)),
(A15)
and hence it is proved, as in Sec. IV:
Theorem A.2: There exists an infinite number of zeros in
wee(0,1) for Jw,>}, and they accumulate at w,= 1"
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(¢ =07). This result corresponds physically to the exis-
tence of an infinite number of stable, propagating internal
gravity waves with speeds that lie outside the range of flow
speeds (0,V).

Recall that in the magnetoatmospheric problem dis-
cussed in Sec. VII, the point w, = oo (¢?> =& ~) was the
corresponding point of accumulation for propagating waves.
It is natural to ask, in view of the formal similarity of the
singular differential equations (A3) and (3.3), what is the
nature of the regular singularity w, = 1 in this case? Since
the usual transformation formula for ,F,(a,b;c;w,) has a
pole when ¢ = a + b, the appropriate formula, exhibiting a
logarithmic singularity, is

[(a+b) & (@),(b),
C@T(b) ~o (a)?
X[2¢(n+ 1) —gp(a+n) — P(b+n) —In|1 — w,|]

X(1—wp)"=0, (A16)

for |arg(l —wy)|<m, |l —wy| <1, R>L, where (a),
=TI(a + n)/T'(a) is the usual Pochammer symbol, and
¥ (a) is the digamma function.

A careful examination of expression (A16) precludes
the existence of an accumulation point at w, =1~ [or
®* = (w3)~]. By contrast, for the hydrodynamic stability
problem a standard Frobenius expansion in the neighbor-
hood of the singularity z,, where ¢ = U(z,) (w, = 1) yields
complex roots of the indicial equation (in fact they are com-
plex conjugates). There is no logarithmic singularity, and
the behavior of the solution (and hence wave energy flux) is
altogether different (see the detailed analysis of hydrody-
namic critical layers by Booker and Bretherton, and the cor-
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Some analytic solutions to Einstein’s equations with perfect fluids are presented that are of
Bianchi type III. The geometrical and physical properties of the solutions are studied.

I. INTRODUCTION

In recent years there has been considerable interest in
spatially homogeneous space-times. These space-times be-
long to Bianchi type I-IX classes and are interpreted as cos-
mological models. The field equations of general relativity
for spatially homogeneous Bianchi type III have been inves-
tigated by many authors. Cahen and Defrise' obtained the
general solution for the vacuum Bianchi type ITI model with
nonzero cosmological constant. Lorentz? presented exact
solutions of this class of metrics with dust and a cosmologi-
cal constant and obtained solutions given by Cahen and De-
frise,' Stewart and Ellis,®> and Moussiaux ef al.* in special
cases. Further, Lorentz® obtained exact solutions of Ein-
stein—-Maxwell equations with dust and stiff matter. Recent-
ly, Bayin and Krisch® presented some analytic solutions of
Bianchi type III with perfect fluids and studied the associat-
ed fluid parameters.

In Sec. II, we obtain three solutions to Einstein’s field
equations of Bianchi type III. The energy-momentum tensor
is of perfect fluid type. The physical and kinematical proper-
ties of solutions are discussed. In Sec. III, following the tech-
nique of Hajj-Boutros,”® we derive an algorithm for generat-
ing exact solutions of Bianchi type III with perfect fluids. In
Sec. IV the solutions obtained in Sec. Il are used to generate
two more exact solutions. These new classes of solutions can
be added to the rare solutions not satisfying the usual equa-
tion of state.

il. FIELD EQUATIONS AND SOLUTIONS

The metric of the Bianchi type I1I class of model is taken
of the form!°

ds? = —dt? + A%dx® + B2 dy* + C2dz, (1)

where A(t), B(t), and C(t) are cosmic scale functions. For
perfect fluids the field equations to be solved are

(A'B’/AB) + (B'C'/BC) + (4'C'/AC) — (1/4%) =p,

2)
(B"/B)+(C"/C) + (B'C'/BC)y = —p, (3
(A"/4) +(C"/C) 4+ (4'C'/AC) = —p, 4)
(4"/4) + (B"/B) + (A'B'/AB) — (1/4%) = —p, (5)
(4'/4A) — (B'/B) =0, (6)

where p and p are, respectively, the energy density of matter
and pressure of the fluid. A prime denotes derivation with
respect to time ¢.

From Eq. (6), we get

A =uB, N
where u is an integration constant. Without loss of any gen-
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erality we take u = 1. Equations (4), (5), and (7) lead to
(4"/4) — (C"/C) + (4'/4)"*(4'C'/AC)

—(1/4%) =0, (8)
which is a single equation in two unknowns. The method we

shall use to generate solutions to (8) is to assume a solution
for A and then solve for C. We choose

A=at+b, 9

where g and b are arbitrary constants. Inserting (9) into (8),
we obtain

(at+b)*)C" +a(at+b)C’' — (&> — 1)C=0, (10)

which is a Legendre differential equation. To obtain a solu-
tion of (10), we consider the following cases.
Case 1: When |a| > 1, the general solution of (10) is

C=c(at+b)"+ c,(at + b) 7, (11)
where ¢, and c, are integration constants and
y=(a®—-1)"%/a. (12)
The metric of the solution is therefore
ds’ = —dt? + (at + b)*(dx? + e~ dy?)
+ {c,(at + b)Y + cy(at + b) ~ 7} d2. (13)

The distribution of pressure p, density p, expansion O,
and shear o (see Refs. 11 and 12) for the metric (13) are
given as follows:

= , 14
p (at + b)? (14)
__a-1 2d%y
P (at+ b)?  (at + b)?
X[cl(at+b)7—cz(at+b)‘7]’ (15)
cilat+b)" +c(at+b) 71"
o— 2a ay c,(at+b)”—cz(at+b)"’]’
at+b (at+b) Ley(at + b)Y + cy(at + b) 7
(16)
0:—1._[ a —_— a'}’
3 at+b at+b
x[c,(at+b)”-—cz(at+b)“””. (17)
c,(at+ b)Y +cat+b) 7

Case 2: When |a| < 1, Eq. (10) has the solution

C=c;cos{fBlog(at + b)} + c,sin {Blog(at + b)},
(18)

where ¢, and c, are integration constants and £ is given by
B=(1—a)"a. (19)
The metric of the solution is
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ds* — dt? + (at + b)*{dx* + ** dy*} + [c; cos{B log(at + b) }c, sin{Blog(at + b)}]? dZ. (20)
For this space-time the matter distribution and the kinematical parameters are as follows:
1—a?
~1-a 21
P=arr 6y (21)
at—1 2a°B [ —c,ysin{Blog(at+ b)} + ¢, cos{Blog(at + b)}
pP= 5 2 N s (22)
(at+b)*  (at+ b)*l c;cos{Blog(at+ b)} + c,sin{Blog(at + b)}
__2a aB [ —c;sin{Blog(at+ b)} + ¢, cos{Blog(at + b)} (23)
at+b at+bl c;cos{Blog(at+ b)} + c,sin{Blog(at + b} |’
af  —cysin{Blog(at + b)} + c, cos{Blog(at + b)} (24)

1 a
7= ﬁ[at+b at+b

Case 3: When |a| = 1, Eq. (10) has the solution
C = c5 + ¢ log(at + b), (25)

where c5 and ¢, are arbitrary constants. The metric of the
solution is

ds* = —dt? 4 (at + b)2(dx® + e** dy?)
+ {es + ¢ log(at + b) ¥ dZ°. (26)

The distributions of matter and kinematical parameters
for the metric (26) are given as follows:

p=0 (27)
p = 2ce/(at + b)*{cs + cs log(at + b)}, (28)

© = 2a/(at + b) + 2ac/(at + b){cs + ¢slog(at + b) },
(29)

o= (1/y3)[a/(at + b)

— ace/(at + b){cs + c¢ log(at + b) }]. (30)

As far as we know, these models are new and can be
added to the rare perfect fluid solutions not satisfying the
equation of state:

p=(e—1)p. 31)
The models start expanding from a singular state at
t = — b /aand attaininfinite volume as — co . In this limit p,

P, ©, and o all vanish. We also find that the ratio (0/0)
tends to a finite limit as 7 — o0, which means that the shear
scalar does not tend to zero faster than the expansion. These
anisotropic models are acceleration- and rotation-free.

lll. GENERATING TECHNIQUE

We now derive an algorithm for constructing spatially
homogeneous perfect fluid solutions of Einstein’s field equa-
tions that are of Bianchi type III and are locally rotationally
symmetric. Let us recall Eq. (8). To treat this we introduce
new functions R and S given by

R=A4'7/4, S=C'/C. (32)
Introducing (32) into (8), we obtain
R'+2R?2—_RS—-8'—8?—1/4%*=0, (33)

which can be regarded as a Riccati equation in R or S. Treat-
ing it as a Riccati equation in R, we linearize it by the change
of function
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c; cos{Blog(at+ b)} + c,sin{Blog(at + )} 1’

r

where R, is the particular solution of (33). Inserting (34)
into Eq. (33) we obtain the first-order linear differential
equation

Y'+ Y(S—4R,) =2, (35)
which has the solution
Y=(A3C)U'j—c;dt+k1]- (36)
1]

Equations (34) and (36) yield

dt
A=A4;ex f +k],
° p[ (Ai/0{sQC/4%dt+ Kk}
(37)

where &, and k, are integration constants. Thus from the
couple {4,,C] we can generate new functions [4,C], where
C remains invariable.

If we treat Eq. (33) as a Riccati equation in s, a straight-
forward calculation provides

dt
C=C,¢e j
? xp[ (AC2){s dt/AC? + k;}

+ k4] > (38)

where k; and k, are integration constants. Thus from the
couple [4,C,] we can obtain the new couple [4,C], where 4
stays invariable.

IV. GENERATED SOLUTIONS

We apply generating formulas (37) and (38) to solu-
tions obtained in Sec. II. Applying formula (38) to the met-
rics (13), (20), and (26) we arrive at the same metrics with
different parameters. To apply formula (37) to metric (13),
we take

Ay=at+b, C=c(at+b)"+c,(at+b)~7. (39)
A straightforward calculation yields
A=1[M(at+b)"" '+ N(at + b) 7"
+ Q(ar + b)*1'?, (40)

where /is an arbitrary constant and M, N, and Q are given by
M=2c/a(y—3), N= —2,/a(y+3), Q=k,.
The pressure and density are
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p=1(Y— 4y + )M’ (at+ b)) * + (¥ + 4y + 3)N%a*(at + b) =7 ~*
+2(y* — 5y + 6)MQa’(at + b)Y~ ' + 2(y* + 57 + 6)NQa* (at + b) ="
+ 6MNQ*(y*> + 1)(at + b)~*1/4[M(at 4+ b) ~7~' + N(at + b) ~ "~ ' + Q(at + b)*}?

@y [ey=1(at+b) +c,(y + 1)(az+b)—f]

(at + b)2l c(at+ b)Y +cy(at+b)""

+_1_702[M(y— D(at+5)"">—N(y+1)(at+b) """ 24+ 2Q(at + b)
2 M(at + b)Y '+ N(at+ b) V"' 4+ Q(at + b)*

+ azr[

ating

[cl(at+b)y“—cz(at+b)"“] (41)
ci(at+ b)Y +cy(at+b) 7
__a_[M(y— )(at+6)" ">~ N(y+ 1)(at+b) """ > +2Q(at + b) ]2
P=7% M(at +b)"~ '+ N(at +b)~ 7'+ Q(at + b)?
M(y—1)(at+b)" > — N(y+ 1)(at+b) """ *+20(at+ b)
M(at+ b)Y~ '+ N(at+b) ~ 7~ ' + Q(at + b)?
><[cl(at—i-b)”“—cz(at+b)“”"]_ 1 . (42)
clat + b)Y +c,(at+b) "7 M(at+ b)" '+ N(at+ b) ~ 7~ ' + Q(at + b)?
r
For this metric all of the fluids are acceleration- and + 2Qc¢/ (at + b)*{P + Qlog(at + b)}
rotation-free, but they do have expansion and shear. The
kinematical properties are similar to that of the metric (13). X{es + cs log(at + b)}
Let us apply the formula (37) to the metric (26). Evalu- — ¢/ (at + b){ s + cg log(at + b)}
— (at+ b)/{P+ Qlog(at + b)}, (49)

2C

I| —dt+k,, (43)
1 Ag 1
which is in formula Eq. (37), we obtain
I= —(at+b){P+Qlog(at+ b)} + k;, (44)

where
P = (6c5+2¢)/9, Q=23

Further integration in Eq. (37) is rather difficult with non-
zero k,. Setting k, = 0 and ¢ = log k,, we obtain

J i dt ! Tk
(A8/c{s(2C /A4 %)dt}

=log g(at + b) ~¥*{P 4+ Qlog(at + H)}''?*.  (45)
Substitution of Eq. (45) into Eq. (37) yields
A=gq(at+ b)~V*{P+ Qlog(at + b)}"% (46)
The metric of the solution is
ds’ = —dt? + {P+ Qlog(at + b) }(dxz + e dy?)
at+b
+ {5 + cg log(at + b)Y d22. 47)

The distributions of matter and kinematical parameters for
the metric Eq. (47) are

p=Q%A4(at + b)*{P + Qlog(at + h)}
+5Q/2(at + 5Y{P + Qlog(at + b)}

—7/4(at + b)* + (at + b)/{P + Qlog(at + b)},
(48)

p=Q?4(at + b)Y {P + Qlog(at + b))}
— Q/2(at + b)Y {P+ Qlog(at + b)}
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O = Qa/(at + b){P+ Qlog(at + b)}

+ acy/(at + b){P+ Qlog(at + b)} — a/(at + b),
(50)

o= (1/y3)[Qa/(at + b){P + Qlog(ar + b)}

—a/(at + b) —ace/(at + b){cs + c5 log(at + b) }].
(51)

It represents a contracting perfect fluid model. The model is
initially in the form of an infinite disk at the start of contrac-
tion. At f— o, the spatial volume tends to zero and p and p
assume infinite values. At this limit of zero volume, the ex-
pansion scalar and shear become vanishing small.
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